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PREFACE 


Of all physicists, the general relativist has the least social com- 
mitment. He is the great specialist in gravitational theory, and 
gravitation is socially significant, but he is not consulted in the build- 
ing of a tower, a bridge, a ship, or an aeroplane, and even the astro- 
nauts can do without him until they start wondering which ether 
their signals travel in. 

Splitting hairs in an ivory tower is not to everyone’s taste, and no 
doubt many a relativist looks forward to the day when governments 
will seek his opinion on important questions. But what does ‘im- 
portant’ mean? Science has a dual aim, to understand nature and to 
conquer nature, but in the intellectual life of man surely it is the 
understanding which is the more important. Then let the relativist 
rejoice in the ivory tower where he has peace to seek understanding 
of Einstein’s theory as long as the busy world is satisfied to do its jobs 
without him. Let him be satisfied with the difficult task of gaining for 
himself as much understanding as he can, and the still more difficult 
task of transmitting to others the scraps of understanding he has been 
able to gain. 

It is hard for an author to detach himself from his book and view 
it objectively. But it seems to me that the spirit of this book is best 
described by the word zvony, used in the sense of the eipwvefa of So- 
crates, and that sense is not at all easy to explain. There are heavy 
calculations in the book, but there are places where the reader will 
find me sitting on the fence, whistling, instead of rushing into the 
fray. Would it not be better to get something done, even though one 
might not quite understand what? But that is precisely what irony 
forbids. The lust for calculation must be tempered by periods of 
inaction, in which the mechanism is completely unscrewed and then 
put together again. It is the decarbonization of the mind. It would 
perhaps seem that irony of this sort belongs to evaluation rather than 
to creation, but in the whole history of science there is no greater 
example of irony than when Einstein said he did not know what 
absolute time was, a thing which everyone knew. 
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For the purposes of this book, the general theory of relativity 
means that theory of gravitation to which Einstein gave definite form 
in 1916, But there is no attempt to give a survey of all the work done 
in that field in the past forty-odd years. Rather the book attempts to 
combine an account of a selection of outstanding topics with the 
development of a new method. This method is based on a certain 
function introduced into tensor calculus by H. S. Ruse nearly thirty 
years ago, but since that time hardly used .This function (called world- 
junction here) is, to within a trivial factor, the square of the geodesic 
distance between two events in space-time, regarded as a function of 
their eight coordinates. It proves a powerful tool in calculations, since 
the usual method of approximation by power series may be used 
without abandoning the facilities of tensor calculus. 

In compensation for lack of completeness in the coverage of the 
subject, there is a fairly extensive Bibliography. To keep this from 
getting altogether too large, it was necessary to select, and for any 
omissions of important references which should have been included I 
offer a sincere apology in advance. To increase the utility of the Biblio- 
graphy, reviews are cited in almost all cases. If such a Bibliography 
were expanded into one or two volumes by including not merely the 
references to reviews but the reviews themselves, the result would be 
most useful to students of relativity. 

I have described the spirit of this book as ironical, but it is also 
geometrical. Perhaps the two things go together, for a simple space- 
time diagram will often bring out the inner meaning of a mass of 
calculations. Surely one of the reasons why the general theory of 
relativity remains a mystery to so many physicists is that they do not 
realize how easy it is to form a qualitative geometrical image of what 
is going on. It is in fact easier to deal with space-time diagrams, which 
remain fixed, than with the kinematical pictures of Newtonian 
mechanics. 

If we accept the idea that space-time is a Riemannian four-space 
(and if we are relativists we must), then surely our first task is to 
get the feel of it just as early navigators had to get the feel of a spherical 
ocean. And the first thing we have to get the feel of is the Riemann 
tensor, for it 7s the gravitational field — if it vanishes, and only then, 
there is no field. Yet, strangely enough, this most important element 
has been pushed into the background. When I started to write this 
book, I did not know what were the values in my study of the twenty 
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invariant components of the Riemann tensor, nor did I know the value 
of the first curvature of my world-line, let alone the second and third. 
I know more now, and what I know I have put into the book. I know 
now that if I break my neck by falling off a cliff, my death is not to be 
blamed on the force of gravity (what does not exist is necessarily 
guiltless), but on the fact that I did not maintain the first curvature of 
my world-line, ‘exchanging its security for a dangerous geodesic. To 
the ironical mind there is little distinction between the mundane and 
the exalted, and that is no doubt why Socrates had to drink the 
hemlock cup. 

I am much indebted to the well known books of Pauli, Eddington, 
Tolman, Bergmann, Moller and Lichnerowicz, but the geometrical way 
of looking at space-time comes directly from Minkowski. He protested 
against the use of the word ‘relativity’ to describe a theory based on an 
‘absolute’ (space-time), and, had he lived to see the general theory 
of relativity, I believe he would have repeated his protest in even 
stronger terms. However, we need not bother about the name, for the 
word ‘relativity’ now means primarily Einstein’s theory and only 
secondarily the obscure philosophy which may have suggested it 
originally. It is to support Minkowski’s way of looking at relativity 
that I find myself pursuing the hard path of the missionary. When, 
in a relativistic discussion, I try to make things clearer by a space- 
time diagram, the other participants look at it with polite detachment 
and, after a pause of embarrassment as if some childish indecency 
had been exhibited, resume the debate in their own terms. Perhaps 
they speak of the Principle of Equivalence. If so, it is my turn to 
have a blank mind, for I have never been able to understand this 
Principle. Does it mean that the signature of the space-time metric 1s 
+ 2 (or — 2if you prefer the other convention) ? If so, it is important, 
but hardly a Principle. Does it mean that the effects of a gravitational 
field are indistinguishable from the effects of an observer’s accelera- 
tion? If so, it is false. In Einstein’s theory, either there is a gravi- 
tational field or there is none, according as the Riemann tensor does 
not or does vanish. This is an absolute property; it has nothing to 
do with any observer’s world-line. Space-time is either flat or curved, 
and in several places in the book I have been at considerable pains 
to separate truly gravitational effects due to curvature of space-time 
from those due to curvature of the observer’s world-line (in most 
ordinary cases the latter predominate). The Principle of Equivalence 
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performed the essential office of midwife at the birth of general 
relativity, but, as Einstein remarked, the infant would never have 
got beyond its long-clothes had it not been for Minkowski’s concept. 
I suggest that the midwife be now buried with appropriate honours 
and the facts of absolute space-time faced. 

Attention is drawn to the Appendixes at the end of the book. 
Appendix A explains the notation, with a polemic against certain 
conventions (mere trivialities, of course), while Appendix B contains 
a modest proposal for the names of multiples and submultiples of 
units, and also a list of physical quantities, all expressed in seconds; 
I have found this list very useful for a rapid comparison of magnitudes. 

For a number of years, at the University of Toronto, the patience 
of a graduate class permitted me to get some understanding of rela- 
tivity by lecturing on it, and that understanding has been increased 
and consolidated, during the past eleven years, by many seminars 
and informal discussions in the School of Theoretical Physics at the 
Dublin Institute for Advanced Studies. In particular, I owe much to 
Professors C. Lanczos and E. Schrédinger, in spite of (or perhaps 
because of) the fact that our points of view have often differed. The 
Scholars of our School, coming from various countries with a wide 
variety of background, have been such a powerful stimulus that I 
feel I have stolen from them much more than I have been able to 
give. Work by Balazs, Bass, Bertotti, Das, Israel, Mast, O’Brien, 
O’Raifeartaigh, Pirani, Rayner and Strathdee is cited in the Biblio- 
graphy; in writing this book, I believe that I have subconsciously 
(even at times consciously) had these Scholars, past and present, in 
mind as an unofficial Board of Censors to eliminate obscurity and 
nonsense. 

I thank Mr. A. Das and Dr. F. A. E. Pirani for their labours in 
reading the proofs of the book, but my gratitude extends beyond that. 
In many discussions they helped me to explore regions of which I was 
partially or completely ignorant. Thanks to Mr. Das (and in some 
measure to Dr. W. B. Bonnor also) I was encouraged to lay aside for a 
while the garment of geometry (what you see makes sense) and wrestle 
naked with the formalism of axial symmetry and those universes here 
called electrovac, both offspring of the subtle mind of Hermann Weyl. 
Dr. Pirani introduced me to the transport law of Fermi which plays 
an important part in the book, and my attempt to turn Riemannian 
geometry into observational physics (measure the Riemann tensor!) 
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originated largely in discussions with him, with further developments 
in discussions with Dr. C. B. Mast. Dr. Pirani’s comments on the book 
when in proof have been most helpful, but to him and to Mr. Das I 
give the usual clearance: all the errors in the book are mine. 


Dublin, 1960 ts S: 
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CHAPTER I 


ESSENTIAL TENSOR FORMULAE FOR 
RIEMANNIAN SPACE-TIME 


§ 1. THE METRIC TENSOR AND ADMISSIBLE COORDINATES 


A knowledge of tensor calculus is assumed, but it is convenient to 
set down in this first chapter some essential tensor formulae and 
developments from them. The next chapter is devoted to a rather 
novel tensorial technique (world-function), and physical ideas do not 
appear until Chapter 111. Some readers may prefer to start there, and 
refer back to the first two chapters as the occasion arises. 

We have before us a Riemannian space of four dimensions, to which 
we give the name space-time. Using Latin suffixes! for the range of 
values 1, 2, 3, 4, with the usual summation convention, we denote the 
coordinates by x* and the metric (or fundamental) tensor by giz (= gii). 
The invariant 


@D = giyjdxidxi (1) 


is the metric (or fundamental) form. It has the signature + 2, which 
means that, at any selected point, gi; is reducible to the diagonal 
matrix (1, 1, 1, — 1). ° 

How smooth are the ten functions g;;? In physics we usually lay 
such questions aside until they are forced on us, and we would be 
inclined to accept extreme smoothness (i.e. infinite differentiability). 
However it is convenient to adopt for the sun, the earth, or other 
body, a model in which there is an abrupt change from matter to 
vacuum, and some discontinuity in the smoothness of g;; will occur as a 
result of this abrupt change. Some hypothesis must be made to cover 
such a situation, and we shall here follow LICHNEROWICz [1955a]. 

We assume that space-time can be broken up into overlapping 
domains, with a system of admissible coordinates x* in each domain, 


1 See Appendix A for remarks on notation, which is in general that of SYNGE 
and SCHILD [1956]. All references are to the Bibliography at the end of the book. 
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and C3 transformations } between the overlapping coordinates. But 
this is not the important thing — we may be able to cover all space- 
time with a single system of admissible coordinates. The essential 
thing is that each domain of the admissible coordinates may happen 
to be divided into a number of subdomains by 3-spaces of discontinuity. 
Over the whole domain, gi are only C1, but in the subdomains they 
are C3; thus we expect discontinuities in the second derivatives of g;; 
when we cross a 3-space of discontinuity. This may look a very 
artifical assumption. The justification is that it fits in with physical 
ideas when we apply it, and (although this is a somewhat dubious 
justification) it is analogous to what we have in the theory of potential 
if we regard the ten quantities gj; as analogues of the Newtonian 
potential. 

The reader is advised not to bother about the above refinement 
until consideration of discontinuities is forced upon him, but rather to 
assume in what follows that g;; may be differentiated as often as we 
please. 

For any contravariant vector V‘, the quadratic form gjV*V/ is 
positive, negative or zero. If the value is not zero, we define the 
indicator of V?, denoted by e(V), to be + 1 so as to make 


e(V) giViVi > 0. (2) 
We use the following terminology: 


gyViVI <0, e&(V) = — 1, the vector is timelike; 
gyViVi > 0, e(V) = 1, the vector is spacelike; 
gigV'Vi = 0, the vector is null. 
In the case of a null vector it is sometimes convenient to assign an 
indicator + 1; it does not matter which value we choose, because it 


is multiplied by zero. 
An infinitesimal vector dx! at a point x! has a magnitude or norm 


ds = (egydxidxs)? > 0, (3) 


where « is the indicator of dx. We may also call it the infumtesimal 
measure of the vector dx!, For any curve C joining points A and B, the 


1 Transformations with continuous third derivatives. 
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integral 
B B 
L=/fds = f (egydxtdxs)? (4) 
A A 
defines a finite measure 1, which of course depends on the curve C. 
Some well known formulae are listed here for convenience of refer- 


ence (commas indicate partial derivatives): 


, lift =¥4, 
Kronecker delta = 6; = ies cha (5) 
Oates 4, 
g = det gy < 0. (6) 
gtigin = 6,. (7) 
Christoffel symbols: [7j, k] = 4(gix,j + 34,4 — Gin), 
Pj, = Gla} = eaCjh, a (@) 


Ve = gllog(— g)la = 287%8,4, 
Lii,k = Stal fi, + kial ty: 
Given any point 2 P, it is possible to choose coordinates such that 
at P | 
sin=0, [yk] =0, Th, =0. (9) 


This greatly reduces the complexity of certain algebraic computations. 


§ 2. DERIVATIVES AND GEODESICS 

For vector and tensor fields defined throughout a domain of space- 
time, the covariant derivatives (indicated by a vertical stroke) are as 
follows: 


Vy = Vi, + Thve 40) 

Vig = Vig — LGV a, (11) 

Tt, = TY, $ TL Te + PT, (12 
The = The + Veal} — PHT) (13) 

Lule = Lin — LL ag — Ll iw (14) 


1 Abstract geometry borrows words from elementary physical geometry, and 
this leads to considerable semantic’ confusion. The geometer is inclined to use 
the word length for the integral L. But this is dangerous, because the word 
length has already got some sort of physical meaning which may, or may not, 
agree with this mathematical definition of the term. We shall avoid the word 
length here, and introduce it only in Chapter 111 with suitable caution. 

2 It is also possible to satisfy (9) along a given curve or, under certain con- 
ditions, on a given subspace; cf. Fermr [1922], O’RAIFEARTAIGH [1958b]. 
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with similar formulae for tensors of higher orders. We have identically 
gk =9, FF, =0, gh, = 0. (15) 


The covariant derivative of a scalar is the partial derivative. 
For vector and tensor fields defined on a curve x? = x#(w), the 
absolute derivatives | are as follows: 




















wa rive, (16) 

a ae Oe 

ae ae LPiral aa ss rire, (18) 
es ate he a, oi 
ae = oe — LT as ~ — LL ia ~ , (20) 


with similar formulae for tensors of higher orders. We have identically 


6 6 si 6. 
an ey = O, ai = O, ae = 0, (21) 
The absolute derivative of a scalar is the ordinary derivative. 

For both covariant and absolute differentiation, the ordinary rule 
for differentiating a product holds. This important fact may be 
exhibited in brief form, the suffixes on the tensors A and B being 
suppressed : 


(AB); = AyuB + ABy, (22) 
6 6A 6B 


1 It is a curious fact, historically, that the formulae (10)—(15) occupy a more 
prominent position in works on relativity than the much more powerful formulae 
(16)-(21). However we shall make little use of either the one or the other in 
explicit form. Our aim should be to work as far as possible in tensors, and the 
I’s, not being the components of a tensor, should be hidden from sight in a 
notation which shows only covariant and absolute derivatives, and the curvature 
tensor. The formulae (22) and (23) are of fundamental importance. 
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The operation of absolute differentiation can be applied with respect 
to each of the parameters for vector or tensor fields defined over a 
subspace of two or three dimensions. Consider a 2-space with the 
parametric equations 


xt == xt(U, v). (24) 
On it we have the two vector fields 


4 4 
ie eee 


: ——. 25 
ou ov (25) 


If we take absolute derivatives of these vector fields with respect to v 
and u respectively, we find by (16) that 


sui ave 
dvs 6u 








(26) 


This result may be seen immediately by recognizing that it is a tensor 
equation, and that it is true for a coordinate system which makes the 
Christoffel symbols vanish at the 
point in question. 

Eq. (26) might suggest that the 
operators 6/6u and 6/6v commute; 
but that is not true in general 
(cf. § 5). 

The theory of geodesics (in par- 
ticular, null geodesics) is familiar in 
tensor calculus. However, with a 
view to applying the ideas to the 
world-function in Chapter 11, it will 
be convenient to set up the theory 
afresh according to the plan adopted 
by M@LLER [1952, p. 228]. 

Let Co and Ci be two curves pig, 1 — The variational problem 
(Fig. 1), and let them be joined by a for geodesics with end-points varied 
single infinity of curves such as 
AoA, and BoB. The family of joining 
curves forms a 2-space with equations x! = x*(u, v), where u is a para- 
meter running between fixed end-values (up on Co and u 1 on Cj) and 
v a parameter constant on each of the joining curves. Consider the 
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integral 


oxt = axd 
I(0) = ¥(eer — Ho) 0 aw, 


Uo 


(27) 


taken along any one of the curves v = const.; or, in the notation of (25), 
I(v) = $(uy — uo) f gy U*Uidu. (28) 

Then, with use of (26), we obtain 

al BVI 

a uo) | eat" ac 


uo 











= (41 — Uo) {2 (gig¥U*Vi)du — (ui — uo) i Vidu 
= (ui — uo)[ggl'V4]y, — (“1 — uo) le 7 ~ Vid, (29) 
A We now take the particular case 
y a where the curves Co, C; collapse into 
a the points Ap, Ai (Fig. 2), so that 
we have a family of curves with fixed 
end-points. Now V/=0 at the end- 
Ao points, and (29) becomes 
u=Ug 
Fig. 2 — The variational di TL OUT 
problem for geodesics with aa =— (11H) | 8ij Sip: Vidu. (30) 
end-points fixed is 


We define a geodesic to be a curve which 
gives a stationary value to J for variations which leave the end- 
points fixed. This demands dZ/dv = 0 for VJ arbitrary except at the 
end-points, and so a geodesic satisfies 

6Ut ds dix d2xt . dx dxk 


eet ee Fone Ene 31 
Ou éu du du2 TS ik du du ey 
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These equations possess the first integral 


dx! dxi 


Say “ae => ek2, or ds = kdu, ‘ (32) 


where # is a constant and « the indicator for a timelike or spacelike 
geodesic; the geodesic is a null geodesic if k = 0. We shall, in general, 
use the word ‘geodesic’ to include ‘null geodesic’. 

Every geodesic has a class of special parameters for which the 
equations are as in (31), and the transformation from one special 
parameter to another is linear: 


uo =au+d. (33) 


For other transformations of the parameter, a term proportional to 
dx‘/du appears on the right hand side. 

If the geodesic is not null, we can find special parameters for which 
k = 1, and it is clear that for such a parameter we have du = ds. 


Thus the equation (31) may be written 
6 dx _ d2xt , dx dx =0 (34) 
ds ds ds? Pe ag. “digs. 


In applying the variational principle 6/ = 0 for fixed end-points, 
we have found not only a class of curves (geodesics), but also a class 
of special parameters on them. In order to interpret the integral J, 
we note that for any non-null curve x¢ = x#(u) with uw <u<uy 
it is possible to pick out a particular parameter, say wu’, defined by 


u’ — Uy = (U1 — Uo)s/L, (35) 


where s is the measure of the current point from the point where 
u = uo, and L is the value of s for u = u,. For such a parameter, the 
integral J of (27) is easily seen to be 


I(v) = 4eL2. (36) 


This holds even for null curves, since then it reads 0 = 0. 
Thus the variational principle which we have used implies 


6(L2) = 0, (37) 
and this implies the more usual variational equation 


dL = dfds = 0, (38) 
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provided L + 0; the advantage of the method adopted above is that 
null geodesics fit in without any special treatment, and perhaps it 
would be well to,relegate (38) to the history of science. 

What has been done above is closely connected with the theory 
of the world-function, to be treated in Chapter 11. Here we shall only 
push the argument one stage further. Let us go back to Fig. 1 and 
equation (29). Let the joining curves in Fig. 1 be geodesics, and let u 
be a special parameter on each of them, running between the fixed 
end-values uo, “,. Then (29) reduces to 


dl 
ae (u1 — uo) [gag UtVI, (39) 


or, with the variational 6, 


AI = (v1 — uo) ley U Pont, (40) 


Now the integral J is a function of the coordinates of Ag (say x?’) 
and the coordinates of A; (say x*), and (40) gives for the derivatives 
of this function 

ol 
oxt 





( dxj ) ol ii ( dxJ ) (41 
= (W1— 4 Se —U ee e 


These formulae hold even for a null geodesic. The right hand sides 
are invariant under transformation of the special parameter. If the 
geodesic is not null, we have the simpler formulae 
ol ol 

Ge ee “ap ne (42) 
where 4’ and 4? are the unit tangent vectors to the geodesic at Ap and 
A, respectively, both of these vectors pointing in the sense A941; 
L is the finite measure Aj9A}. 


§ 3. ORTHONORMAL TETRADS AND FRENET-SERRET FORMULAE 


Four mutually orthogonal unit vectors are said to form an ortho- 
normal tetrad (briefly OT). The vectors of an OT may be denoted by 
Aig, Where 7 is the contravariant tensor index and (a) a label dis- 
tinguishing the particular vector; the covariant components of the 
same OT are 


A@t = gigi ay (43) 
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Three of the vectors of an OT are necessarily spacelike and one is 
timelike. We shall always so label the vectors that 2(,) is timelike. 
Then the conditions of orthonormality may be written 


Mayhioyi = Nad); (44) 
where 
N(ab) = 7 (ab) = diag(1, 1,1l,— 1), (45) 


a diagonal invariant matrix with the elements indicated; it satisfies 
9) (ac) = Oe, (46) 


and is therefore, in matrix language, a square root of unity. 

To secure simplicity later, we introduce a complication. The labels 
on the vectors have no tensorial meaning, but nevertheless we shall 
raise and lower them by means of the 7-matrix. Thus we define 


Aart = nOON,, AP = n@A ey, (47) 
and deduce, by (46) 
aay a Navy A?, Aayé =e nara”. (48) 
Now (44) may be written more neatly as 
ae” oa , (49) 


and it is an algebraic consequence of this that 
ah = 65, (50) 


The two tetrads 27, and 4(™# are closely connected: their spacelike 
vectors are the same and their timelike vectors are opposed to one 
another. 

If, at a point in space-time, we are given two OT, Ka) and Hay 
they are connected by a Lorentz transformation. To discuss this 
transformation, we introduce the invariant Lorentz matrix 


Li) = a utes (51) 


so that, in matrix notation, L = 1 if the two OT coincide. Multipli- 


° 


cation of (51) in turn by “{” and 2, gives 
AO = Lys”, Ho) = Lay: (92) 


These are equivalent expressions for the Lorentz transformation. We 
need a name for the indices in parentheses (the labels); we shall call 
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them Lorentz indices to distinguish them from the ordinary tensorial 
indices. 
Multiplying the second of (52) by uw; and using (44), we get 
(bc) = yates = Lyn aay” Ue) = Lyn aa Ly. (53a) 


If we regard L'%,. asa 4 x 4 matrix, with the upper index denoting 
row and the lower index column, we have in matrix notation 


LyL =F, LyL =; (530) 


the second equation following from the first because 7? = 1. 

Any vector or any tensor may be resolved into components along 
an OT 4/,. These components are invariants in the tensorial sense 
(i.e. with respect to coordinate transformation), but they depend on 
the choice of the OT, and are either contravariant or covariant with 
respect to Lorentz transformations of the OT. We have the following 
typical formulae: 


Via = Vidiays V@ — ViAwm, 
Vi=V (aya, Vie VO; 
Tan = Tia, — Ta = Tah”, 
R (abed) = RigemMahohoy 
Rigem = Reavea Osan, 
Riikm — R(abed) Ma) Mp) ae) Mays 
Va =nanV, VOM =7Ve, 
Lab) = Heaceyn val eM, Tad) = (40H ONT (oq). 


(94) 


One quickly gains confidence in the manipulation of the Lorentz 
indices, and their interplay with tensorial indices. The ‘up-and-down’ 
rule prevails throughout. 

Associated with each point of a curve I in space-time (we shall 
consider only a timelike curve) there is a particularly interesting 
OT. Consider the following equations: 


SAt/3s = BBi, (55a) 
SBi/és = cCt + At, (550) 
SCi/ds = dDi — cBi, (55c) 
sDi/ss =  — dCi, (55d) 
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together with 
AtA; = — 1, BiB; = Citic; = DtD; = 1. (55e) 
The coefficients 5, c, d are non-negative ! scalars. Let 


At = dx*/ds, (56) 
the unit tangent to I’; this is consistent with (55e). Then (55a) and 
(55e) define Bé and 0, (950) and (55e) define C* and c, and (55c) and 
(S5e) define D¢ and d. By (55e) the four vector are unit vectors. We 
shall show that they form an OT by establishing their orthogonality. 
Finally we shall verify (55d). 

The argument proceeds as follows. By (55e) we have 

A,At/ds = 0, (57) 

and so (55a) implies 

A;Bi = 0; (58) 
thus Bt is orthogonal to A‘. To show that C* is orthogonal to A‘ and Bi, 
we form from (558) the products 


cA,Ct = A,OB*/ds + 3, (59) 
cB,Ct = B,6B*)6s. (60) 

Differentiation of (58), with (55a), gives 
A,OB'/6s = — BOAt/ds = — 8, (61) 


and so, by (59), we have A;C? = 0. By (55e), (60) gives B,C? = 0. 
Thus C* is orthogonal to A* and B*. The proof that Dé is orthogonal 
to At, Bt and C? follows the same lines. 

To establish (55d), we note that any vector can be resolved along 
the tetrad (A, B, C, D), and so we can write 


6Di/ds = «At + BBt + yCt + 6D*. (62) 

Multiplying this equation in turn by A;, B;, C;, Dy, and using (55a—c) 
and the orthogonalities already established, we find that 

a=f=—d=0, y= —d, (63) 


and so (55d) is verified. 
The formulae (55) are the Frenet-Serret formulae; Bt, Ct, D* are the 


1 If zeros of b, c, d occur on I, it is better to allow these scalars to take both 
positive and negative values in order to secure continuity of the vectors 
Bt. Ct. Dt. 
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first, second and third normals to I’, respectively, and 0, c, d are the 
first, second and third curvatures. 
The simplest of all timelike curves is a geodesic. For it we have 
b= c=d=0. The next simplest is the timelike civcle1, defined by 
6 = const., = 4:0; (64) 
for it the Frenet-Serret formulae reduce to 
6At/ds = dB, 6Bt/és = bAt, 6Ct/ds = 0, 6D*/d6s = 0. (65) 
Then we have the timelike helix with 
6 = const., c = const., d =0, (66) 


6At/ds = bB*, 6B*/ds = cC*t + bAt, dC*/ds = — cht, 6Dt/ds = 0. (67) 


§ 4. PARALLEL TRANSPORT AND FERMI-WALKER TRANSPORT 


Consider a curve J’ with equations x? = x#(u) and a vector field V4 
defined along J’. The vector is said to undergo #farallel transport 
(Levi-Civita [1917d]) along J’if its absolute derivative vanishes: 


éVt 
= 0 
ou 
This definition is valid even if J’ is a null curve. Further, (68) is 
invariant in form under transformation of the parameter wu. 


It is obvious that under parallel transport the magnitude of a vector 
is unchanged, and the scalar product of two vectors is unchanged: 





(68) 





dUt 
U _ | d (U,U*) = 0, 4 very a0) 


Ou | ‘du du 

> (69) 
ae =0 | : (U;V*) =0 
Ou | | du‘ rae 


The eq. (68) defines V# along I’ if V* is given at any one point on I’. 
It is clear from (69) that an OT 4/,, [cf. § 3] remains an OT under paral- 
lel transport; and if a vector V* also undergoes parallel transport, then 
its components Va) on the OT, as in (54), remain constant. 

The unit tangent vector to a geodesic undergoes parallel transport 
because, as in (34), 

6 dx 
és ds_ 

1 This circle is not a closed curve. One might prefer to call it hyperbola of 
constant curvature. 


= 0. (70) 
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In the case of a null geodesic, the tangent vector dx*/dw undergoes 
parallel transport, provided u is a special parameter; for then, as 
in (31), 

6 dxt i 4 

éu du 71) 

Consider now a timelike curve J’ with equations xt = x#(s). For the 

unit tangent vector we write A‘ = dx#/ds. We define Fermi-Walker 
transport 1 (briefly, F-W transport) of a vector F’ along I" by the 
equation 


oFi 
So = bE; (A'Bi — AIBi), (72) 
Ss 


where Bé and 0 are the first normal and curvature of I’, as in (55a). 
As in the case of parallel transport, this equation defines F% along I’ 
if Fé is given at any one point of I’. 

An important feature of F-W transport is that the unit tangent 
vector A? itself automatically undergoes F-W transport; for it is easy 
to verify that 


5At 
So OAs (AtB! — AIBY), (73) 
S 


by virtue of (55a), (55e) and (58). 

¥-W transport resembles parallel transport in the conservation of 
magnitude and scalar product. For, if U; and V; both undergo F-W 
transport, then 





d . éVi on. dae 


oVi 6Ut 
Co — 
és ae os 


= b(UiWV; + ViU)(A‘Bi — AiB) = 0. (75) 





d 
(UiV4) = U; 


Ss 


It is clear that, as in parallel transport, F-W transport conserves an 
OT and the components of a vector on the OT. 

Since it is defined by a simpler equation, parallel transport is more 
fundamental mathematically than F-W transport, but F-W transport 
is more important in some physical situations. The reason for this is 


1 FERMI [1922]; WALKER [1932]. 
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shown in Fig. 3. If we take an OT on J’, with the fourth member 
tangent to I’ at some point (so that 4(,, = A‘), then, under parallel 
transport, A{,, wanders away from A‘ (unless I’ happens to be a 
geodesic). But under F-W transport 4(,, remains tangent to I’. Thus 
F-W transport not only provides us with an OT along I’; it also 
provides an orthonormal triad orthogonal to I’. This forms a ‘spatial 
frame of reference’ for an observer whose history in space-time is I” 
and, as we shall see later on, it is this frame of reference which appears 
to give us the correct relativistic generalization of the Newtonian 
concept of a ‘non-rotating frame’. 


Ay 4! ayaa! 


(a) (b) 


Fig. 3 — (a) Parallel transport. (b) Fermi-Walker transport 


If J’ is a geodesic, parallel transport and F-W transport coincide 
[put 6 = 0 in (72)], provided I is not a null geodesic. Since F-W 
transport involves s, it is undefined along any null line. 

To complete this discussion of F-W transport, let us consider an OT 
di,, undergoing F-W transport along I’, with 
the unit tangent to I’. Each of the four vectors 6//,)/6s can be resolved 
on the tetrad, so that we may write 

dX) 
Os 
the y-factor (45) being inserted for notational convenience. Multiply 
by Ai and use (44): this gives 





= QavynA,); (77) 


t 
as A - Xa) 
Q (aa) = Ai 


ds” ve) 
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because 
n2)n (ed) = 04. (79) 
But, by (72), 
Sia a 
ae bhayg(A(4yBI — 2 4B), (80) 
and so 
Q (aa) = O(B ayn aay — Brayncaay), (81) 
where 
Bay, (82) 


the invariant components of the first normal vector on the tetrad 
(cf. (54)]. The invariant matrix Q is important because it sums up the 
behaviour of the OT under F-W transport. It is skew-symmetric, 
and all its elements vanish identically except the following: 


Q (40) so O40) = bB x), (83) 


the Greek suffix running 1, 2, 3. 

If F-W transport is applied in particular to a vector F** which is 
orthogonal to the tangent A‘ at some point on J’, it of course remains 
orthogonal to A‘, and the formula (72) then simplifies to 

oft 
—— = bA‘F; Bi, (84) 
Os 
This is the transport law originally given by FERMI [1922]. We shall 
refer to this as Fermi transport, but we shall use it only for vectors 
which are orthogonal to A?. 


The rotation of the orthonormal triad of normals (B?, C*, D*) of § 3, 
relative to an orthonormal triad of Fermi vectors 4/,), is discussed in 
II-§ 9. 


§ 5. THE TENSORS OF RIEMANN, RICCI AND EINSTEIN 
The Riemann tensor (or curvature tensor) can be expressed in several 
equivalent forms as follows: 
Rijkm = 3(8im,in + 8ik,im — Sik,im — Sim,ik) 
+ g%([em,a][jk,b] — [tk,a][ym,b]), (85) 
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Rijnm = 4(Sim,jk + &ik,im — Lik,im — Lim, ik) 
+ gavel ip — PGI em), (86) 


im* jk 
Rigem = [ym,t],4 — (2,t],m + IG[im,a] — VY,,[2k,a], (87) 
Roi = TL nial de oe Stel fee bi ead fil vs (88) 
The Riemann tensor satisfies the following symmetry equations: 
Rijum = — Ryikm = — Rijn = Remi, (89) 
Riabe + Rivea + Ricard = 0. (90) 


There are 20 independent components, and they are most compactly 
exhibited in a notation which correlates ordered pairs of numbers from 
the range 1, 2, 3, 4 with the numbers 1, 2, .. .6 according to the scheme 


23-1, 3162, 1263, 1404, 2445, 3466. (91) 


Capital letters having the range 1, 2, ...6, all non-zero covariant 
components of the Riemann tensor are comprised in the symmetric 
6 x 6 matrix Ryg, where, for example, 


Rossi = Rsieg = Rig = Raz. Rosia = Rigg = Ria = Ry. (92) 


This symmetric matrix contains 21 elements when allowance is made 
for its symmetry. The cyclic identity (90) imposes the equation 


Rosia + Rsi2a + Risa = Ria + Ros + Rag = 0, (93) 


reducing the number from 21 to 20. 

For covariant differentiation and for absolute differentiation on a 
2-space xt = x*(u, v) the commutation rules are as follows (we write 
Ut = dxt/du, V* = dxt/ov): 


Lige — Tijyng = Roy La, (94) 
62Tt 62Tt ; 

——___ = f'., Tauoye 95 
dudv  dvdu ae eo ee) 
Vigjum — Tijymk = Roem ag + RG uml ia, (96) 

6274 6274 ; : 
——— — —— = , THe + RF . Tiavyoye, 97 
dudv OvdUu .ave - .abe ( ) 


Similar commutation rules hold for tensors of higher orders. The rules 
are most easily verified by using coordinates which make I%,, = 0 
at the point under consideration. 
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The Riemann tensor satisfies the Bianchi identities: 
Rijabje + Rijoeya + Rijeajo = 0. (98) 


The Riemanman curvature associated with a pair of vectors &, nf is 
the invariant 





K= Rijum§'ylEky™ (99) 
Laveas*n? Een? 
where 
Labed = Sackoa — Sad8be- (100) 


This last tensor has the same symmetry as the Riemann tensor. 
For a space of constant curvature K, we have 


Rijem = Kgijnm. (101) 


Space-time is flat if, and only if, Rijzm = 0. In flat space-time there 
exist coordinates such that 


gi = nig = diag(1, 1, 1, — 1), (102) 
ds? = enydxidxi 
= e[(dx1)2 + (dx2)2 + (dx8)2 — (dx4)2). (103) 


This reduction can, of course, always be effected at a single point. 
The Ricct tensor Ry is defined by 1 


Ri = Rey, = g?™Ratim = Riu. (104) 
Explicitly we have 
Ry = Lie ry a =e oe — rer, (105) 


Ry = ${log(—eg)],a — LG sPe{loe(— g)], at LEI aj (106) 


The curvature invariant is 


R= giRy = Ri, (107) 
and the Eznstein tensor is 
Gy = Ry — 38yR = Gy, (108) 
or, in mixed form, 
Gi = Ri — £6R. (109) 


1 Some authors reverse the sign. 


Synge 2 
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By virtue of the Bianchi identities (98), the Einstein tensor satisfies 

the four conservation equations (or identities) 

Gia 0. (110) 


These equations are important physically in connection with the 
conservation of momentum and energy. They may also be written 


Git, — 0. (111) 


If we multiply (110) by (— g)?, the equation may be changed into the 
following alternative forms: ! 


[(— g)*GF],a — 4(— g)*Ggan,s = 0, (112) 
[(— g)#GZ],a + 4(— g)*Gavg™, = 0. (113) 


The numerical permutation symbol éj%m 1s defined by the following 
properties: (a) it vanishes if two suffixes are the same, (b) esjxm = 1, 
(c) it changes sign when two suffixes are interchanged. The permutation 
tensor 2 is, in contravariant and covariant forms, 


nidkm — (— g)-*eigkm, — Nitkm = — (— 8)*eigKm.- (114) 
The double dual? of the Riemann tensor is 
Riikm — lytiabRayegncdkm, (115) 
or equivalently in mixed form 


Bij ab Dp. .cd 
RY im = INUeR ye “Neakm 


= — feyjaoRe aptednm: (116) 
Thus, for example, 
Rs SR Rs, — es Ria RM. = — RMs4. (117) 
Also, by (115), 
gR?314 — —Rigo3, gR3124 = — Roagi, gR1284 = — Reaiz. (118) 


1 Cf. M@LLER [1952], pp. 337, 338. 

2 The notation here used for these oriented tensors differs from that used in 
SYNGE and ScuHILpD [1956], p. 249. In (114) the second 7-symbol is obtained 
from the first by lowering the superscripts in the usual way. 

3 One often uses a single star for the dual and a double star for the double 
dual; cf. X-§ 3. 
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The double dual tensor satisfies the symmetry equations 
Riikm — — Ritkm — — Riimk — Rimij, (119) 
Riabe 4. Ridbcea 1 Ricad — 0, (120) 


Except for the raising of the subscripts, these are of the same form as 
the symmetry equations (89), (90) for the Riemann tensor. Eq. (119) 
are obvious, and (119) imply (120) unless (cabc) are distinct, ie. a 
permutation of (1234). Thus (120) follows from (118) and (93). 

The double dual tensor is connected in an interesting way with the 
Einstein tensor. Putting m = 7 in (116) ,we get 


Re, — 40, R ap: (121) 
where 
ie = €ijavEiked- (122) 


This generalized Kronecker delta is a tensor, and obeys the following 
rules: (1) it vanishes unless (jab) are distinct numbers and (cd) is a 
permutation of (jab), and (ii) it is + 1 or — 1 according as that 
permutation is even or odd. In fact 


o, 62 8% 
ai =| ag 62 ag). (123) 
op Oe On 


Substituting this is (121), we get, after a simple reduction }, 
Roe = Ce (124) 


For the symmetrized Riemann tensor, see 1I-§ 2. 


§ 6. THE DEVIATION OF GEODESICS 


Consider a single infinity of curves Jv) with equations x‘=xt(u, v), 
where v = const. along each curve (Fig. 4). They form a 2-space. Let 
us write 


oxt/Ou = Ut, dx'/dv = Vt; (125) 
then, by (26), 
6Ut/du = d6V*/du. (126) 


1 Cf. Lanczos [1938]. 
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In studying a pair of adjacent curves, 
Iv) and Iv + 6v), it is sometimes in- 


U a tuitively pleasant to deal with the infin- 
itesimal deviation vector 7}, 
ny! ni = Vid; (127) 


but since év is merely an infinitesimal 
Lv+dv) constant, 7? and V# are essentially equiva- 


Lt) lent to one another, and we avoid those 
Fig. 4 — Deviation of mental confusions associated with infini- 
P(v + 6v) from P(v) tesimals by using the finite vector V*. 


To find out how Jv + dv) deviates from 
I'(v), we write down the following equations, using (126) and (95): 


62V4 6 6Vé 6 dU? 6 6Ué 
SS  — 4 i, IU Ev, = (128 
i iu us=<“‘i SCS oo 
So far the curves I’(v) have been general. Henceforth we shall take 
them to be geodesics (perhaps some or all of them are null geodesics), 
the parameter u on each of them being a special parameter, so that, 
by (31), 
oes 0 (129) 
bu 
The first term on the right hand side of (128) vanishes, and we have 
the equation of geodesic deviation 


62Vi ’ 
6u2 + Rm UIVEU™ = 0, (130) 
or, equivalently, 
62x! 
éuz + RR jem UIgtU™ = 0. (131) 


Since “ is a special parameter on each of the curves, the corre- 
spondence between points on Jv) and J(v + 6v) is not of a general 
character, because the special parameter on any geodesic can be 
subjected only to a linear transformation (cf. § 2). We have, in fact, 

oVt 6Ut 0 


é . 
a == U;—— = U; —- = } ay 


. = (U;U%). (132) 
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Under two circumstances this vanishes: (a) if the curves Jv) are null 
geodesics, for then U;U* = 0, or (b) if the curves are ordinary geo- 
desics and w = s on each of them, for then U;Ut = -+ 1. Under either 
of these conditions we have, along I(v), 


U;Vi =const., or a 
Ou 





= const. (133) 


In particular, if V# (or 7“) is orthogonal to I'(v) at any point, it remains 
orthogonal. 

Null geodesics are of great importance in relativity, because nearly 
all astronomical information comes to us optically, i.e. by photons, 
and, as we shall see later, the history of a photon is a null geodesic 
in space-time. In preparation for later physical developments, we shall 
pursue the geometry of null geodesics a little further here. 

Let Cy and C2 (Fig. 5) be two 
timelike curves (not necessarily 
geodesics, although they might 
be); they represent an observer 
and a source of light respectively. 
Let Py be any point on C;. The 
totality of null geodesics drawn 
through P; form a null cone, with 
two sheets, which are called the 
past sheet and the future sheet 
(see Chap. 111). We here consider 
the past sheet only. It is cut by Fig. 5 — Mapping by null geodesics, 
the curve C2 at some point Pe, so and their deviation 
that we may say that the null cone 
maps P; on P»:. Thus the whole curve C; is mapped pointwise on C9; 
Fig. 5 shows two of the null geodesics (P1P:, Q1Q2) which effect this 
mapping. The totality of these null geodesics form a 2-space, which 
is determined once C, and Co are given. 

Let “1 and ug be any two numbers. Since we have the liberty of a 
linear transformation (and that only) in the choice of special para- 
meters on a null geodesic, there exists on each of the null geodesics 
considered above a unique special parameter u for which u = wu, on 
C, and u = ug on Cg. The parameter u being so defined over the 2- 
space, we choose a second parameter v which is constant along each 
of the null geodesics (we might choose v = s on Cy). Now we are back 
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in the situation dealt with earlier, and we can apply the equation of 
geodesic deviation to the system of null geodesics represented by P1Pe 
and QiQ2. The infinitesimal vectors P1Q; and P2Q2 represent the in- 
finitesimal deviation vector 7? at P; and P, respectively. As in (133), 
we have 

U,V? = function of v only. (134) 


Let us now return to the deviation equation (130) and discuss its 
solutions. What follows applies generally to a family of geodesics, 
whether null or not; the condition (134) may hold or it may not. 

In (130) we have four ordinary differential equations satisfied by 
the four functions V#(u) along the curve I’. Let 4/,) be an orthonormal 
tetrad (OT, cf. § 3) chosen arbitrarily at some point of I’, and defined 
along I’ by parallel transport, so that we have 


6A 
pel), (135) 

Ou 

Multiplying (130) by Aiayz, we get 
D2Vq@ + RijemAigyJIVEU™ = 0, (136) 


where D = d/dw and Vq) are invariant components on the OT, so 
that, as in (54), 


Via) = Vidi, Vi = V@Q,). (137) 
Let us introduce other invariant components: 
Oa) = Uidiy); Reavea) = Rijgumag My hoy: (138) 
We note that, by (129) and (135), 
Ua) = const. (139) 


along J’. In terms of the invariant components, we can now write (136) 
in the form 


DIV@ + K®vVO =0, (140) 
where 
K® a RG, gQUoOUM 
= 1R grea VOU, (141) 


We have thus passed from the tensorial deviation equation (130) 
to the wmvariant deviation equation (140), which it is convenient to 
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write in matrix notation as 
D2v + KV — 0, (142) 


K being the 4 x 4 invariant matrix (141) and V the column matrix 
V @), 

The motivation behind what follows is that we seek to solve (142) in 
the range “41 <u < ug with assigned values of V at the ends of the 
range. However, under certain circumstances a solution does not 
exist, and it is less confusing to study any existent solution, writing 


V(u1) = Vi, V(uz) = Vo. (143) 
Let G(u, u’) be the Green’s function defined by 


k(u — 44)(ug — uv’) for u <w’, 
G(u, u’) = (144) 
k(u’ — u1)(ug — u) foru> wv, 
where 
k = (ug — 44)7}. (145) 
Writing D = @/du, D’ = 0/éu', we have then 
DG = R(u,g — uv’), D’G = —A(u — m4) for u cw’, (146) 
DG = —R(u’ — 1), D’G = Rk(ug—u) for usw’. 


Now multiply (142) by G(u, u’)du, with uw’ arbitrary in the range 
mw <u’ < ue, and integrate over this range. Integrating by parts and 
noting that G(u, u’) = 0 at the ends of the range, we get 


[DGDVdu = [ GKVdu. (147) 


U1 U1 


But, by (146), DG is constant in each.of the two parts into which wu’ 
divides the whole range, and so, if we split the range of integration, 
it comes outside the integral sign. Thus we get 


R(ug — w’)(V! — Vi) — Blu’ — m)(Ve — VV!) =f GKVdu, (148) 
where V’ = V(u’). Hence 
V! = Rue — Vi + R(u’ — m1)Ve + fGKVdu. (149) 


This is an integral equation for V, incorporating the end-values. If 
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these end-values are consistent with a unique solution, we can obtain 
that solution by iteration; thus 


V’ = R(ug — u')Vi + R(u' — 11)Ve 
4. Rf GK[ (ue — w)V1 + (uw — u1)Veldu + Ox, (150) 


where Og stands for terms involving K in the second and higher 
degrees. Since, in the relativistic applications, the curvature of space- 
time (and hence K) is small, it usually suffices to retain in (150) only 
the terms shown explicitly. 

With regard to those end-values of V which are consistent with 
a solution, we note that if (133) holds, as it does in the case of null 
geodesics, then these end-values must satisfy 


Day(V) = Ua (V™) (151) 


U= U1 U=U2? 


we recall that U(q) = const. along I’. 

To investigate the first derivative of a solution, we differentiate 
(149) with respect to uw’. To carry this out, we split the range of the 
integral at wu’, and differentiate with respect to uw’ as a limit of inte- 
gration and also with respect to uw’ as a parameter in G. However, 
since G(u, u’) is continuous across u = u’, we get zero from different- 
iation with respect to the limits, and so, using the values of D’G from 
(146), we obtain 


D'V' = &(Ve — Vi) — Bf (uw — m)KVdu + Bf (ue — «)KVdu. (152) 


Thus, in particular, 


(DV),,-4, = k(V2 — Vi) + BS (ug — u)KVdu. (153) 
If we now substitute in the integral for V from (150), we get 
(DV) yeu = B(V2 — Vi) + R2f (wa — w)KU(u2 — Vi 


+ (u — m1) Velde +0O.. (154) 


A case of particular physical interest is that in which we are dealing 
with null geodesics as in Fig. 5, and the curves C; and C¢ are far apart, 
the curvature of space-time being extremely small except fairly near 
these curves. We idealize this situation, for mathematical simplicity, 
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by assuming space-time to be flat for = u=uy u=Uy ets BAD 


Wm KU Sug <a, 


so that we have a ‘cut-off’ as shown in 
Fig. 6. Since K = 0 for #1 <u < te, 
(153) gives u 


(DY iti % -. 
—R(Ve — Vi) 4 Ef (ug — w)KVdu 


+ Rf (uz — u)KVdu. (155) C, eS 
ee Fig. 6 — Cut-off of curvature 

To allow for the curves C, and Coe 
being ‘far apart’, we now let (#2 — ™1) tend to infinity (ie. k +0), 
at the same time holding (#1 — m1) and (v2 — ue) finite. Then the 
product k(ug — u) tends to unity in the first integral and to zero in 
the second integral, so that we get 

(DV) 


U=Ui1 


= [KVdu. (156) 


If we now substitute for V in the integral from (150), we obtain the 
simple formula 


(DV),,-1. = (/ Kdu)Vi + Oz. (157) 
U1 
This formula expresses the initial value of the derivative of the 
deviation in terms of the initial value of the deviation and an integral 
of the Riemann tensor. From the standpoint of pure geometry, the 
argument may seem a little tedious on account of the artificial charac- 
ter of the assumptions made. But when we come to deal with aber- 
ration in Chap. x1, it will be convenient to have the idea of a cut-off 
already explained. 
The deviation of geodesics is discussed again in 1I-§ 3 with a differ- 
ent notation which uses, parallel propagators. 


§ 7. HAMILTONIAN THEORY OF RAYS AND WAVES 


The Hamiltonian theory of rays and waves is of a very general 
nature and is best explained in a rather abstract form !. Thus, while 


1 For various aspects of Hamiltonian theory, see SYNGE [1954a], [1956b], and 
a forthcoming article on Classical Dynamics in Handbuch der Physik, Vol. 3. 
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we continue to think of 4-dimensional space-time, for the present we 
shall not assume the existence of a tensor gy. 

For the moment we take a still wider view and think of an 8- 
dimensional space Vg with coordinates (x, y;), using a subscript for 
the y’s for reasons which will appear later. The essence of the Hamil- 
tonian approach lies in the assumption of some Hamiltonian surface x 
in Vg, a subspace of seven dimensions for which we write the equation 


w(x, y) = 0. (158) 


It is important to note that it is the surface X' which is given, and not 
the function w(x, y). In elementary geometry, a unit circle may be 
represented by a great variety of equations, such as 


x2 4 y2 = 1, (x? + 2)? = 1s (~2 + y2)2 = 1, 
(x + v2 — 1)\2 = O, (159) 


and in the same way 2 may be represented by a great variety of 
equations, 1.e. by a great variety of functions w in (158). However, no 
matter what function w we select to represent 2, a displacement 
(dx?, dy;) lies in 2 if, and only if, 


Ow baxb w 


@ 
dy; = 0; (160 
ax Oe oo) 








thus, at an assigned point of 2, the vatvos of the eight quantities 


Cw Cw 


ees. | ae 161 
axt OV; ( ) 


have definite values. In fact, we may write 


Cw Ow 
==19 ; — ;, 162 
ox! et Ovi um ree 


where the eight quantities ¢;, y; are given once for all over 2’ and 6 is 
an arbitrary function of position on &. 
Consider any curve J’ in 2’ and the integral 


I = fyidxt (163) 


taken along I’. We seek the extremals of J (6/ = 0), with the varied 
curve also lying on 2’; to allow for this side-condition, we replace the 
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integral J by 
J =f (vidxt — Awdu), (164) 


where u is a parameter running between the same end-values for all 
the curves under consideration and A(u) is a Lagrange multiplier. 
Applying a variation and integrating by parts, we get 


8] = [ydx!) +f (sas? — dxtdy, 
3 a 
<2 Idi Ae dae dys), (165) 
ox* OY; 


and for an extremal we demand 6/ = 0 for arbitrary variations 6x?, 
Oy;, 6A, Subject only to dx = 0 at the ends of J’. Hence we obtain the 
equations of the extremals in the form 
ge Bag (166) 
du OV; du oxt 
The Lagrange function A(u) remains indeterminate; this corresponds to 
the indeterminacy of 6 in (162). For any chosen function w, we can 
choose the parameter u so that the equations of the extremal take the 
Hamiltonian or canonical form 
SOE OO ee nO (167) 
du Ov: du oxt 
An extremal is determined by the values of (x*, y,) for u = 0, subject 
of course to w(x, y) = 0. 

Let us now reinterpret the foregoing, using as geometrical back- 
ground 4-dimensional space-time with coordinates x, instead of Vs. 
We now regard y; as a vector associated with the point x‘. The Ha- 
miltonian surface 2’ no longer appears as a 7-space immersed in V3, 
but as a set of 3-spaces, one such 3-space, say Ys, being associated 
with each point of space-time. We have to think, in fact, of a 4- 
dimensional -space attached to each x-point, and we regard Yg as 
a 3-space in that y-space; its equation is w(x, y) = 0, with x? held fixed. 
In the y-space the coordinates are y;, and, in order that the theory may 
be invariant under arbitrary transformations of the x’s in space-time, 
it is necessary that y;dx? shall be an invariant in (163); this means that 
yy, must transform like a covariant vector. 

Viewed in Vg, an extremal is a curve drawn on 2. Viewed in space- 
time, it is a curve x! = x#(u) bearing an associated vector field 
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y4 = y(u). It should be clearly understood that we are dealing with 
one single mathematical theory; only the geometrical interpretation 
changes when we change our viewpoint from Vg to space-time. 
Henceforth we shall use the space-time viewpoint, so that a point 
means a set of x-values. 

Given two points, A(x’) and B(x), there may happen to be no 
extremal joining them. (Actually, this is a rather exceptional case, 
but it should be borne in mind.) If such an extremal does exist, we 
write 


Si) = SB) 7 yak (168) 
A 


the integral being taken along the extremal. This is Hamilton’s 
principal or characteristic 1 function. If we now vary A and B and 
compare the new extremal with the old one, we get from (165) (the 
integral vanishes for an extremal) 


OS = yx! — yy dxt. (169) 


If the eight differentials 6x‘, dx? may be given arbitrary values 
(this is not always possible — we may not get varied points which 
can be joined by an extremal), then we have 


os os 


“axt — Vi» axe’ 





= — yy. (170) 


Substitution in w(x, y) = 0 then gives the Hamilton-Jacobi equation 


oS 
w(x, =) oe (); (171) 
ef ay 


with of course a second equation corresponding to the second of (170). 

Consider now a set of extremals in space-time, forming a domain D 
which may be of two, three or four dimensions. Throughout D there is 
a vector field y; defined by the extremals, and we may speak meaning- 
fully of the cervculation 


k= $ ydx! (172) 
Cc 


in any closed circuit C contained in D. We say that the set of extremals 


1 Not to be confused with the world-function 2 of Chap. 11; in Riemannian 
space S and are closely related, for we have S? = |2Q|. 
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form a coherent system if x = 0 for all! closed circuits C in D. The 
extremals forming a coherent system are called vays. 

For a coherent system, let A be a fixed point in D and B a variable 
point in D. Then, since « = 0, the integral 


I(A, B) = Pye (173) 


is independent of the path of integration. If 6 is any constant, the 
equation 
I(A, B) =b (174) 


limits B to a subspace of D; this subspace is called a wave. By varying 
the constant b, we get a set of waves; it is easy to see that (since « = 0) 
this set of waves is independent of the choice of A in D. In fact, the 
waves are the integrals of the total differential equation 


yidxt = 0. (175) 


It is to be particularly noted that every set of extremals does not 
define rays and waves; they are defined only for coherent systems, for 
which « = 0 and hence (175) is integrable in D. 

The simplest set of rays and waves is that associated with a set of 
extremals drawn from a fixed point A and forming a domain D. It is 
easy to show that this set is coherent. For if S(A, B) is the principal 
function, then by (169) we have, for any closed circuit C in D, 


3 yidxt =! dS = 0. (176) 


The associated waves are 
S(A, B) = const., (177) 


where B is a variable point; or, to be more precise, the waves are the 
intersections of (177) with D. 

The integral (173) for a coherent system is a function of B only 
since A is fixed. It is called the one-point principal function of the 
system ; denoting it by U(x), we may write the equations of the waves 


U(x) = const. (178) 


We shall now construct the most general coherent system, starting 
from some subspace W of space-time; W may be of zero, one, two, or 


1 For simplicity, we consider only the case where D is simply connected. 
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three dimensions. On W we assign some function of position U’, and 
then choose on W a vector field y;, satisfying 

w(x’, y’) =0, yard = 6U" (179) 
for every displacement 6x* in W. The choice of W and U’ may be such 
that this is impossible, but we shall 
suppose it possible. The next step 
is to draw from the points of W 
extremals with the initial values 
(x®, yw) (Fig. 7). Then to any point 
B(x) in the domain covered by these 
extremals we assign the function 

B 


U(x) =fydxt + UA), (180) 


A 





U=const. 


Fig. 7 — Construction of rays and 
waves from a subspace W where A is the point at which the 


extremal through B leaves W, and 
the integral is taken along the extremal. Varying B, we get 
OU(x) = yidxt — yydxt + OU’ = y,dxt (181) 
by (179). This is an exact differential in the domain covered by the 
extremals, so that the circulation « vanishes. Therefore the extremals 
form a coherent system of rays, with waves given by U(x) = const.; 
U(x) is in fact the one-point principal function, as in (178). 

So much for general Hamiltonian theory. Let us now return to 
Riemannian space-time with tensor g;;. As we have seen, Hamiltonian 
theory is based on the choice of a surface 2’ with equation w(x, y)=0. 
We can superimpose the two ideas; we have then two sets of important 
curves in space-time — geodesics and Hamiltonian extremals — with 
no obvious connection between the one and the other 1. 

On the other hand we can develop the theory of rays and waves in 
Riemannian space-time, using nothing but the tensor g;;. This is done 
by taking for the Hamiltonian surface 2’ the equation 

w(%, ¥) = w1(%, y)ma(%, Y)ws(x, Y) = 0, (182) 
where 
o1(%, ¥) = Biyayz, — wa(%, ¥) = BY yyy + I, 
a(x, ¥) = se yiys — I. (183) 
1 In the geometrical optics of a medium (cf. Chap. XI-§ 2) a connection is 


set up. The Hamiltonian extremals are optical rays; the geodesics are of 
secondary importance. 
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Then the 3-space Ys for fixed x-values (so that g/ are constants) is an 
algebraic surface of the sixth degree. It breaks up into sheets as shown 
in Fig. 8. We have the cone w1 = 0, a cone with two sheets; the two- 
sheeted hyperboloid wz = 0; and the one-sheeted hyperboloid w3 = 0. 
The y-vector must have its extremity on one of these sheets. 

By (166) we have the following 
equations for the extremals: 





dxt 
re (184) 
dy th 
da 8 De» 
U 


were A is some scalar; by changing 
the parameter 4, we can change 
these equations into 


dxé 








du sili, Fig 8— The Hamiltonian surface Y3 
(185) in y-space for rays and waves in 

dy; 1 ofl Riemannian space-time 

aay = — 38 iVIVK- 


Eliminating the y’s we get by an easy calculation 





6 dx (186) 
du du 
Further, the first of (185) gives 
dy! ~ [= O for a1 = 0, 
Lig —— a i Be = —1 for wg = 0, (187) 
1 for w3 = 0. 


Thus the parameter u in (185) and (186) is such that dw = ds for the 
last two cases. 

We see at once from (186) that the Hamiltonian extremals are geo- 
desics; those corresponding to w1 = 0 are null geodesics, those corre- 
sponding to wz = 0 are timelike geodesics, and those corresponding to 
wg = O are spacelike geodesics. 
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As for Hamilton’s principal function, we have by (185) and (187) 
B B B 
S(A, B) = fyidxt = f gyyjdu = e f ds or 0, (188) 
A A A 
according as the extremal is a timelike geodesic (e = —1), a spacelike 
geodesic (¢ = 1) or a null geodesic. 


In a coherent system, the rays are orthogonal to the waves. 1 This is 
easy to show. By (175) 





yidx? = 0 (189) 
for every displacement 6x! in the wave. By (185) 
dxj 
Yi = 89 (190) 
u 
Therefore 
pee (191) 
OX — , 
ee du 


which proves the statement. 
Systems of null rays are of particular interest. For a null ray we 
have by (190) 
dxt dxt dxi 


ta 8 ae a a 


and so, by (189), null rays are not only orthogonal to waves — they 
lie wn them. 

A 3-space /(x) = const. in space-time is called a null surface if f 
satisfies the partial differential equation 


Sifat\7 = 0, (193) 


which says essentially that the surface contains its own normal 2. 
Let f satisfy (193). Then the equations 


dxt 
du 





= ify (194) 


1 In general Hamiltonian theory, (175) tells us that the covariant vector y; is 
orthogonal to the wave, but until we introduce g;; there can be no question of the 
orthogonality of the ray (dxt/du, a contravariant vector) with the wave. 

2 The 3-space #4 = const. is a null surface if, and only if, 


g44 = 0. (1932) 
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define a set of null curves. Along such a curve we have 


d dx? 
Fn te = heetity = 0, (195) 


and therefore those curves (194) which start in /(*) =O remain in 
/(*) = O. Further 





“6 dat dx* 
i dg aa Bf 70g fm (196) 
Now differentiation of (193) gives 
Sit it\in = 0, (197) 
or, since fink = oe 
eu fiafing = 9. (198) 
Thus (196) gives 
6 dx 
ou a sy 


and therefore the curves (194) are null geodesics. We may state then, 
as a theorem in the geometry of null surfaces, that all the null geodesics 
drawn tangent to a null surface lie in that null surface, and, when their 
equations are written in the form (194), u is a special parameter 1. 

Let us apply this geometrical result to Hamiltonian theory, regarding 
the null geodesics (194) in f(x) = 0 as a system. Comparing (185) with 
(194), we have y; = fz, and so 


$ yidxt = ¢ df = 0 (200) 
C C 


for every closed circuit in f(x) = 0. We have therefore a coherent 
system in which the rays are the null geodesics. Since 


B B 
/yaxt = fdf=0 (201) 
A A 
for every open curve in /(x) = 0, it follows that f(x) = 0 is a wave 


1 At each point on a null surface, the elementary null cone has one direction 
in common with the null surface and touches the null surface along that direc- 
tion. The null geodesics (194) are formed out of the elementary vectors of 
tangency. 


Synge 3 
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(in fact the only wave) associated with 
this system of null rays; we call it a 
null wave. It is clear that the equation 
/(%) =const., with f(x) satisfying (193), 
defines a set of null waves, as illustrated 
in Fig. 9 — this picture is only sug- 
gestive, for it should show oo? null rays 
in each null wave. 
f=a3 Let us now briefly consider, as at 
f=Qy (180), the construction of a coherent 
system, stating from a subspace W on 
which a function U’ is assigned. 
Consider first the case where W is 
a single point in space-time. Then U’is a mere constant, and the second 
condition in (179) disappears. We have only to satisfy w(x’, y’) = 0, 
and this we do by taking the vector ;, with its extremity on one of the 
surfaces w; = 0, wa = 0, wg = Oof Fig. 8; the corresponding extremals 
are null geodesics, timelike geodesics and spacelike geodesics, re- 
spectively. For the null geodesics we have y,;dx? = 0 along the rays, 
and so (180) gives simply U(x) = U’, a constant. Since the waves are 
given by U(x) = const., we see that the totality of null geodesics from 
the fixed point W form a single wave, the null cone (a particular case 
of a null surface, as considered above). In the cases of timelike and 
spacelike rays, we get the waves by taking constant measure along 
the rays, thus obtaining pseudospheres (rather like hyperboloids in 
ordinary space). The whole pattern of rays and waves for the case 
where W is a single point is illustrated in Fig. 10. 
Let us close this discussion of rays and waves in space-time by taking 
the case where W is a timelike curve with equation x* = x*(v). We 
are to select some function U'(v), and then choose yj; to satisfy 


dx’ = dU’ 
dv dv’ 


Fig. 9 — Null waves and the null 
rays contained in them 


w(x’, y')=0, Yer (202) 
Viewed in the y-space of Fig. 8, the second equation represents a 
3-flat, and this 3-flat will cut one or more sheets of the w-surfaces, 
yielding the required y-vectors. Let us, for definiteness, consider only 
intersections of the 3-flat with w, = 0, which intersections correspond to 
null rays. In general we shall get such intersections, and hence a system 
of null rays and waves as illustrated in Fig. 11, in which the null 
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timelike rays 







null rays 
forming >}-” 
null wave 





spacelike 
rays 





W 


Fig. 10 - Rays and waves from a single point W Fig. 11—Rays and waves 
a in space-time from a timelike curve 
W in space-time 


| 


waves are shown as if they were 2-dimensional (they are actually 3- 
dimensional). There is one exceptional case, namely, the case where we 
choose U’ to be a constant. Then the second of (202) cannot be satis- 
fied by any y-vector with its extremity on w; = 0 (this is essentially 
due to the fact that no null vector can be orthogonal to a timelike 
vector). 


§ 8. GAUSSIAN COORDINATES 


Let x* be admissible coordinates (§ 1) in space-time, and let 2’ be 
a smooth 3-space defined by equations x? = /*(¢), where & stands for 
the three parameters &? (Greek suffixes run 1, 2, 3). Let U*(é) be a 
vector field defined smoothly over X. Through the points of 2’ we draw, 
in both directions, geodesics tangent to U?; 
let wu be that unique special parameter on each 
geodesic such that u = 0, dxt/du = U* on &. 
Let B be any point in the neighbourhood of 
x. Let A be the point where the geodesic 
through B meets 2 (Fig. 12). Then to B we 
attach the four Gaussian coordinates (u, &) 
where # is evaluated at B and &? are evaluated 
at A.Wherenecessary, we distinguish between fig. 12 — Gaussian coordi- 
normal Gaussian coordinates (U* orthogonal nates #!. (¢° = &, #4 = u) 
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to 2’) and skew Gaussian coordinates (U* not orthogonal to 2’). We 
may also write x¢ for the Gaussian coordinates, putting 


foe, f= um, (203) 


Gaussian coordinates have two important features. First, they are 
(as we shall show) admissible coordinates, and so, since they are given 
by a simple geometrical construction, they lend concreteness to what 
might otherwise seem a purely formal definition of admissibility. 
Secondly, their use sometimes simplifies calculations. 

To prove the admissibility of Gaussian coordinates, we note that on 
any one of the geodesics we have, in the original postulated admissible 
coordinates, 

6 dx d2xt . dx dxk 


eed yee ea i es ee ee 04 
du du du2 eae du du ed) 





and so 


xt = (f\4 + u(U)4 — $u2(I4,UIUB 4 + ..., (205) 


the subscript A indicating evaluation at that point. Since x# are admissi- 
ble, the J”s are continuous across 2, and so the terms written explicitly 
in (205) do not depend on the side of 2 which we approach in the 
limit wu — 0. That may not be true of the higher terms in the series, 
because admissibility of x4 does not imply continuity of the derivatives 
of the I’s, since these involve the second derivatives of the g,;. But 
the terms shown explicitly in (205) are all we need. From them we 
calculate the following values for u = 0: 














= = of ) cue = Ut, 
oxP oxP Ox (206) 
2yt oti Qi Tt Qt 
Pat PT @xt aL | ex __ revive. 
OxXPOX? OX POX? OxPOX4 OxP (0%4)2 d 


All these quantities are continuous across 2’; in other words, the 
transformation x -> ¥ is C2. Hence, from the formulae of transformation 


7 OX Ox? 
Bs ba oar al’ 
= (207) 
Oxt Ox axe o2xt Ox% x0 














Pi  2of6 = —, 
ie be one Oxi axk Oxeex” Ox axk 
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it follows that g; and Ij, are continuous across Y. Therefore, by (8), 
2 are C1, which means that x* are admissible coordinates, and so the 
result is proved: Gaussian coordinates are admissible. 

Passing now to the second feature of Gaussian coordinates, let us 
write the differential equations (204) of a geodesic in terms of the 
Gaussian coordinates x’. Since #* = const., *4 =u, the equations 
reduce to 








Fi = 0, (208) 
or equivalently 
OBia = OR aa 
a ; 209 
0x4 Oxt ee) 


Two cases arise. First, suppose that the vectors U# are null. Then the 
geodesics used in the Gaussian construction are null, and we have 
£44 = O, so that, by (209), 


og pA 


axd = 0, 244 = 0. (210) 





Secondly, suppose that the vectors U?# are all timelike or all spacelike. 
Let us normalise them by 


gsyUiui =e = + 1. (211) 
Then we have du = ds on the geodesics, and £44 = «, so that, by (209Y, 


OB oa S 
3x4 = O, 244 = €&, (212) 


In the particular case of normal Gaussian coordinates, we have 
Boa = 0, £44 = €&. (213) 


It is possible to base Gaussian coordinates on a point, a curve, or a 
2-space, instead of on a 3-space 2’ as above. But we shall not fill in 
the details of this. 

The formulae for the Riemann tensor, the Ricci tensor and the 
Einstein tensor are somewhat simplified by the use of normal Gaussian 
coordinates. Dropping the bars on the Gaussian coordinates, and not 
bothering about the geometrical construction for them, we may state 
the results briefly as follows. 

Let there be a system of coordinates x¢ for which the metric 
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form reads 
D = g,,dxedx” + e(dx4), e= +1. (214) 
Then we have 
Gon = 9, Baa = 8, 
ge4 = 0, git =e, (215) 
£P"R op = OF. 


Then from the formulae of § 5 we obtain the following expressions: - 


Roaive = Dh raise es E(B 0,48 yv,4 a B vido) 
R yuo = HDi 0.4 oa D iia) (216) 
R paso = Rapes = 48 pata — FES px,aoB.4: 
Ruy 7 Bis ai 268 uy,44 ae ZEA Buy,4 = eg PE i,k vB, A» 
Rua — 28°" (Dib p04 a LD cia) = eA 5, a 2D" Bic,4s (217) 
Rag = $C — 4B; 
R= B+ (gd? — 3B +0); (218) 


Gay = Cis =e FER uy 44 = ZEA Buy, 4 a deg*Pe 428.4 
si efyy(gA? —. 3B =f 2C), 


(219) 
Gua al Rua _- 2A oy aie 2D "Bu6,4) 
Ga4 = —_ 4cR = 4A2 + 4B. 
The explanation of the symbols is as follows: 
R wyo = Riemann subtensor ! of x4 = const., 
R,, = Ricci subtensor of x4 = const., 
R = -curvature subinvariant of x4 = const., (220) 
G., = Einstein subtensor of x4 = const., 
D,  =operator of covariant differentiation in x4 = const. 
with respect to subtensor B28; 
A= 88a B= BBP Bp sBvorts = © = 8B uy, aa- (221) 


1 Each 3-space *4= const. is Riemannian with fundamental tensor 
88 = 8g and conjugate goP — g%B: cf. (215). The barred quantities are calculated 
in each such 3-space in the usual way, using these tensors; they are called sub- 
tensors because they are not tensors for general transformations of x‘, but only 
for transformations of #°, with x4 untransformed. Cf. SyNGE and ScHILp [1956], 
p. 67. 
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§ 9. JUNCTION CONDITIONS ACROSS A 3-SPACE OF DISCONTINUITY 


We recall from § 1 the assumed existence of admissible coordinates 
in space-time, for which coordinates we have continuity of gy and 
£ij,k across any 3-space 2. If 2’ is in some sense a 3-space of disconti- 
nuity, the discontinuity can occur only in the second or higher deriva- 
tives of gi;, provided the coordinates are admissible. We proceed to 
examine the situation. 

Given 2 (it might be a null surface), let us transform from the 
original admissible coordinates to new admissible coordinates ! such 
that the equation of X becomes x* = 0. Then the following quantities 
are continuous across 2’: 

Lips gi, Lis ,ks [77, 2], Digs Stik (222) 
since these involve at most one differentiation with respect to x4 (as 
usual, Latin suffixes run 1, 2, 3, 4 and Greek 1, 2, 3). Also giz,44 are 
continuous, but we may expect discontinuities in géj,44. 


Let us use the symbol [C] to indicate any quantity which is continu- 
ous across 2. Then by (85) and (222) we have 


Ropys — [C], Repas mes [C], 


(223) 
Ryaap = Ragga = $8op,44 + LC). 
Hence 
Rog = g Riggs = MR gpa -P [C] — 36 48 08,44 a [C], 
Rog = S48 Rigag = ePRavag iG] = e4Pe og. a4 + [C], (224) 
Raa = g4Riaag = g°PRyaag = 38°? 808,44 + [Cl], 
and 
R = g*Ryg + 2¢4Ryy + g4Raa 
= (gtPet4 — grtgPa)e ig ag + [C]. (225) 
Then 
Re = gt Ryu = gRog + g44Roa = (Cl, 
Re = eV Ray = Ray + oA Ras (226) 
= b(gt4gP — gtxp48)o 6 a4 + [C], 
and so 
Gl=Rt=(C, Gl=Rt—4R=16), (227) 
or 
G+ = [C]. (228) 


1 Possibly, but not necessarily, Gaussian coordinates (skew-Gaussian if 2’ 
is null). 
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This is a set of four junction conditions: the mixed components Gf of 
the Einstein tensor are continuous across x* = 0, provided the coordinates 
are admissible. This is equivalent to saying that, as a mere matter of 
direct calculation, the components G} do not contain second derivatives 
with respect to x4. 

We now wish to pass to other systems of admissible coordinates, 
and it is convenient to write #¢ for the admissible coordinates used 
above, for which the equation of 2’is «4 = 0. For any other admissible 
coordinates x*, let the equation of 2’ be f(x) = 0. Then /,; is a covariant 
normal to 2, and G%f,; is a vector which in the #-coordinates has the 
value Gt and is, as we have seen, continuous across ». Since the 
transformation x -#*# is C%, the junction conditions now read as 
follows: for any admissible coordinates, 


Gifs =[C), (229) 


1.€. 18 continuous across X. 

We have released ourselves from those special admissible coordinates 
for which the equation of 2 is «4 = 0. We now go a step further in 
emancipating the coordinate system. Let «* be any admissible co- 
ordinates and let x* be new coordinates (no longer admissible) obtained 
from *« by a transformation that is only C!. The components gj; are 
still continuous across 2 (since their transformation law involves only 
the first derivatives @x*/dx«/), but the first derivatives gi;,z may now be 
discontinuous. However Gi/,; is a vector and its transformation 
involves only the first derivatives dx'/0%7. Therefore we have this 
result !: For coordinates obtained from admissible coordinates by C1 
transformation, the yunction condition (229) holds. 

Finally, by working with an invariant, we effect a complete divorce 
of the coordinate systems on the two sides of 2. Let x! be any admis- 
sible coordinates and ¢! a contravariant vector field which undergoes 
parallel transport along any assigned set of curves which cross 2’ 
We pass to new coordinates x? by piecewise smooth transformations 
on the two sides of 2, but without demanding even continuity of the 
transformation across »' (the x’s may be discontinuous functions of the 
%’s across 4). Now 

I = Gif se! (230) 

1 Cf. IsRAEL [1958]. Much of the work done on junction conditions prior to 


the introduction of admissible coordinates by LICHNEROWIcz [1955a] is mathe- 
matically obscure. 
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is an invariant, and it is certainly continuous across 2’ when we use 
the admissible coordinates. Therefore it is continuous when we use 
the coordinates x*. The junction condition now reads: I is continuous 
across &' for the independent coordinate systems just described, ¢* under- 
going parallel transport across &. On account of the arbitrariness in the 
choice of d?, we have actually four conditions here, as in (228) or (229). 
The equation of 2 is f(x) = 0, but now the form of the function f 
may be quite different on the two sides of . 

If we prefer, we can use a covariant vector ¢;, so that the continuous 
invariant reads 


I = Gtif dy. (231) 


§ 10. THEOREMS OF STOKES AND GREEN 


In Euclidean 3-space the theorem of Stokes expresses an integral 
taken round a closed curve C as an integral taken over a surface S 
which spans C, and is usually written 


§ (udx + vdy + wdz) = 


C 
ow ov ou ow 
— — —-}/+|—— — —]m 
oy Oz Oz Ox 

(w, v, w) being a vector field and (/, m, n) the direction cosines of the 

normal to S, so directed that the sense of integration on C bears to 

this direction the same relation that a rotation of the x-axis into the 

y-axis bears to the z-axis. Green’s theorem (also called Gauss’ theorem) 


expresses an integral taken over a closed surface S as an integral taken 
over the volume bounded by S, and is usually written 


{| (lu + mv + nw)dS = {{] (a + = + *) dV, (233) 


where (J, m,n) are the direction cosines of the outward normal to S. 

The above formulae can be generalized. It is remarkable that 
actually Stokes’ theorem does not essentially involve a metric tensor 
gy, and that, when a metric is introduced, Green’s theorem appears 
as a particular case of Stokes’ theorem. It makes for clarity to present 
first the generalized formulae in an N-space Vy without a metric, 
then take N = 4 for space-time (still without a metric), and finally 


(= | Jas 232 
Vas ay ee 
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introduce g;;. The formulae will be stated and explained, but their 
proofs will not be given here }. 

Consider an N-space Vy with coordinates x‘, but without (for the 
present) a metric gj;. In Vy take a subspace Vyy where M = 1,2, ... 
up to N — 1, or even N, in which last case Vy is Vy itself. Using 
Latin suffixes for the range 1, 2, ...N and Greek suffixes for 1, 2, 
.. MM, we write x? = x*(y) as the equations of Vy ,where y stands for 
M parameters y?. 

Consider a cell in Vy with M ordered edges d,y°, where p (=1, 2, 
...M) are labels enumerating the several edges. Write 


det(d,y’) = A. (234) 


The M-cell is positively or negatively oriented relative to the coordinate 
system y according as A is positive or negative. The tensor extension of 
the cell is defined as 


Ox Ox” oxi™ 
earee...0M oy™ Ory acer ay 


dritt2---im == 





A, (235) 


where the e-symbol is the M/-dimensional numerical permutation 
symbol 2. Obviously this expression (235) is a contravariant tensor 
with respect to x-transformations, and it is skew symmetric in each 
pair of indices. It is an invariant with respect to y-transformations. 

In two special cases, (235) is very simple. First take M = 1; the 
cell is 1-dimensional, and the extension degenerates into 


dri = dxt, (236) 
Now take M = N and y! = x*; we get 
A, A = det(d;x*), (237) 


tiie...iN __ 
dr = Sits. in 


and if we take the cell with edges along the parametric lines of the 
coordinates, we get 


A = dxidx?...dx, (238) 


We now consider an open V y immersed in Vy; let Vaz_1 be the closed 
(MM — 1)-space which bounds Vy. Let T, be a covariant tensor 


ti...t-1 


field defined over Vy and its neighbourhood. Then the generalized 


1 Cf. PAULI [1958], p. 52, SCHOUTEN [1954], p. 97; and, for a more detailed 
treatment, SYNGE and SCHILD [1956], p. 274. 
2Cf. §5 for M = 4; the generalization is obvious. 
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Stokes’ theorem reads (we merely state it here without proof) 


p cE rit = 7 Ty gegen (239) 


di...iM-1 
Vu-i Vu 


the comma indicating a partial derivative. The left hand side is 
obviously an invariant. The right hand side is also an invariant, as is 
easily verified when the skew symmetry of the element of extension is 
taken into account. 

It must be noted however that (239) is true only when the orienta- 
tions of the cells are properly chosen — otherwise a minus sign will 
appear. To enlarge on this point, it must be understood that Vyy-1 
and Vy are orventable spaces. This means (to explain it for Vy) that if 
we carry an M-cell round any closed circuit in Vy, without letting A 
vanish, then, on completion of the circuit, the new set of ordered edges 
can be changed continuously into the old set, without letting A vanish. 
(4 =O means that the M-cell degenerates into an (M — 1)-cell.) To 
illustrate by surfaces (M = 2) in ordinary Euclidean space, the 
surface of a sphere is orientable, and so is the surface of a torus, 
whereas a Mobius band is not. Given, then, that Vyy_1 and Vy are 
orientable spaces, in order that (239) may hold (and not the same 
equation with a minus sign inserted before one of the integrals), it 
is necessary that we should be able to reconcile the set of ordered 
edges of an M-cell of Viz with the set of ordered edges of an (M — 1)- 
cell of Vy-i plus (as a last edge) an element pointing out from Viz 
across Vy- 1. This is illustrated in Fig. 13. This rule of orientation 


last edge 


1 


Fig. 13 — Direction of the last edge to be added to (MM — 1)-cell to make M-cell 


is involved in the elementary formula (232), but obscured somewhat 
by the fact that one integral is taken along a curve. 

We return to the general Stokes’ formula (239) and put N = 4, so 
that Vy = V4 = space-time, but still without a metric tensor. 
Setting in turn M = 2, 3 and 4, we obtain the three following forms of 
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Stokes’ theorem: 


§ Tydxt = f Ty jdt, (240) 
Pi Vo 

$ Lydr = f Ti, pdr*, (241) 
Ve V3 

$ Tiggdr® = f Tigemdrihm, (242) 
Vs Va 


where, in the last integral, V4 represents the portion of space-time 
enclosed by V3. 

It is not assumed in the above formulae that Ty; and Ty; have any 
special symmetries; however, on account of the skew-symmetry of the 
tensor extensions, only the skew-symmetric parts of the T’s actually 
remain in the formulae. 

Finally, we introduce the tensor g;; of space-time. It is now per- 
missible to replace the partial derivatives by covariant derivatives, 
because the additional terms drop out. For example, 


Tigixdr® = (Tin — LGT a7 — LG,Tia)dr*® = Tiy,pdr*®. (243) 


Accordingly we can display the Stokes’ formulae in completely in- 
variant form as follows: 


§ Tydxt = f Ty jd, (244) 
Pi Ve 

§ Tydetl = f Tiy,pdrttt, (245) 
Ve Vs 

$ Tiggdrl® = f Tijejmar4 ee, (246) 
Vs Va 


We shall now display these formulae in a different way, introducing 
the invariant element of volume (2-, 3- or 4-dimensional), defined as 
the product of the measures (ds) of the edges of a rectangular cell. 

Consider Vp. Let Mt and N? be unit vectors, orthogonal to V2 and 
to one another (Fig. 14). Then the tensor extension of a 2-cell may be 
written 


drii = e(M)e(N)ntitmM.N mdev, (247) 


where the e’s are the indicators of the vectors, the 7-symbol is the 
permutation tensor as in (114), and dgv is the invariant 2-volume of the 
cell; the 2-cell is such that its ordered edges, together with M* and N# 
in order, form a tetrad with the same orientation as the parametric 
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lines of the coordinates x‘. We have to N ; . 
prove (247), and this we do by recog- mM! 
nizing that it 1s a tensor formula, and so 
may be verified by using a special 
coordinate system. It suffices to con- 
sider a rectangular cell, since an oblique 
cell may be broken up into a great 
number of small rectangular cells. Let 
us then use coordinates for which at the 
point in question gj is the diagonal 


matrix with elements (1, 1,1, — 1) in dol 
some order, and for which the para- 
metric lines of x1 and x? run along the Fig. 14 — 2-cell on Ve 


edges of the cell, while those of x? and 
x4 lie along M* and N?* respectively. We take yl! = x1, y% = x?, 
Then by (234) we have A = dxldx2, and by (235) 


drl2 = — dr2l = drldx2, (248) 


while the other components of dr*/ vanish. On the other hand, we have 
Mz = e(M), Na = e(N), and the other covariant components vanish. 
Thus the right hand side of (247) survives only ifz = 1,7 = 2o0r7 = 2, 
7 == 1, and for the former values it is equal to dev. But dev = dxidx?, 
and so, on comparing this with (248), we verify (247). 

Likewise for Vg we have 


driit — e(N)ntik™N ndgy, (249) 


where N? is a unit vector normal to V3, such that when it is associated 
as a fourth direction with the ordered edges of the 3-cell, we get a 4- 
cell with the same orientation as the parametric lines of the coordinates; 
dgv is the invariant 3-volume of the cell. For V4 we have 


drtikm — yiikma yy, (250) 


where dav is the invariant 4-volume, provided the 4-cell has the same 
orientation as the parametric lines of the coordinates — otherwise a 
minus sign must be inserted. 

Since the covariant derivative of the permutation tensor vanishes, 
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we may now write the Stokes formulae (244)-(246) as follows: 


> Tydxt = f (Tyntd*m) 5 e(M)e(N) MeN mdav, (251) 
V1 2 

¢ Lydrd = f (Tagntt™) 7 e(N) Nm dev, (252) 
Ve Vs 

$ Tizx~ rtd = f (Lagxenttk™) in dav. (253) 
V3 Va 


The left hand sides of (252) and (253) might also be written in forms 
involving invariant elements of volume. If we use (249) in (253), we get 


§ Tiyan tte(N)Nndgv = f (Tayamt?®™) yn dav. (254) 
Vs 4 
Now, given any vector U?, we define its dual by 
iin = NiikmU™, (255) 
and this gives 
Um = fytikmye (256) 
Therefore, for any vector field U*, (254) gives 
§ Ute(N)Nidgv = f Ut; dav. (257) 
Vs Va 


This is the generalization of the theorem of Green (or Gauss). Note that 
N? points out of the domain V4 across V3; note also the presence of the 
indicator e(N). 

If we contract V,; to a point in (240) or (244) or (251), the integral 
on the left hand side vanishes, and so we get a vanishing integral over 
a closed V2. Likewise, we may contract V2 to a point in (241) or (245) 
or (252). But unless space-time were multiply connected, it would be 
futile to contract V3 to a point in (242) or (246) or (253), because this 
would make the domain V4 contract to a point at the same time. By 
the above process of contraction to a point, we obtain the following 
identities for closed subspaces in space-time: 

[¥, ¢ 14,477 = 0, 
without metric: § § Ty, ditt = 0: (258) 
( ¢ Tygdrd = 0, 
- 


§ (Leq'tm) ge(M)e(N)MzNmdeo = 0, 





ith t 259 
with metric: | 5 Tujedrtl® = 0, (259) 
Vs 
| § (Lintikm) ye(N)Nindgv = 0. 


Vs 


CHAPTER II 
THE WORLD-FUNCTION Q 


§ 1. THE WORLD-FUNCTION {2 AND ITS COVARIANT DERIVATIVES AS A 
TWO-POINT INVARIANT AND TWO-POINT TENSORS 


Let P’(x’) and P(x) be two points of space-time, joined by a geodesic 
I with equations x+ = &(u) where u is a special parameter [cf. 1-§ 2]. 
Then the integral [cf. 1-(27)] 


QPP) = Q(x’, x) = 4(u1 — uo) f gygU*Uidu, (1) 
taken along I’ with Ut = dé/du, has a value independent of the 
particular special parameter chosen. If, as we shall suppose, the 
points P’, P determine a unique geodesic passing through them, then 
Q is a function of these two points; it is a function of the eight vari- 
ables x#’, xt, and we shall call it the world-function 1 of space-time. 

Since 6U+/6u = 0, we have gy;U*Us = const. along J’, and we can 
write (1) in the form 


Q(P'P) = Q(x’, x) = Hon — uo)2gy UU), (2) 

with the last part evaluated anywhere on J’. Further, we can choose u 
so that the end-values are up = 0, uw; = 1, and then we have 

Q(P'P) = Q(x’, x) = AgyVIUI, (3) 


evaluated anywhere on J’. Also, as in I-(36), we may write 
P 
Q(P'P) = Q(x’, x) = feL?, L=/fads. (4) 
= 


Thus, to within the factor e« (= + 1), the world-function is half the 
square of the measure of the geodesic joining P’ and P. 
As stated above, we assume that P’ and P have a unique geodesic 


1 This function was introduced into tensor calculus by Ruse [193la, b]. Cf. 
also SYNGE [1931], Yano and Muto [1936], ScHouTEN [1954, p. 382]. It has been 
called the distance function and the characteristic function, but world-function 
seems the most appropriate title for it when it is used in relativity, because it 
determines the curved world of space-time. 
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passing through them. This will certainly be the case if the points are 
close enough to one another, but there are physical instances where it 
does not hold. Then the world-function is no longer single-valued, and 
the existence of partial derivatives must not be rashly assumed. 
A global theory of the world-function, covering such singular cases, 
would be very complicated, and we shall throughout assume that the 
geodesic P’P is unique and the partial derivatives exist. With this 
understanding, the world-function 2 is a powerful tool for the execution 
of systematic approximations without abandoning the techniques of 
tensor calculus, as will be evident later in the book. 

It is obvious from (4) that in flat space-time there exists a coordinate 
system such that 

Q(x!, x) = BBig(a" — x4) (x — xd), (5) 
85 = Nj = diag(1, ie 1). 
This is a useful formula to remember, because it suggests properties of 
2 and its derivatives in the general case of curved space-time. 

To understand the transformation properties of the world-function 
and its derivatives, it is best to think of two coordinate systems, say 
C’ and C, in domains D’ and D of space-time. These domains overlap, 
and in the overlap there is a smooth transformation C = C’ (Fig. 1). 
(D’ and D might very well both cover the whole of space-time, in 
which case the overlap is the whole of space-time.) The point P’ lies 
in D’ and has coordinates x?’ in the 
system C’, while P lies in D and has 
coordinates x* in the system C. The 
integral (1) is still meaningful if 
properly interpreted — we have to 
break the integral at some point in 
the overlap, and use for the two 
parts the coordinates C’ and C 
respectively. The world-function 
Q(x’, x) is a 2-point invariant in the 
sense that its value is unchanged if we 
transform independently the coordi- 
nate systems in D’ and D. Briefly. we 
may refer to such transformations as transformations at P’ and at P. 

Consider now the covariant derivatives of a 2-point invariant 
I(x’, x). All that follows holds in particular for Q(x’, x), but, since the 


Fig. 1 —- Overlapping domains D’, 
D with their own coordinate 
systems C’, C 
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specific properties of 2 are not involved, it is clearer to speak of an 
arbitrary 2-point invariant I. 

Covariant differentiation may be carried out with respect to the 
coordinates of P’ or with respect to those of P. To avoid cumbersome 
notation, we shall denote these covariant derivatives by simple sub- 
scripts without the usual vertical stroke. The operations are applied in 
the order of the subscripts. 

We have then before us such quantities as 


ol ; 
af oxi’ ’ se Ni oxs’ Ly Nae (©) 
where the Js are evaluated at P’, and 
ol 0 - 
=a fg = ay hi — Filo (7) 


where the J”’s are evaluated at P. These quantities are of course func- 
tions of the coordinates of P’ and P, and they are 2-point tensors. 
It is clear that the quantities (6) are respectively a covariant vector 
and a covariant tensor of the second rank with respect to transfor- 
mations at P’, but they are invariants with respect to transformations 
at P. There is no single simple term to describe these transformation 
properties, but they are at once evident from the notation. Similar 
remarks apply to the quantities (7) mutatis mutandis. 
We have also such quantities as 





a a 
Ty = I y £ =. I , 8 
Nits ij aa tt (8) 
lige ae xk Ley — Didi (9) 


Here the tensor properties are precisely as suggested by the notation. 

Each of (8) is a covariant vector under either transformation, while (9) 

is a covariant vector for transformations at P’ and a covariant tensor 

of the second rank for transformations at P. The above illustrative 

examples should enable the reader to handle any covariant derivative. 
We may raise subscripts by g#’7’ at P’ and by g# at P. Thus 


LO OF ps It = gti],, (10) 
It is obvious from (8) that 
Lig To. (11) 
Synge 4 
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This is a particular case covered by the following general rule of inter- 
change: the value of any covariant derivative 1s unaltered by interchange 
of primed and unprimed subscripts, provided the order of the primed 
subscripts and the order of the unprimed subscripts are separately 
preserved. To prove this rule, let us write tentatively 


Lag = Log, (12) 


where the dots on the two sides stand for the same set of subscripts, 
primed or unprimed or both. This is certainly a tensor equation with 
respect to both transformations. We test its truth by using coordinate 
systems such that the J”’s vanish at chosen positions of P’ and P. 
Then, for the chosen P and any P’, we have 


0 


1 rw 





Lis, (13) 


and hence, for P’ and P both at their chosen positions, 





I ae 14 
ry] ae oxi’ axt ( ) 
But likewise 
Oo o 
Lee eve? 15 
1 dt axt Oat’ ( ) 


and since the expressions (14) and (15) are equal, (12) is verified for 
special coordinate systems. Therefore (12) is true in general, and it 
implies 

Ep Lf tis (16) 


where the dots in corresponding positions stand for the same subscript, 
primed or unprimed. This means that, in any covariant derivative, it is 
permissible to interchange adjacent subscripts, provided one is primed 
and the other unprimed. From this the truth of the above rule of 
interchange is obvious. 

Note that of course we cannot in general interchange two subscripts 
if both are primed or both unprimed [cf. the commutation rules of 
I-§ 5]. 

All the above formulae hold in particular for the world-function. 
By 1-(41) we have 


Qi = — (“4 es uo) Uy, QD; = (141 = u0) U;, (17) 
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where U? is the tangent vector dxt/du, and 
by 1-(42), if J’is not null, 

Qe = — Li, QO, = Lh, (18) 
where 4* is the unit tangent vector to I’. We 
recall that in (17) «is any special parameter, 
and in (18) we choose du = ds. These formulae 
are illustrated in Fig. 2. 

By (17) we have 

L92Q;,Q; = (uy a uo)2e4U Uj, (19) 

and so, by (2), 





first derivatives of the 


Likewise world-function Q 


LTO Qy = 2Q. (21) 


In (20) and (21) we have the two partial differential equations satisfied 
by the world-function. 
We note for reference the following obvious results: 


Oi, = Drak ns 2g =] DS (23) 


where as usual dots in corresponding positions indicate the same sub- 
script, primed or unprimed. This commutation holds only when the 
two subscripts are adjacent to the letter Q. 


§ 2. COINCIDENCE LIMITS 


This section is devoted to the discussion of the limits of the co- 
variant derivatives of the world-function when the two points P, P’ 
tend to coincidence. We shall use a single coordinate system, so that 
P -— P’ implies x* + x*’, with the following notation for these limits 
which we call cowmcidence limits: 

lim Q.,, = [@..]. (24) 
Pf’ 

These coincidence limits are useful only if they are independent 
of the path by which P tends to P’. To what extent they are in fact 
independent of path depends on the smoothness of the function g;;, 
and a complete discussion of this difficult question is beyond the 
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scope of this book. We shall however give a formal argument, assuming 
analyticity and the legitimacy of manipulations with infinite series. 
The geodesic equation 


6Ut du% _ dx 








a a + Pj,UIUF = 0, Ut qa’ (25) 
yields the power series 
at = ol 4 UV — huts, UF UW 4+ ..., (26) 
where u = 0 at P’ and u = wu, at P. Inversion gives 
wUY = & + ht eek +, &i — xf — x’, (27) 


Hence, by (2), 
22 (x', x) = wtgyy UC Ul 
= gry SEI + Aggy SUSIE + Ln, (28) 


the coefficients in this series being functions of g;;- and its derivatives. 
Thus 2(x’, x) appears as an analytic function of its eight arguments, 
and the coincidence limits are consequently independent of path. 
Crude as this argument is mathematically, it shows that we are on the 
right track in selecting as world-function the function Q(x’, x) instead 
of, say, the geodesic measure of P’P. With that latter choice we would 
have encountered those indeterminacies and infinities which occur 
when, in Euclidean space, we differentiate the distance between two 
points with respect to their coordinates and proceed to coincidence 
limits. 

To put the matter on an honest footing, let it be said that the follow- 
ing calculations depend on the assumptions that (a) the world-func- 
tion Q(x’, x) is differentiable as often as required, and (b) the coinci- 
dence limits exist and are independent of the path by which P tends 
to.P", 

The coincidence limits are of course functions of a single point, and 
it is a matter of indifference whether we call it P’ or P. Notationally 
it is simpler to use P, and so, when a coincidence limit is evaluated asa 
tensor, the suffixes on that tensor will be written without primes. 
But it is essential to keep the primes inside the brackets [ ], unless 
sufficient reason is given for their deletion. 

It is obvious from (1) and (17) that 
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and hence 
[sat | 20; [2at] = 0. (30) 
Differentiation of (20), which may be written 
22 = 2%, (31) 
gives 
2; = 22%, (32) 


Let wu = 0 at P’ and uw = w at P. Multiply (32) by 1 and use (17); 
this gives 
UO; = U2. (33) 


Since the coincidence limit is to be independent of path, i.e. indepen- 
dent of the limit of U?, we get 


[2%] = 6, [Qi] = gy. (34) 
To deal with the covariant derivatives of higher orders, we differ- 
entiate (32) again and again, obtaining 
Qe = QQ" + Wp (35) 
Qyem = Qinm2, + QinQ im + Qim Qn + MQ em (36) 
Qhemp = QitmpQ; + QinmQ ng + QixpQ ym + QirQ omy 
+ Qimp Qi, + QimQ jey + QipQ jem + QW imp» — (37) 


and so on. We now go to the limit P -> P’, using the coincidence limits 
already evaluated. From (35) we get nothing, but (36) gives 


[2Qrjm] + [2mix] = 0. (38) 


But by (23) there is symmetry with respect to the first two subscripts, 
and this symmetry combined with the skew-symmetry in (38) leads 
easily to 

[Qijx] = 0. (39) 


In view of the results already established, (37) gives in the limit 


[Qrgmp] + [Qmiev) + [Qvjnm] = 9, (40) 
or, by (23), 


[Qsxmp] te [Qimkp| oF [25 num] = 0. (41) 
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By 1-(96) 
Qijkem i Qimk = R% Qaj so Rr’ Qa, (42) 


tkm Jkm 


and therefore 
[Qyinm] = [Qime], (43) 


so that these coincidence limits are symmetric in the last pair of 
subscripts as well as in the first pair; this may also be seen from (41). 
By 1-(94) 


Qign — Qing = R%j)82a- (44) 
Differentiating and going to the limit, we get 
[Qigem] — [Qixgm] = Rmige = — Rimjr. (45) 
Interchange # and m, add, and use (43) twice: 
2[Qignm] — (Qingm)] — [Qimes] = — Rimgx — Ringm. (46) 
Hence by (41) and (48) 
[Qizem| = Sigxm, (47) 
where Sijzm is the symmetrized Riemann tensor, defined by 
Sijem = — 3(Rikim + Rimjt). (48) 


This tensor satisfies the symmetry equations 


Sigem = Syikm = Sigmk = Semis, 
Siabe -- Sivea + Sicab = 0; 


It is as competent as the Riemann tensor to describe the curvature 
properties of space-time, having 20 independent components; there are 
6 of the type ! Si199, 12 of the type Si1193 and 3 of the type S234, but 
these last satisfy the relation 


(49) 


S1234 + Sigea + S1423 = 0. (50) 
The R-tensor is given in terms of the S-tensor by 
Rijkm = —(Sixim — Simgz) = — Siemg + Sims. (51) 


The coincidence limit [2;;4m] satisfies, of course, the same symmetry 
equations as Sim. 
By extending the sequence of equations (35)—(37) by further differ- 


1 Note that Siieg = — 2Si212, Si1e3 = — 2Sj213. 
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entiation, we can evaluate the coincidence limits for the derivatives of 
higher orders. Expressed in an umbral notation in which each numeric- 
al subscript stands for a letter, we have 


[Q19345] = — 4(Riseas + Risesa + Riaggs 
+ Ry4e53 + Risea4 + Risea3), (52) 


the final subscripts on the #’s standing for covariant derivatives. The 
expression for [2193456] is considerably more complicated !. 

Since coincidence may be attained equivalently by letting P — P’ 
or by letting P’ — P, it is clear that, in each of the above coincidence 
limits, we may put primes on all the subscripts, e.g. 


[24977] = Bij, (Qari em’) = Sagem. (53) 


The case where we have some subscripts primed and some unprimed 
must now be considered. For this we need the following lemma: 


[2...Je = (2...4] + [2.47], (54) 


the dots standing for any set of subscripts, primed or unprimed, the 
same in each symbol. 

To prove this lemma, we take a geodesic J’ and points P’, P on it, 
the corresponding values of some special parameter of J" being w’, wu, 
respectively. Consider the mixed covariant derivative 


2 


h1...bp)i’...Jq’* (55) 
Take a set of (f + g) vectors, arbitrarily selected at any point of I 
and then subjected to parallel transport along I’. Write A®-? for 
the product of the first # vectors at P and B*-" for the product of 


the remaining g vectors at P’, and form the 2-point invariant 


H(u', u) —Q i fA eB ee (56) 


neti. 


Taking (wu — u’) small, so that P and P’ are close together, and omitt- 
ing terms of the second order, we have 


H 
H(u', u) = H(w', wu’) + (u— uv’) (=) ; 
= H(u', u') + (u — v’)[Q, ~]ppU" (ABs) p:, (57) 


1 Cf. SynGE [1931]. The 4-index coincidence limits represent the so-called 
‘second extension’ of the fundamental tensor, cf. VEBLEN [1927], p. 97. 
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where the coincidence limit is evaluated, as indicated, at P’, and U*’ 
is the tangent vector (dx*/du) at P’. For simplicity of writing, the 
suffixes of (56) have been replaced by dots in an obvious way. Like- 
wise 

oH 

H(u', u) = H(u, u) + (u’ — u) () 
Ow’ /y’=u 
= H(u, u) + (w’ — u)[Q.,.4°\pU*(A--B--)p. (58) 

Subtract (58) from (57), divide by (w’ — u), and go to the limit w’ > u, 
thus bringing P’ and P into coincidence. This gives 


dH(u, u 
Ne = {[2...4] + [2.0 ]}U*AB--, (59) 
everything being now evaluated at P. But 
A(u, “) = (OQ, AB, (60) 
and so 
dA (u, 
E(u, u) = [Q.],U%A-Be. (61) 
du 


The truth of (54) is now obvious if we compare (59) and (61) and 

remember that, at a given point P in space-time, we can select arbi- 

trarily the direction of the geodesic J’ and the A- and B-vectors also. 
It is convenient to rewrite (54) in the form 


[2...47] = (2... Je — [2.x]. (62) 


When so written it becomes a machine for the manufacture of coin- 
cidence limits with primed subscripts, once those with unprimed sub- 
scripts are known. For example, if we take 
2... = 2, (63) 
we get 
[25x] = [Qik — [24x]. (64) 
We already know that [Q;] = 0 and hence [Q;], = 0; also [Qyx] = ix. 
Therefore 
[Qin] = — Bik. (65) 
As a second example, take 
OQ: (66) 
Then (62) gives 
[Qigzx’] = [Qigle — [Qize] (67) 
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But [Qij| = gi and so its covariant derivative vanishes; the 3-index 
symbol also vanishes, and we get 


[Qigx] = 0. (68) 


If we confine our attention to coincidence limits of order not greater 
than four (and these are the most important in the applications), we 
may use the following rules, which are easily verified: 

(i) Carry all primed subscripts to the right (by the general rule of 
interchange given in § 1). 

(ii) Delete the last prime and change sign. 

(iii) Carry this last subscript forward to join the other unprimed 

subscripts. 

(iv) Repeat the process until all the primes have disappeared. 

For convenient reference, there follows a list of formulae of coin- 
cidence limits and of the symmetrized Riemann tensor: 


[Q] = 0, [2j] = 0, [2%] = 0, 


[2] = gy, [Qi] = [Rig] = — by, [Qv5-] = By, 

[Qiz%] = O (all expressions with three subscripts vanish), 

[Qijem] = Sigkm, [Qigem’) = — Signum, [Qijn’m’] = Sizem, 
[Qiy7%m’] = — Simes = — Sige, [Qv ye’) = Sige, (69) 
Signum = — 4(Rizjm + Rimjn), 

Rigem = — Sixgm + Simiz = — Sitmg + Simi, 


Signm = Sytem = Skmig, 
Siabe ++ Sibea + Stead = O, 
(Stanje — Siacjs) + (Stveza — Sivage) + (Steazo — Stedja) = 0. 


In the last formula, which is a consequence of the Bianchi identity 
I-(98), the fifth subscript indicates the covariant derivative. 


§ 3. EVALUATION OF THE SECOND DERIVATIVES OF THE WORLD-FUNC- 
TION BY USE OF THE PARALLEL PROPAGATOR 


Approximations based on the neglect of small terms are very fre- 
quent in mathematical physics, and there is seldom any reason to 
object to them. One feels that if there is anything wrong, it will show 
up in some anomaly, and then one can revise the theory. Thus, in 
classical hydrodynamics, an approximation in which a fluid of small 
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viscosity is treated as having no viscosity leads to the paradox of 
d'Alembert (a body experiences no resistance when moving through 
water), and one turns to a more refined approximation in the theory of 
the boundary layer. 

Once a theory has been given a clear mathematical formulation, 
one would like to develop it with mathematical precision. But usually 
that is neither possible (the physicist does not know enough mathe- 
matics) nor wise (details of mathematical precision obscure the general 
line of thought). This book aims at a middle course. Approximations 
are sometimes made naively — here is a small quantity, neglect its 
square and the square of its derivatives! At other times, the procedure 
is more critical. In particular, we must remember that smallness is a 
term which can be validly applied only to a dimensionless quantity, 
and even then it is only a matter of comparison. The force of attraction 
between the sun and the earth (to use Newtonian terminology) is 
dimensionless and its value! is about 3 x 107-22, Is that small? It all 
depends on what we are comparing it with. 

The work which follows is exact in the sense that uncalculated 
residues are collected under a symbol QO, or Og, indicating orders of 
magnitude. The motivation lies in the fact that these terms are, in 
general, ‘small’; it seems best to leave it to the reader to explore ex- 
ceptional cases for himself. The theme of smallness will recur from time 
to time throughout the book, and may be diagnosed as the rumbling of 
a troubled mathematical conscience. 

In the preceding section we evaluated the coincidence limits of the 
covariant derivatives of the world-function 2(P’P). We now seek to 
evaluate those derivatives when P’ and P are distinct points of space- 
time. The method permits of iteration, leading as close as we like to 
the true values, but we shall be most interested in approximate 
calculations for space-time in which the Riemann tensor is small (01), 
and we shall throw into a residue (Og) terms quadratic in the Riemann 
tensor 2. 

In this work we assume the existence of the derivatives of 2, which 
means that conjugate points are not considered. Such points correspond 
to foci in the optics of rays emanating from a point-source, and it is 
easy to see that they exist in the physical applications of the theory 
(to planetary orbits, for example). Their existence, however, does not 


1 Cf. Appendix B. 
2 For an alternative procedure, see viI-—§ 9. 
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invalidate the theory, provided we understand that P’ and P are not 
conjugate. The whole question of conjugate points in Riemannian 
space-time is interesting, both mathematically and physically, but we 
shall not attempt to discuss it }. 

As a preliminary step, we consider the equation of parallel transport, 
which reads, for any curve and any parametrization on it, 


d1t/du = O. (70) 


Let the curve be a geodesic joining points P’ and P. Then, given these 
points, the vector ##’ at P’ determines by parallel transport the vector 
At at P. From the linear homogeneous character of the differential 
equations (70), we know that /¢ are linear homogeneous functions of 
At’, so that we may write 

he = gad! (71) 
Here the coefficient gj is independent of the vector chosen. It is 
determined 2 by the points P’, P, and is a 2-point tensor; in fact it 
is a covariant vector with respect to each point. We call giz the farvallel 
propagator. The notation may seem confusing, since gy and gj/y are 
already in use for the metric tensor at P and P’. However, there need 
be no confusion, and, as we shall see later, the notation fits in nicely. 
If we let P’ tend to P, we get the coincidence limit 


[gig] = 8ay- (72) 

There is no difficulty in raising subscripts: 
gy = een, a = gee, 

ge = gteem'E™ 


If 4) is an orthonormal tetrad (OT) carried by parallel transport 
along the geodesic P’P, we have, by (71), 


ays = Bi’Ma)s (74) 
and so, by 1-(50) and 1-(48), 
Big? = Aa = HeownAPAam = gyn. (75) 


(73) 


Thus the parallel propagator is symmetric. 
We might have defined the parallel propagator by (75), but then it 


1 For some remarks on conjugate points, see SYNGE [1926a]. See also § 9. 
2 We assume that there is a unique geodesic joining P’ to P. 
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might not have been obvious that gj is really a 2-point tensor in- 
dependent of the OT. However, this independence is easily verified 
by submitting the OT to a Lorentz transformation I-(52). 

We note in passing that Fermi-Walker transport (I-§ 4) also has a 
propagator, say Wi, such that we have for F-W transport along any 
curve (other than a null curve) 


Ay = Way ds, (76) 
with Wij given by 


Wig = Mah? = Wy. (77) 


However, this is not a true 2-point tensor, since it depends on the 
curve joining P’ and P. In the case of gi; we effectively eliminated the 
curve by making it a geodesic, and if we do that for F-W transport we 
get Wiz: = gi’. 
In order to evaluate the covariant derivatives of the world-function 

2, we return to the equation of geodesic deviation I1-(130): 

62Vi : 

ae + Kt Vm =0, Kim = RipmqU?U%. (78) 
In 1-§ 6, we discussed the solution in terms of invariants; now we 
shall use the parallel propagator. 





A 
(U=U4) 


Fig. 3 — Calculation of the covariant derivatives of the world-function 2 


Fig. 3 shows a family of geodesics emanating from a point P; and 
intersecting a curve C2 with equations x! = x#(v), on which P2 is any 
point. Choosing a special parameter ~ on these geodesics, with fixed 
end values w=, at P, and “= uz on Ce, we have a 2-space 
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xt = xt(u, v). Writing, as in I-§ 6, 








Ut = dxt/ou, Vi = axt/dv, (79) 
we have, all over the 2-space 
6Ut 6Vi 6Ut 
— = ; —=0; 80 
dv Ou ou es) 


and, since P is fixed, 

V0, (81) 
the secondary (numerical) suffix indicating that the vector is to be 
taken at Pj. 

The situation is precisely as considered in I-§ 6 except that, in order 
to keep the complexity of the calculations under control, we have 
fixed P1. We have the deviation equation (78). Let 4# be a vector chosen 
arbitrarily at P; and carried by parallel transport along the geodesics, 
so that 

dAt/du = 0. (82) 
Multiply (78) by G(u, w’)A;du, where G(u, u’) is the symmetric Green’s 
function I1-(144), and integrate from P, to P»,. This gives 


[GD(AgVi)de + f GK Vmdu = 0, (83) 


U1 U1 


where D = d/du, and hence, as in I-(147), 


[DGD(4V Adu = [ GRamlkVmdu. (84) 


U1 U1 


Further, as in I-(149) but remembering (81), we get 


U2 
AV" = R(w' — w1)A,,V" + f GKuma*Vindu, (85) 
where k-! = ug — u,. Differentiation with respect to u’ gives 
6Ve 
he are ki,,V™ — a | (u — U1) Kyma*Vdu 
u 


+k | (uz — u)Kim&kV™du. (86) 


Since the vector A¢ may be chosen arbitrarily at any point of PP, 
say at u = u’, we get from (85) and (86), on introducing the parallel 
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propagator, 
Vir = Rw’ — 13) g,,,V" + f GR¥Mg 4 Vindu, (87) 
Uy OV 4 
ee Se hgy,,V? — af (u — U4) KeMg,7~.Vindu 
év éu’ 


U1 U2 
+k | (ug — u)Kkmg, 7 Vydu. (88) 
a 

These formulae are accurate. By iteration, we can obtain ! from (87) 
the deviation vector to any desired degree of accuracy, and its absolute 
derivative is then given by (88). In this iteration process, the suc- 
cessive terms proceed in powers of the Riemann tensor. If this tensor 
is small (Oi), we have (delete the primes) 








Vi = Ru — u)gy,,V" + O1, (89) 
6U OV; ; 

: = : = kgi,V” + O41. (90) 
dv ou 


These crude approximations are essential in later work. But we have 
also, more accurately 2, by (88) evaluated at P, and Pz, 





6U. ; 
i = hg, 5,V" + a2 | ue — u)(u — U1) OME, LS iamV"du+O2z, (91) 


U1 


= fgg V® — REY (oe — 11) 2K VR + On (92 


U1 


6 U:, 


Ov 





1 If the geodesics from P, meet again at Pe, then V7? = 0. The integral 
equation (87) becomes homogeneous and the method breaks down completely. 
This is the excluded case of conjugate points. 

2 In (91) and subsequent formulae the symbol Og stand for an integral with 
an integrand quadratic in the Riemann tensor. For example, in (91) Og stands for 

U2 U2 

kf f (ug — u)G(u, w) KEM KV g 1g Vypdudu’. (91a) 

U1 U1 
In regard to smallness, we think primarily of the Riemann tensor as small 
and the range (ug — 1) as finite, and then the symbol Og indicates second-order 
smallness, as it should; but if the range is large, the question of smallness needs 
careful examination. Perhaps it is well to emphasize that we are not basing 
smallness on smallness of the range. 
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The preceding calculations do not involve the world-function. We 
now write, as in (17), 


Qi, = — (ua — 1) U;,, Q;, = (ug — 1) Ui,. (93) 


Carrying Pz along Cz, and differentiating with respect to v, we get 
(since P, does not move) 


1. 0,5. Vie = R71 ——. 
dv a Ov 





(94) 





24,4,Vhe = —k 


For the terms on the right, we have expressions as in (91) and (92). 
Now, given P; and Pe, the curve Cg may be drawn arbitrarily through 
P», so that Viz is arbitrary and we can cancel it out. Thus we get ex- 
pressions for 2; ;, and ;,;,. Then we can interchange the numbers | 
and 2 throughout, remembering to change the sign of &. Further, we 
have (if we want to use it) the general rule of interchange (§ 1). Finally, 
introducing the S-tensor from § 2, we get the following expressions for 
the second-order covariant derivatives of the world-function: 


249, = Big, + $RS (wa — 4)? 84,085,050 2U pU gdu + O32, 
24.4, — Q4, et, Site 
+ 3k f (uz — u)(u — 1) 81,087,052 pUgdu -+- Oz, (95) 


244, = Sieg, + BRS (U — U1)78:,a87,05 PIU pU du + Oz, 
U1 
k-1 = ug — U4, Sabpq — — 1(Rapba 4 Raadp), 


These formulae may be written a little more neatly in terms of 
invariant components, as in 1-(54), on an OT 4{,) which is carried by 
parallel transport along the geodesic PiP:. If we multiply the first of 
(95) by 4#, 47), this product passes under the sign of integration, and 
we get 


81,04 Gn) = hima, 7,04) = Anyo: 


96 
Aimy ad nyo %P2U »U g = S (mars) Ur) U®), ( ) 


Treating the other equations similarly, and noting that U“ is constant 
along the geodesic, we get the following expressions for the invariant 
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components, with yun) = diag(1, 1,1, —1)1: 


2 


UW 
2Qem,n,) = Nonny + ZRUOU® [ (uz — U)?Smnrsydu + Oa, 


Q m,n.) = — Nanny + ZBRUMOU®) f (ug — u)(u — U1)Smarsydu + O02, (97) 


U1 


U2 
2Q mn.) = Nimn) + BRUM TU) [ (uw — u1)2S (mnrsydu + Or. 


U1 


§ 4. EVALUATION OF THE COVARIANT DERIVATIVES OF THE PARALLEL 
PROPAGATOR 


In later work, we need to use the fact that the covariant derivatives 
of the parallel propagator gj are small in a space-time of small 
curvature. That fact is really obvious intuitively, for, in a flat space- 
time, it is easy to see that these covariant derivatives vanish. How- 
ever, the parallel propagator is an essential element of space-time, 
and we shall devote this section to an evaluation of its covariant 
derivatives. 

We work with Fig. 3. Let 4 and mwé be vectors chosen arbitrarily 
at P; and carried by parallel transport along the geodesics. Over the 
2-space of geodesics, we have then 





dAt/du = 0, dut/du = 0, (98) 
and also, since P is fixed, 
6Au/dv = 0, dus/dv = 0. (99) 
We have 
hi, = Figg AN, (100) 
and hence, on differentiation with respect to v, 
ni = Ling gdh hs, (101) 


where the third subscript on the g-term indicates a covariant derivative 
(in this case with respect to P2). But, by the commutation rule I-(95) 
combined with (98), we have 


6 OA; ’ 
ee Pee Riymni Omye, (102) 
du dv 
1 To make the notation clear, note that, in the first or second line, m, on 
the left takes the same numerical value as m on the right; the secondary 
(numerical) suffix indicates the point Pj. 
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and hence 


d . OAG ‘ 
Cue we ae => Raomneta Umyn, (103) 


Integrating and using (99), we get 
= [ Rom uady Un, Va du 
= poh | eragnrROmrU nV n du. (104) 


U1 


i Ohi, 
e dv 


Since uw” may be regarded as arbitrary, we simply cross it out. Further, 
we may substitute from (101) and treat 4% as arbitrary, so that it too 
may be crossed out. This gives 


U2 
8in9,k,V 2 = — f 81,087, oR" V mU ndu. (105) 


U1 


So far the work is exact. But now we substitute for the deviation 
vector Vm in the integral from (89), and get (treating V” as arbitrary) 


2 


Risiky = — Rf (U — W1)8i,a85, 08k cl 0°41 g du + Or. (106) 


This formula contains all the first-order covariant derivatives of the 
parallel propagator, in view of its symmetry and the possibility of 
interchanging the numbers | and 2. Thus we have ! 


Link, = RS (v2 — 4) gi, a87,b8%,cereIU gdu + Oa, 
: (107) 


Litak, = RS (u — U1) 8i,a8),b8k,eR IU g du + Oo, 
Ai uUgz— U4. 


If we introduce an OT 47, with parallel transport along the geodesic 


1 First, interchange 1 and 2 in (106), remembering to interchange u, and ug 
and hence to change & into —k. Secondly, interchange 7 and 7 in (106) and use 
the symmetry of the propagator and the skew-symmetry of the Riemann tensor. 


Synge 5 
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P,P2 and multiply the first of (107) by 442,44, the equation takes 
a simpler form. Treating the second of (107) similarly, we get, in terms 
of components on the OT, 


U2 
&(a,0,¢,) = RU® f[ (ug — U)R (abeqy du + O02, 
me (108) 


2 


U 
S (aby) = RUM f (u — U1) Ravegdu + O2. 

U1 
It is now easy to compute, to this order of approximation, the co- 
variant derivatives of higher orders. To get those of the fourth order, 
we work with Fig. 3 and differentiate (107) with respect to v. Since the 
expressions in (107) are Oj, it is unnecessary to touch the propagators 
under the sign of integration, since their derivatives would give Og 
terms. But we have to differentiate the Riemann tensor and Uy. In 

this procedure, (89) and (90) are the key formulae. Thus } 


6 
—— Rabeq — Rabeqady, — Rabeadkiy = 1) £am,V™ + Os, 
ov 
; (109) 
oon Ug = kqm,V™ + Ox. 


In this way we obtain the following formulae in terms of components 
on a parallel-transported OT: 


U2 
£(a,b,¢,4,) = k2 f (19 _ u)R (aveaydu 
U1 
2 


+ k2U® f (ug — u)?Raveqadu + Oo, 


U1 
2 


B(aybye,d,) = R* f (ug — u)R aved du (110) 


U1 
2 


+ R2UM f (ug — u)(u — 41) Raveqaydu + O2, 


U1 
2 2 


E(a,0,cyi) = B® f (uw — U1) Raveaydu + k2UM f (u — u1)?R aveqaydu + Op. 
U1 U1 

Changing the notation slightly, so that the two points are P’ and P 

instead of P1 and Pe, we get the following coincidence limits when P’ 


1 The fifth suffix on R indicates the covariant derivative, with the subscript 
raised in the usual manner. 
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tends to P: 
[gig] = 8a, [gejx] = 9, [gign] = O, 


(111) 
Lgivkm] = — 3Rijzem, Leijem’|] = 4Rijnm. 


These last formulae have a close connection with the parallel transport 
of a vector round a small circuit. 


§5. EVALUATION OF THE HIGHER DERIVATIVES OF THE WORLD- 
FUNCTION 


To evaluate the higher covariant derivatives of the world-function 
Q, we start from the first and third of (95): 


24,5, = 84, le Bk f (ua ~ U)*27,a8j,b9 PIU pU g du + Og, 
es (112) 
Qj, = Lied, + BRS (U — U1)*81,087,b5VPIU pUgdu + Oz. 


Our plan is to use the scheme shown in Fig. 3 and differentiate with 
respect to v. In view of (107), we can (to the order of approximation 
required) leave the propagators in the integrals untouched. As for the 
other terms, we get zero from the leading terms on the right hand sides 
of (112); for gi,j, is independent of P2 and the covariant derivative of 
fi, Vanishes. Further, we, have, as in (109), 
6 
— Uy = hgpx,V™ + O1, 


ov 
(113) 


— Sabpd == Sabpack(y — u1)gex,V"2 + Oo, 
where the fifth suffix on S indicates covariant differentiation. 

By straightforward calculation, interchange of the numbers | and 2, 
interchange of suffixes, and the general rule of interchange (§ 1), we 
easily find all the third-order derivatives of the world-function. Thus, 
from the first of (112) we get 


Qi jk, = SR? Sf (Uz — 4)? 84,084, 08k geS PU g du 


U1 


+ gh? [ (uz — u)?(u — U1) 8i,a87,08h eS P2°U pUgdu + Oz. (114) 


U1 
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This, and other similar formulae, are best expressed in terms of 
components on an OT parallel-transported along P1P2. We find the 
following values for the invariant components of the third-order co- 
variant derivatives of the world-function Q(PiP2): 


Q(a,b,¢,) SS 3k2U@ f (ue — u)*S (abeqy du 
+ 3k2U(P) U@ f (ug <i U)3S (avpqe du + Oz, 
us 


UU 
2 (a,b,0,) = 3k?U® f (uz — u)*S (abeqydu 


U1 


+ BR2UMU® f (ug — u)*(u —_ U1)S (abpqe du + Oo, 


(115) 


Qa,bye,) = — 3k2UM f (uw — u1)*Sbeagdu 
+ $R2UPMU® f (ug — u)(w — u1)*Svepqaydu + Oz, 
Q (agb,e,) = Sk2UM f (wu — U1)?S (abeqydu 


uU 
+ 8R2UMU® f (u — 1)3S aopqeydu + Orv. 


U1 


Note that in all these formulae except the third the suffixes abc on the 
S-term occur in their alphabetical order. In view of the general rule 
of interchange (§ 1), a// the third-order derivatives are contained in 
the above list. To pass from invariant to tensor form, we may put the 
U-terms into the integrals and substitute as follows: 


U@ = Ui, S(abeq) = SigemMa ho Moh Gy 


116 
Mari = Bu May = Bite — Qearye = Wek ny AGy a 
and similar expressions. 

We used in (112) only the first and third of (95); it is an interesting 
exercise to obtain 2(4,0,¢,) from the second of (95) and verify that the 
result is the same as that written in (115). 

To get the covariant derivatives of the fourth order, we have merely 
to repeat the above process. We get the following formulae for the 
invariant components of the fourth-order covariant derivatives of the 
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world-function Q2(P P32): 


U2 
2 (a,b,¢,4,) = 3h3 f (ug —, us) a5 (abeay du 


U1 


U2 


— 3h38UM f (ue = u)3(S (aveqa) aie S (abage)) du 


U1 


+ 82U@PMU® f (uz — u)4S avpaceadu + O2, 


U1 


U2 
22 (a,b,¢,42) ir 33 f (uw 2 un) 2S (abeaydu 


U1 


— BRU f (up — u)?(u — 1) S (abeqay du 
me ( LEZ) 
+ 3BUC f (ug —4)3S asagode 


Ul 


+ 3R3U () U® f (ug — u)3(u — 1)S (abpqeaydu + Oo, 


U1 


U2 
2 (a,b,e2d2) es 3h3 f (ue i> u“) 28 (abed) du 


U1 


+ 3k3U® f (ta — u)?(u — 41)(S (aveqa) + S (adage) du 


U1 
U2 
+ 8R8UMUM® f (ug — u)?(u — 41)?S (avpqeaydu + Oz. 
U1 
That is enough to write down, because the others can be obtained by 
interchanges. The above expressions can be altered in form by inte- 
grations by parts, but without any great advantage. It is of interest to 
note that by the general rule of interchange (§ 1), we know that 


Q(a,b,¢,4,) = 2 (e,d,0,0,)+ (118) 


This means that the last expression in (117) must be invariant in form 
under the interchanges 


1o2, aoc, bed. (119) 


It is by no means obvious from inspection that this is so; the symme- 
tries of the S-tensor are involved. 
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§ 6. SOLUTION OF FINITE GEODESIC TRIANGLES IN SPACE-TIME OF 
SMALL CURVATURE 


Just as the survey of Euclidean space is based on three-dimensional 
triangulation and the solution of triangles with straight sides, so the 
astronomical survey of space-time calls for four-dimensional triangu- 
lation and the solution of geodesic triangles. Some of the sides of these 
triangles may be null geodesics; the following argument covers them, 
the word ‘geodesic’ being understood to include ‘null geodesic’. 
Indeed, when we use the method of the world-function, it is seldom 
necessary to treat null geodesics separately. 

In the solution of geodesic triangles, there are two cases for which 
significant results can be obtained without too much labour. These 
are (i) the case where the Riemann tensor is small, and (ii) the case 
where the triangle is small 1. We shall now proceed with the solution 
of a finite geodesic triangle, assuming the Riemann tensor small, an 
assumption made in the preceding calculations. 


F (u=u,,v=V) 





P(v=0) 


Fig. 4 — Solution of finite geodesic triangle 


Consider the geodesic triangle PoPiP2 (Fig. 4). Let v be a special 
parameter on PoP, and PoP:, running between the same terminal 
values on both geodesics, v = 0 at Pp and v = @ at Py and Px. Let 
Q, and Q2 be current points on the two geodesics having the same value 
of v, and let the geodesic 0102 be drawn. All such geodesics (the family 
of course includes P;P:2) form a 2-space. Let u be a special parameter 


1 See remarks on smallness in § 3. 
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on each of these cross-geodesics, running from 4 = u, on PoP, and 
u = ug on PoPs. We have then a 2-space x! = x#@(u, v), all the para- 
metric lines of u being geodesics, and two of the parametric lines of v 
being geodesics, viz. 4 = u, and u = ug. Writing as usual Ut = dxt/0u, 
Vt = oxt/dv, we have 





6Ut _ oVi dU? = 
visa 6“ueesit 
(120) 
Vi 
Ut — 0 forv = 0, TO On end ea, 
v 


The world-function of Q; and Q¢ is a function of v only, and we write 
Q(2102) = Q(v). Then 


D,Q = 4V5 + OV%, (121) 
where D, = d/dv and the secondary (numerical) subscripts refer to Qi 
and Qe. Further, by (120), 

D?22 = 245 VEVA + 2045 ViVi + O45, VeVh, (122) 
D3Q = Q45 4, VeVEVE + 3245 4, VEVAV es 
+ 3245.4, VEVEV ee + 45,4, VeEVEVe. (123) 
DiQ = Qi 5.4m VEVEVEVm 4 494 9 ym, VEVEV Vins 
+ 624, 5, kymVOVEnV EeVie + 4.04 5 ym, VEVIeV Vie 
+ Qi jt V EVV keV, (124) 
We now expand (é) as a Taylor series with remainder: 
Q(B) = Q + B(DyQ)o + 482(D22)o + 143(D2Q)o 
4 af (6 — v)8D4Qdv, (125) 
where the subscript O indicates evaluation at v = 0. From the coin- 
cidence limits (69) and (121)—(123), we have 
2 =0,  (DeQ)o=0, — (D3Q)y = 0, (126) 


and, with the aid of (17), 


>: Cl > 


32(D2Q)o = PoP? + PoP? — 2PoP1:PoP2, (127) 
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where these symbols are defined as follows: 


PoP? = 22(P oP), PoP? = 2Q(PoP2), 


PoPi . PoP2 = 2;,(PoP1)Q%(PoP2). 


(128) 


This is a suggestive notation, but it must be used with some caution 
because 2 may be negative. If we were dealing with a space of positive- 


definite metric, then PoP? would be the square of the geodesic distance 


PoP, and PoP,:PoP: would be the product of the distances PoPi, 
PoP: and the cosine of the angle between the two directions. 
In the above notation, (125) may be written 


P,P? = PoP? + PoP? — 2PoP1-PoPs + 4, (129) 
where 
b = 4/ (6 — v)8D!Qdv. (130) 
0 


This term ¢ is a 3-point invariant. It is the very essence of gravi- 
tational theory because it represents the deviation of space-time from 
flatness; if @ = O, then (129) becomes the Minkowskian form of the 
elementary trigonometrical formula 


c*# = a2 + b2 — 2abcosC. (131) 


In order to evaluate ¢, we introduce an OT 4/,) which is chosen 
arbitrarily at Po and carried throughout space-time by parallel 
transport along all geodesics drawn out from Po. Taking components 
along this OT, (124) may be written 


DiQ = Qia,v,c,4,) VV OV en) Vids) 
+ 42 (a,0,c,4,) VV OdV i) Va) + ..., (133) 


in which the V’s are constants and 2 = (Qj, Qz). Are we entitled 
to substitute for the {-terms the values obtained in (117)? Not 
accurately, for to apply (117) we should use an OT with parallel trans- 
port along Q1Q2 in Fig. 4, and not along the geodesics drawn from 
Po. But it is easy to see that, to the order of approximation under 
consideration, we can substitute in (133) from (117), the error being 
absorbed into the Os, residue. When we make this substitution, a 
number of terms disappear on account of the skew-symmetry of the 
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Riemann tensor hidden in the S-terms; in fact, no S-term survives 
if contracted, with respect to any three of its four leading indices, with 
the components of any single vector (V(%) or V()): thus, for example, 


S(abeqay VimMV Ov Ve) = 0, (134) 


To present the final result in simple form, we shall use a notation 
of which the following examples will be a sufficient explanation !: 


[1122] == S(apeay Vim V Ov V (2) Ve) == [2211], 
[112U2] = S(aveqay VV) V (2) U @ V (as), 


Here is the result: For a geodesic triangle (as in Fig. 4) in space-time 
of small curvature (Oi), we have the formula (129) with d given by 


- & = go + o1 + $2 + Op, 
do = 3R3 ff (5 — v)3{(ug — w)® + (w — my) "1 122]dudo 


(135) 


oi = on ff (és — v)3{2(ug — w)3[112U1] 


0 uw 
+ 3(ug — u)2(u — uy)[112U2] 
— 3(ug — u)(u — 1)*(221U1] — 2(u — u)3[221U2]$dudv, (136) 


do = $h3 f f(b — v)3{(ug — u)4{11U0U 11] 


0 uw 

+ 4(ug — u)3(u — u4)[11UU 12] 

+ 3(ug — u)2(u — uy)2([11U0U022] + [22UU11}) 

+ 4(ug — u)(u — u1)3[22UU21] + (uw — u1)4[22UU22)}}dudy, 

k-1 = ug — U4. 

The three parts into which ¢ is split involve respectively the Riemann 
tensor itself, its first-order covariant derivatives, and its second-order 
covariant derivatives. 

We shall return to the above formula after introducing quasi- 
Cartesian coordinates in § 8. 


§ 7. SOLUTION OF SMALL GEODESIC TRIANGLES 


In the preceding section we dealt with a finite geodesic triangle in 
space-time of small curvature; now we consider a small geodesic 


1 These quantities are evaluated at a general point Q(u,v) on Q1Qe, with 
S and U calculated at Q and the V’s at Qi and Qa. 
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triangle, and make no assumption 
about the curvature of space-time 
— it may be finite. 

Let Po (Fig. 5) be any point in 
space-time, and let J and I’, beany 
two geodesics drawn out from Pp. 
Let v be a special parameter on [4 
and on J», with v =O at Po, and 

p- let P; and P, be points on J) and Is, 
(v=0) respectively, corresponding to the 
Fig. 5 — Solution of small geodesic ae value of v. Then the world- 

triangle function 2(P1P2) is a function of v. 
We expand it in a series 1 


Q(PiP2) = Q(v) = Qo + v(DyQ)o + 4v2(D?22)o 

+ 4y3(D3Q)9 + 3,04(D§2)o + Os, (137) 
where the subscript 0 indicates evaluation for v = 0, and Os indicates 
a term of the order of v®. The derivatives of Q are precisely as written 


out in (121)-(124), V“ and V% being the tangent vectors dxi/dv on 
I, and I’, respectively. It is convenient to write 


M=v(Virjo, wi = v(Vea)o. (138) 





When v = 0, P, and Pe: coincide at Po, and we can use the coin- 
cidence limits (69). Thus, with everything evaluated at Po, we find 2 


Q(PrP2) = 20) = (da — pi) (A — pl) + ES ipemdt pep + Os. (139) 
Applying (2) and (17) and the notation (128), we have 


Aydt = 2Q(PoP1) = PoP?, 


uapet = 20(PyP2) = PoP?, (140) 


Jat = Q;,(PoP1)Q%(PoP2) = PoP1-PoP2, 


1 If we wanted to be more precise mathematically, we would substitute for the 
residue O5 an integral remainder as in (125). But we are here pursuing a different 
method of approximation, based on the smallness of v rather than on the small- 
ness of the Riemann tensor. 

2 When we take the coincidence limit of (124), all terms except the middle one 
disappear on account of the skew-symmetry of the Riemann tensor. 
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and so (139) may be written 


——> —— - -e—_oO Ch > 


PP? a PoP? + PoP? — 2PoP1:PoP2 + y+ Os, (141) 
where, by (48) and 1-(99), 


v= BSignmithiakym 


= — 3RijemAwideum 
= — 4K (A Ayuiu; — (Atus)?) 
= — }K(PoP?PoP? — (PoP1-PoP2)?), (142) 


K being the Riemannian curvature of space-time associated with any 
2-element of the small triangle PoP Po. 

Since y is O4, we can afford to treat the triangle as if space-time were 
flat, the error so caused being absorbed into the Os; residue. Since three 
null lines cannot form a triangle in flat space-time, at least one side 
of PoP 1Pe2 is not null. Let e denote the indicator of that side and ¢’ 
the indicator of the perpendicular dropped on that side from the 
opposite vertex. Then it is easy to show that, for any geodesic triangle 
in flat space-time, 


_—_— wD 


PoP?PoP? — (PoP1-PoP2)2 = 4ee’A2, (143) 


where A is the 2-area of the triangle. Thus for a small geodesic triangle 
we have the formula 


P,P? = PoP? + PoP? — 2PoPy-PoP2 — 4Kec'A2 +05 (144) 
or, equivalently, 


Q(P1P2) => 2(PoP1) + Q(PoP2) — 2; (PoP 1) 2%(PoP2) 
— 2Kee’A2 + O5. (145) 


It is interesting to compare (129) (finite triangle, small curvature) 
with (141) (small triangle, finite curvature). The leading terms agree, 
and we have ¢ in (129) where we have y in (141). To reconcile the two 
formulae, let the triangle in (129) become small. That means letting 
ug —> uy in (136): then d1 and dg disappear, while we find immediately 
that do reduces to y as written in (142) in terms of the S-tensor. 
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§ 8. QUASI-CARTESIAN COORDINATES 


In flat space-time there exist coordinates such that, throughout 
space-time, the metric tensor is 


Li = Ny = diag(1, Ly ty —_— by (146) 
and the world-function reads 
Q(2, 2) = Amal” — 28) (xd — 20), (147) 


If space-time is nearly flat (small Riemann tensor), it is natural to 
assume the existence of coordinates such that 


Sig = Nig + Vip, (148) 


where the y’s and their derivatives are small. This procedure has been 
widely used in relativity, but some 
obscurity exists regarding the class of 
coordinates for which the approxi- 
mation is valid 1, and we shall approach 
the matter in a different and more 
definite way. 

Let Po (Fig. 6) be any point in space- 
time and 4{,, an orthonormal tetrad 
(OT) at Po. We call Po the origin and the 


P(v=V) 





Pp 

0 
(v=0) 
Fig. 6 — Origin Po and vector 
base Rey for quasi-Cartesian 





tetrad the vector base. Let P be any 
other point such that there exists a 
unique geodesic PoP, and let v be a 
special parameter on this geodesic, 


coordinates taking the values v = Oat Pop andv=@ 


at P. Then there exists a vector d(dx#/dv) 
tangent to the geodesic at Po, and we denote its contravariant com- 
ponents [cf. 1-(54)] on the vector base as follows: 


4 
x@ =0($) 4, 
dv Py 


In view of (17), the components may also be expressed in terms of the 
derivatives of the world-function Q(PoP), in both covariant and 


(149) 


1 In Euclidean geometry, the curvature of a sphere of large radius is small. 
But there exists no coordinate system covering the whole sphere for which a 
formula like (148) holds with small y’s; we would have to use a great number 
of overlapping coordinate systems. 
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contravariant forms as follows: 
X (a) = — 21,(PoP) Aq); 


150 
X@ = — Qe(PoP)A. en) 


These are 2-point invariants with respect to general coordinate 
transformations. We call them the guasi-Cartesian coordinates } 
(briefly QC) of P relative to the origin Po and the vector base 1,). 

It is easy to see that 


XOX iq) = 222(PoP) = eL2, (151) 


where ¢ is the indicator of PoP and L its measure. For a pair of points 
Py, Po, we find 2 


X (4) X (q,) = 25, (PoP 1) Qt (PoP) . ( l 52) 


In ordinary geometry, a change of the origin of rectangular Cartesian 
coordinates is trivial, but the effect of rotating the axes is, by contrast, 
rather sophisticated; it involves orthogonal matrices, Eulerian angles, 
etc. In curved space-time, on the other hand, a change of vector base 
is comparatively trivial (a mere Lorentz transformation), but a change 
of origin is a much more delicate affair. Postponing the change of 
origin to § 9, we may describe the effect of changing the vector base 
from Ai, to i.) briefly as follows. Let X and Y refer to the corre- 
sponding QC of some point P. Then, by I-(52) we obtain 


Yo = LX (a), YO) = OL niaayX (2) (153) 


where 


Ls) r= A? wey (154) 


the Lorentz matrix as in I-(51). 
In Newtonian physics, the power of the usual vector notation lies 
in the suppression of the axes on which the components of the vector 


—> 
are to be taken. We think of PQ as a geometric object, a thing-in- 
itself. If we exercise some caution, we may likewise think of the dis- 


1 They are also known as normal coordinates, but their importance warrants 
a more striking name. 

2 This compact notation should not cause confusion. X() and X (as) ate given 
by (150) on substituting P; and Pe respectively for P, and there is summation 
with respect to the Lorentz index a. If we chose to write X'@) for the QC of Pi 
and Y,a, for those of Pz, then the left hand side of (152) would read X'® Y(q). 
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placement from Pp to P, in space-time as a thing-in-itself, without 
bothering about the vector base which is used in (150). Thus we boldly 


write PoP as a symbol to stand for X™® or Xv q, and this fits 
in admirably with the notation already introduced in (128), for in that 
notation we have 


-_—_— > 


PP AROX Gg, PoP PoPa = KGa, (155) 


as we see from (151) and (152). These quantities are obviously in- 
dependent of the vector base, since the vector base does not appear in 
(151) and (152). 


B (u=Uy) 


j&) wet 


Vy G) Bi (u=u,) 


Pp. 
(w=0) 


Fig. 7 — Finite geodesic triangle and quasi-Cartesian coordinates 


Let us now return to the finite geodesic triangle discussed in § 6, 
and examine the solution with the aid of QC. Taking Po (Fig. 7) as the 
origin of OC, the formula (129) may be written 


P\P} = EME + ¢, (156) 
where 1 
E(a) — X (a2) — X (a), (157) 


For ¢ we have the expression (136), with the notation (135). We are 
now to put 


oV (a) = A (1) | OV (a) — X (a2) , (158) 


Further, it is easy to see that in the approximation for ¢ we may 


1 We must not write P,P. for é{; that would be a fatal mistake. 
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think of the triangle as lying in flat space-time, and put 
UM = (v/a)E@, (159) 
We modify the notation (135), writing 1 
{1122} = S (abeayX (4) X 00 X (2) X (da) = {2211}, (160) 
{11222} = S (abedeyX (4) X (Oi) X (C2) X (da) X (C2) = {22112}, 


and so on. Then, if we write v/d = w, we find that the solution of a 
finite geodesic triangle in space-time of small curvature is 


Pep Fes, 
& = do + $1 + $2 + Op, 


¢o = 388 J (1 = w)3dw f [(wa — u)® + (wm — m)2If1 122}du, 


di = one f w( I — w)8dw f [2(w — u)®{11221} 
0 Ui 


+ 3(u2 — u)2(u — u1){11222} + 3(ug — u)(w — uy)2{22111} ( 


+ 2(u — u1)3{22112}]du, oH 


bo = 48 fw%(1 — w)8dw f (wg — w)4{112211) 
0 Us 


+ 4A(ug — u)3(u — wy){112212} 
+ 3(ug — u)2(u — u1)2({112222} + {221111}) 
+ 4(ug — u)(u — y)3{221121} + (w — uy)4{221122}]du, 
k-1 = ug — U4. 
There are other equivalent forms. On account of the symmetry of the 
S-tensor, we can change a leading 1122 into 2211. Further, since we 
are at the limit of explicit approximation, we can treat covariant 


differentiation in ¢ as if it were partial differentiation, and so we can 
interchange the last two numbers in a 6-index symbol. For example, 


{11223 = {2211}, {11221} = {22111}, 


162 
{112212} = {112221} + Ox. ee 


1 Any one of these symbols vanishes if it has three or four like numbers in the 
first four places. This is due to the skew-symmetry of the Riemann tensor. 


80 THE WORLD-FUNCTION [CH. 11, §8 


We shall now find an approximate ex- 
pression for the metric tensor for QC in a space- 
time of small curvature. The result could be 
obtained from (161) by letting ug tend to 14, so 
that the triangle PoP1P:2 becomes very thin, 
in Fig. 8. 

But it is better to go back to the deviation 
equation and (91), changing the notation to 
suit Fig. 4 (interchange uw and v). If a denotes 
the infinitesimal increment in u in passing 

Py (w= 0) from PoP to PiP2, the QC of Pi, Pz may 
Fig. 8 — Metric in terms be written X a), X (a) + dX (a) respectively, 
of Riemann tensor where 





0 
X (a) — OV (a,)s dX (g) = ees V (a) (163) 


When applied to the geodesics PoP1, PoP: of Fig. 4, brought close 
together as in Fig. 8, (91) gives 


0 
When multiplied by wd, this may be written 


CG 
oar V (ay) = 01 1U (a,) + g-2V ) Ue) V @) if vo — v)R abeaydv + Oo. (164) 
0 


1 
UU (a,) = dX (a) — XOAXOXD fw(l — W)R (aveay dw + Oz, (165) 
0 


changing to the parameter w = v/d. Hence we have for the metric form 
of space-tume for the quasi-Cartesian coordinates 


D — u?U (a,) U (42) == £ (aby dX OLX), 
£(ab) = (ab) + Yad); 


1 
Yiab) = — 2XOX®M fw(1 — w)Riacradw + Oz. (166) 
0 


In the particular case of a space-time with small constant curvature 
K, we have 


Racbay = K (navy (ea) — N(aayN (ed); (167) 
and hence 
viab) = K(X X ww — NavyX OX (ep) + Oo. (1672) 
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At the origin Po of the QC we have, by (166), 











2 (ad) 
&(ab) = 4 ab), aX) = VU, 
1 (168) 
072 (ab) 
are = — 2(R(aevay + Reaavo) { w( — w)dw = Sabea). 


0 


oO. CHANGING THE ORIGIN OF QUASI-CARTESIAN COORDINATES 


The construction of quasi-Cartesian coordinates (QC), as in §8, 
requires that there should be a unique geodesic joining the origin Po to 
the current point P. If there are two or more joining geodesics, the 
construction fails, and indeed the whole approximate treatment of 
geodesic deviation, as we have used it, breaks down. Now it may 
be possible to cover the whole of space-time with a QC system (it 





4 
Re 
% 
Fig. 9 — Continuation of Fig. 10 — Changing the origin 
quasi-Cartesian coordinates of quasi-Cartesian coordi- 


nates from Po to Py 


certainly is possible if space-time is flat), but to cope with physical 
situations which actually arise it is desirable to suppose that geodesics 
drawn from the origin Po may intersect !. There will however be 
some domain D containing Pp without intersections, and in D the 


1 This means that we here face up to the existence of conjugate points: cf. 
1I1-§ 3. 


Synge 
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OC may be set up (Fig. 9). To extend the QC, we then choose another 
point in D, say P,, and use it as origin of new QC with domain D’. 
In this way we can carry on the QC indefinitely. 

Accordingly we seek formulae for the transformation of QC corre- 
sponding to change of origin. As remarked earlier, this is a trivial 
transformation in flat space-time, but a much more complicated 
matter when space-time is curved. 

Let Po and P, be two origins of QC (Fig. 10) and P2 a current point 
lying in the domains of validity of both QC. To avoid any possible 
ambiguity, we write very explicitly 


OC of Po relative to Py = X (a) (P1Po) = — Q;(P1Po)AGy, 
QC of Ps relative to Po = X(a(PoPs) = — Qi,(PoP2)4*), (169) 
OC of Po relative to Py = X (q)(PiP2) = Q;,(P1P2)Ae.). 


Since the effect of changing the vector base is trivial (a mere Lorentz 
transformation), we shall suppose for simplicity that A() is parallel 
(along PoP) to A?), so that, in terms of the parallel propagator, 


Mario = Sigh May: (170) 
We have then from (169) 
X (PrP) = X (P1Po) — Xw(PoP2) = Oa); (171) 
where 
Oia) = MAy[— Q;,(P1P2) + Qo(PoP2)gijg, + Q;,(P1P0)]. (172) 
Define the 2-point tensor hz,;, by 
Ninh, = Bigg, + Qigg,(PoP1), (173) 
and define the 3-point invariant y by 
y = Q2(PiP2) — Q(PoPi1) — Q(PoP2) + 24,(PoP1)2%(PoP:2), (174) 
so that, on differentiation with respect to Py, 
4g, = 23,(PiP2) — 2;,(PoP1) + 21,3,(PoP1)2%(PoP2). (175) 
Then (172) may be written 
9 (a) = Mal xi, + Aigi io(PoP2)]. (176) 
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This value is to be inserted in (171), which may be written as follows 
to show the law of transformation of quasi-Cartesian coordinates when 
the origin 1s changed from Po to P: 


——-->» ———. 


X(a)(P1P2) = X(a)(PiPo) + X(a(PoP2) + 9). (177) 


The significance of this formula lies in the fact that we have actually 
computed 0(q) approximately for space-time of small curvature. Thus 
(95) gives, with appropriate changes in notation, 


_ _— 1 
hig, = $X © (PoP1)X (PoP) f v(1 — v)Sejeaydv + O2, (178) 
0 


where the integration is taken along PoP with respect to a special 
parameter v which takes the values zero and unity at Po and Py, 
respectively. As for y, on comparing (174) with (161), we see that, 


% = ¢ + Oz, (179) 


where ¢ is given in (161) by a complicated formula, to be interpreted 
with the aid of Fig. 7. 


§ 10. FERMI COORDINATES AND OPTICAL COORDINATES 


Quasi-Cartesian coordinates, as discussed in the preceding sections, 
involve a choice of origin and vector base, and it 
is not easy in physical problems to pick out a 
suitable origin. We have seen, moreover, that 
although a change of vector base is a trivial 
matter, a change of origin is complicated. 
From a physical standpoint it is usually better 
to use coordinates based on a timelike curve 
instead of on a single point !. 

Let C be a timelike curve and Pp some point 
chosen on it (Fig. 11). Let 4(,) be an orthonormal 
tetrad carried along C by Fermi-Walker 
transport, with ay tangent to C. Let At, Bi Heche Rema coeeae 
and 0 be respectively the unit tangent to C, its yates relative to a 
first unit normal, and its first curvature, sothat, timelike base line C 





1 In physical language, the timelike curve is the history, or world-line, of an 
observer. As we shall see in later chapters, the mathematics of the present sec- 
tion lies close to physical experience. 
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as in I-(84), 


Bs (a) = OA) B;, day = At, (180) 
Greek suffixes taking the values 1, 2, 3, as usual; here s is the measure 
of C from Po to the current point. 

Let P’ be any point in space-time such that a unique geodesic may be 
drawn from P’ to cut C orthogonally (say at P). Let s and o be the 
measures of PoP and PP’, respectively, and let wu‘ be the unit tangent 
vector to PP’ at P. (PP’ is of course spacelike, since it is orthogonal 
to the timelike C.) We then define the coniravaritant Fermi coordinates 1 
(briefly FC) of P’ relative to the base line C by 


XO = opt, XO =s, (181) 
and the covariant FC by 
Xo) = MgwXO =X, Xa = HaynX = —XM, (182) 


We note that, for the first three coordinates, the contravariant and 
covariant forms are the same; for the fourth coordinate, there is a 
change of sign. 

The FC are 2-foint-curve invariants in the sense that they are in- 
variants determined (in a given space-time) by the points P’ and Po 
and the curve C, which may be a geodesic, but in general is not. 

Under change of base line, the FC transform in a very complicated 
way which we shall not attempt to discuss here. But if we retain the 
base line and merely shift Po along it, then the change is trivial (add a 
constant to X(4)). Further, the change is very simple if we alter the 
triad 4(,,; for it can be subjected only to a rotation with constant coef- 
ficients, say 


Nee) i H Prey, HOHE Ps Oxy, (183) 
and the corresponding transformation is 
Xq = HBX w, (184) 


with X@) unchanged. 
On comparing (18) and (181), we see that the first three covariant 


1 The term ‘Fermi coordinates’ is sometimes used in a different sense, viz. 
to describe coordinates such that the Christoffel symbols vanish on some curve 
or other subspace: cf. FERMI [1922], O’ RAIFEARTAIGH [1958b]. 
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FC can be expressed neatly in terms of the world-function 2(PP’) as 
follows: 
X(y = — 24(PP')Ai,). (185) 
We have 
X (yy AO = 20(PP’) = o. (186) 


If we indicate by a bar the value of a quantity when the contra- 
variant FC are used as a coordinate system (X® = %#), we have 


y= 8, AX =0, A4= 1. (187) 


It is easy to prove, using the geodesic character of PP’, (180) and 
I~(55a), that the following equations hold on C (in the notation of 
I~(45)) : 


g=ny Typ=O P= Pu =t, y=. (188) 
If in particular C happens to be a geodesic, then on C (comma means 
partial derivative) 


fu = ny se =0 Py, =0. (1882) 


From a geometrical standpoint, 
the Fermi coordinates considered 
above are the simplest coordinates 
we can define in terms of a timelike 
base line C. But from a physical 
standpoint, a spacelike geodesic PP’ 
issomewhat artificial, and itis advan- 
tageous to use a different plan, 
replacing the spacelike geodesic by 
a null geodesic. 

Fig. 12 shows a timelike curve C 
with a point Po on it from which s 
is measured. Let 4/,) be an OT with 
Fermi-Walker transport along C and 
vector to C, precisely as in Fig. 11. 

Let P’ be any point in space-time. 
From P’ draw the future sheet of the null cone cutting C at P, 
say. 
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‘We define the contravariant and covariant optical coordinates 1 
(briefly OC) of P’ relative to the base line C by 


xX@® — X (y) eee 24(PP’) (ys X(4) = — X (4) = §S, (189) 


where s is the measure of PoP. Note that, if we use (185) as the defi- 
nition of the first three FC, the equations defining FC and OC are 
formally identical. The difference consists in the fact that in FC the 
geodesic PP’ is orthogonal to the base line C, whereas in OC this geo- 
desic in null. These facts may be expressed as follows: 


Qi(PP’)At = 0 for FC, (1902) 
Q(PP’) =0 for OC. (1906) 


Thus the world-function plays an important role in unifying and simpli- 
fying the treatment of these coordinates 2. 

To complete the comparison of FC and OC, we note that (181) does 
not hold for OC because the measure of PP’ is zero. But if we introduce 
a special parameter u on the null geodesic PP’, running from u = 0 
at P to u = o at P’ (9 being any number), then (189) may be written 


dxt 
x® — oA) (=). (191) 


The equation (186) is false for OC. To find the corresponding equation, 
we observe that 


AN = 6; — a — 6} + A,Aj, (192) 
and hence 
XX = Qyii, QU = QQG, + AyAd) = (Q,AD2, (198) 


since [cf. (20)} 92,2¢ = 202 = 0. 

In flat space-time, for both FC and OC, X\ are very simple; they 
are the spatial Cartesian coordinates of P’ for moving axes for which 
the origin is at P and the x*-axis is tangent to C. 


1 These optical coordinates differ from those defined by TEMPLE [1938]; 
his definition involved parallel transport of null vectors and not Fermi transport 
of a reference triad. 

2 Although we use the word coordinates for FC and OC, we should remember 
that they are really invariants, and that a general coordinate system is lurking 
always in the background; by its use we avoid ugly unsymmetric expressions 
such as (188). 
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§ 11. METRICS FOR FERMI COORDINATES AND OPTICAL COORDINATES 


In order to investigate the metrics for Fermi coordinates (FC) and 
optical coordinates (OC), we start with the general situation shown in 
Fig. 13. We have a timelike curve Cy 
and a second curve Cz (not neces- C, 
sarily timelike), and these two curves 
are joined by a single infinity of 
geodesics, each of which has a special 
parameter w running from u = 
on C, to u = ug on Cy. We label 
these geodesics with a parameter v 
which is equal to the measure s of Cy 
from some chosen point Po on it. 
We have then a 2-space x? = x*(w, v), 
and as usual we write U* = oxt/du, 
Vi = Oxt/dv. 

For the partial derivative of the 





% 


world-function 2(P1P:) with respect 
to Pi we have Fig. 13 — Determination of metrics 
i for Fermi coordinates and optical 
2; =—k Ui, coordinates 
(194) 
kl = Ug — m, 
and differentiation with respect to v gives 
245, V4 + 24,54,V7 = Wi, Wi, = k-16U;,, /6v. (195) 


Now for a space-time of small curvature (01), we have 


215, = Big, tig, = Digi, = — Bint, + Mii (196) 


where g;,;, is the parallel propagator and the /-terms are small integrals 
given in (95). Hence 


£ij,V 1 = Wi, + Vi, + hyg, Vi + hij,V%. (197) 


The left hand side is the result of taking V%: from Pe: to P, by parallel 
transport, and this does not change the magnitude of the vector. 
Therefore if we write for brevity 


Wi + Vi = Zi, (198) 
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we have (since the #-terms are 0) 
ViVi = 242% + 2Z4(hyg VI + hy y,VI2) + Oo. (199) 


By (197) 
Vie = ghksZ, + Oi, (200) 


and so (199) may be written 
Vie = Z,,L% + 2L shy Vis + 2L hy 4 gRMZ y, + 0O,. (201) 


All the vectors on the right hand side are now evaluated at Pj. 
If the geodesics P1P:,: and Q1Q¢2 (Fig. 13) correspond to values v and 
v + dv (i.e. s and s + ds), then 


V;,,Vieds? = P2Q3 = 22(P2Q2) = edSo2, (202) 


where dsg is the measure of P2Q2 and « is its indicator. Thus we have 
only to multiply (201) by ds? in order to obtain the metric form 
at P:, assuming that Z¢ and V? are known on Cj. Actually we know 
that on Ci, V‘ = At, the unit tangent vector to C1; the vector Z? on 
the other hand depends on the choice of the curve C9. 

In both FC and OC we have an OT 4j,, which undergoes F-W 
transport along the base line, which is Cj in Fig. 13. We have also 
ii, = At. Let us define an OT over the 2-space of geodesics in Fig. 13 
by parallel transport along the geodesics, and let us express (201) in 
terms of invariant components on this OT. We can, without confusion, 
drop the secondary numerical suffix on the right hand side in the case 
of the vectors (they are evaluated at P,), but we must retain them for 
the 4-terms because they involve both P; and P:. We have 


VO = 0, V4 = 1, Vay = —1, (203) 

and so we get 
222(P2Q2) = ds?[ZiqyZ™ + 2ZMh a4) + 22h g,n,)Z] + Og. (204) 
Taking C; for base line, and understanding all vectors to be evalu- 


ated on it (so that the secondary suffix 1 is not required), we have for 
both FC and OC 


X (x) = RAV Ai) = R10 yw), X (4) = S, (205) 
and hence, with D = d/ds = d/dv, 
DX Wy = Ww + kU; ADB. (206) 


Let us now pursue FC alone, leaving OC till later. By the ortho- 
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gonality shown in Fig. 11, we have for FC 


U;Ai = 0, (207) 
and differentiation gives 
kW,At + 6U;,Bt = 0, W a) = — 0X(yBO., (208) 
Hence, by (203), (206) and (208), 
Z\%) = DX, Z4=1+06=— Zw, (209) 
where 
= bX (yBO, (210) 


(We recall that 6 is the curvature of the base line and B* its unit first 
normal vector.) 

Substitution from (203) and (209) in (204) gives the following ex- 
pression for the metric form for Fermi coordinates in space-time of small 
curvature : 

22(P2Q2) = DP = Lirsy LX MAX (8), 

Lo) = Sap + 2A(w,8,) + O2, 

8 (4) = Awd) ae 2A (145) (1 ae ¢) 5 Oz, 

G44) = — (1+ 0)? + 2(1 + o)Acajay + 2(1 4 C)?h 4,4) + Or. 


(211) 


As regards the small h-terms, they occur in (97) as integrals of the 
symmetrized Riemann S-tensor. To express them in terms of the FC, 
we have to alter the notation, taking the special parameter uw in (97) 
to be the measure on the geodesic, so that 4; = 0 and ug = o. Further, 
let us write for brevity 


8g 3 XM) XM) = YH), (212) 
Then we have . 


MosB.) = yun f (6 — U)US (yg, du + Oe, 

Rass) = YU" (0 — 1)°S aay + Oo 

Pe (oj4g) = Moga) = yw f (6 — WUS (ayyIu + Oa, (213) 
haa) = yun f (o — U)*S (qqu du + O2, 


haa = YU [ (o — u)US (qq du + Ov. 
0 
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If the curvature 0 of the base line is small (as it is in physical appli- 
cations), then, by (210), ¢ is small, provided the FC X\ are not large. 
We can then simplify (211) a little by dropping ¢? and the product of ¢ 
with an /-term. 

Having thus found, to the approximation indicated, the metric for 
FC, let us turn to OC for which we still have (205) and (206), but for 
which we have, instead of (207), 

k-1U;A? = 0: v2 = X (yy X %, (214) 


by (193). The positive sign for 7 is due to the fact that we take the 
tangent vector A‘ pointing into the future and the vector U* pointing 
into the past (Fig. 12). Now (206) gives 


W on DX a 7bOB y). (215) 
In OC, U* is a null vector, and so 

U;Ut = 0, U;wt = 0, 
UW = — UyWw = — kX(yW = —kX(yDX + hrf, (216) 


where ¢ is as in (210). But 


Ua = — UM = (UqMU™)* = kr, (217) 
and so 
WA = —7rlXwDX™ + C=C — Dr. (218) 
Hence by (198) and (203) 
Z (a) = Z() = DX™ — rboBO, Z 4A) = Z (4) = ! -+- C— Dr. (219) 


We are now in a position to write out the metric form for optical 
coordinates. But, as the explicit formula is somewhat involved, we 
shall not complete the substitutions. It is enough to say that this form 
is, by (204), 

@ = £(rsy LX MAX (9) == 222(P2Q2) 
= ds*[Z(yZ + 22h a,4,) + 22h (a,0,,2Z], (220) 


wherein we are to substitute 
Z™ds = Ziyds = dXM — rhBOdX, 


(221) 
Z4ds = — Z ayds = (1 ++ 6)d xX) — dr. 
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As for the 4-terms in (220), we are to substitute for them, as in (97), 


Co 


hem,m) = so 1UMU®) f (o — u)*S mnrsydu + Oo, 
0 


hina = 3o1UMU® f(o — u)uSqnrydu + O02, (222) 
0 
UM =o1X®, UM = ro, r= (XX), 


As in the case of FC, we can simplify the metric if the curvature 6 of 
the base line is small, provided that X® are not large. 


§ 12. GEODESICS IN TERMS OF FERMI COORDINATES AND OPTICAL 
COORDINATES 


We shall now discuss the equations of geodesics in terms of Fermi 
coordinates (FC) and optical coordinates (OC). This work has a direct 
physical interpretation, as will be made clear later: the base line C of 
the coordinates is the world-line of an observer (perhaps a terrestrial 
astronomer) and the geodesic J” of which we are to find the equations 
is the world-line of some free particle — perhaps a planet. 





Fig. 14— The geodesic problem for Fermi coordinates and optical coordinates 


In the preceding section we found approximate expressions for the 
metric tensor in FC and in OC, and from that we could undoubtedly 
worry out the equations of a geodesic by I-(31). However this would 
involve differentiating the metric tensor and it is better to start 
afresh. Fig. 14 shows the timelike base line C and a timelike geodesic 
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I”, with the correspondences (P, P’) appropriate to FC and OC 
respectively. Po and P, are corresponding base points on C and I”, 
and we write PoP = s, P,P’ = s’. Then s = X, the fourth coordi- 
nate in FC or in OC. 

With 2 = 2(PP’) throughout, we have 


X@) — X (y) = QW» X4) = — X (4) =a75) (223) 
and, by (207) and (214), 


Q,At = Or, 


(224) 
6 = 0 for FC, 6 = 1 for OC. 
By introducing this factor 0, we are able to discuss FC and OC ina 
single argument. 
Since a geodesic is determined by a point on it and a direction, the 
differential equations of J” are necessarily of the form 


D?X wy = fw(X@,DX,s), D=d/ds; (225) 


our object is to find the functions fq). 
Let us first dispose of some preliminaries. By (180) we have 1, with 
D = 6/6s, 
Diva) = OA*Biy) May = At (226) 
where 0 is the first curvature of C. If At’ is the unit tangent to J” at 


P’, we have, since the unit tangent to a geodesic undergoes parallel 
transport, 


DAt’ — 0, AvVAy = — 1. (227) 
It is convenient to define 
Hv’ = ADs’, (228) 
so that 
(Ds’)? = — HUH, (229) 
and 
DH = ADs’ = yH",” x = D?’s’/Ds’. (230) 
Further, we define 
La = Qi KayH", (231) 


1 This notation is consistent with that of (225), for 6/ds = d/ds when it 
operates on an invariant. 
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so that 
DL @ = bLayBoy + HL + Qig’tM(gy HF A® + Qi MqgyHTH®, (232) 
DL = OLB + yLyay + Qi, AtHV A® + Oi AHF HE, (233) 
Differentiation of (223) gives, by (224) and (226), 
DX qq = O7bB yy — QykiwAI — Le, (234) 
and a second differentiation gives 
D2X( = OD(rbB yy) — QyAtATOByy — Qydi, dBi 
— QyxhiyAIA® — Qiyjw AIH” — DLyy. (235) 
We recognize the geodesic equation (225); we have now to evaluate the 


right hand side. 
We have also the equation (224), and differentiation of it gives 


Dr — € + QyAtAI + Ly = 0, C = bX yBO, (236) 
and 
0D2v — DE + 20D yADBI + Qy,AtAIA® 
+ OQynAtASH® + DL = 0. (237) 


So far all equations are exact, and without approximations the 
calculations become unmanageable. However, the general plan would 
be to use (237) to evaluate DL (4); then y can be found from (233); then 
DL, is given by (232); finally we would substitute in (235) to get the 
geodesic equations. 

The situation is very much simplified by introducing the following 
approximations, all valid in physical situations: 

i) Space-time is nearly flat, and in consequence [cf. (95)] 


Qi = gig + hi, Qi = — gig + hig’, (238) 


where gi is the parallel propagator and the 4-terms are small: 
further, any 2 with three subscripts is small. 

ii) The first curvature b of C is small and its rate of change (DJ) is 
very small; also the second curvature c is small. 

iii) J” is nearly parallel to C. 

If C were a geodesic and space-time flat, we would of course have 


1 In physical terms this means that the relative velocity is small, compared 
with the velocity of light. 


94 : THE WORLD-FUNCTION [CH. 11, § 12 


D2X (4, = 0. It is easily seen from (235) that, under the above ap- 
proximations, D2X(,) is small, and so we need only retain principal 
parts in the right hand side of (235). Then the second and third terms 
cancel, and since Ds’ = | approx., we have H*’ = A’ approx., and so 
(235) may be written 

D2X = 6D(vbB (yy) = DLwy — QiytdigyAIA® = QigneMgyAIA®. (239) 


From (231), Ly is small and Ly) = 1, approx. Also y is small, and so 
(232) gives 
DL wy = bB iy) + Qig thy AVA + Qi wiyATA™. (240) 


It is convenient to take components on the tetrad ,), carried by 


parallel transport along PP’. Then (239) and (240) give 

D?2Xq = OD(7OBy) — CBwy — Mw (241) 
where 

M (yy = Qeyaay + 22 (yaa) + Qiaa'a’)- (242) 


It is easy to see that we may omit the 6-term in (241). For 0 is small, 
Db is negligible, Dry is small, and, by the Frenet-Serret formulae 
I-(55), 

Bw = Bikays DBw = (cC; + bA i) A) + B;AtbBy). (243) 
Thus, for both FC and OC, we have the following approximate equation 
for the geodesic J”: 


D2X i) oe bB () —4 Mw. (244) 

We see here two departures from the zero value. The first is due to 

the curvature of the base line 1, and the second is due to the curvature 
of space-time. 


It remains to evaluate M,,) and this we do by (115), making the 
following changes in notation: 


u, = 0, U2 = 0, k=o-l, (245) 
As for the U-terms in (115), we are to take Ut = dx#/du along the 
geodesic PP’. Thus 
Q, = — 0U;, UM = Uy = — o IQA) = 0 1X, 
U4) = — Ua = o 1D) = 0 1Q,At = —Oro7I, (246) 


1 This is the reason why bodies fall to the ground! This will be treated in 
detail later. See III-§ 9. 
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by (224). Note that we include here both FC (6 = 0) and OC (6 = 1). 
The value of M,, in (244) is then given by (242), with the following 
values: 
Q (aaa) = — 80~8U @ (o — u)"S (e4qqydu 
+ 3o-2U (®) oe G — U)3S (4 pqa)du, 
QQ (qgg’) = 80~?U of (5 — 4)?S (qgaqydu 


+ $o-2U®) Ue f(o — U)?US (vapqaydu, (247) 


+ 3q-2U() Uw sf (o — U) US (44 pqq)AU. 


Note the change in order of the subscripts in the last formula. 

As a check on these rather complicated formulae, consider the case 
where C is a geodesic (so that 6 = 0) and J” is close to C. Then the 
principal parts in (247) are given by the first integrals, and we have, 
with the S-terms calculated at P, 


Q (aaa) = — 3072-0 AX POS (aap) / (o — u)?du = — SiaagpyX®), 


(248) 
2 (qga’) = S (asap, 22 (aa'a’) aes S(aaapX®. 
Then 
Mw = (S(waapy — Stasop)X® = RwapyX®, (249) 
and the geodesic equation (244) reads 
D2X(y = — ReagaX). (250) 


This agrees, as it should, with the equation of geodesic deviation 
I-(140). 


§ 13. THE WORLD-FUNCTION AND ITS DERIVATIVES FOR TWO POINTS ON 
A TIMELIKE CURVE 


Let C be a timelike curve ! in space-time (Fig. 15). This curve may 
be defined by assigning the principal tetrad (tangent and normals) at a 


1 Although. as a matter of policy we keep the argument purely geometrical, 
this curve C might be the world-line of you or me — terrestrial observers carried 
on the rotating earth. As we shall see later, the results of the present calculations 
have simple and rather fundamental physical interpretations. See III-§ 10. 
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point Qo(s = 0) on it, and giving the three curva- 
tures as functions of s. Or it may be defined in the 
neighbourhood of the point Qo by assigning the 
unit tangent A‘ and the absolute derivatives DA?, 
D?2At,... at Qo (D = 6/6s). We shall adopt the 
latter specification. 

Let Q1 (s = s1) and Q2 (s = Sg) be two points of C 
near Qo, so that sy and sg are small (O01). The world- 
function 2(Q1Q2) is a function of sy, sz, and may be 
expanded in a double power series of the form 


Fig. 15 — The £(Q1Q2) = [22] + si[Dif2] + s2[D2@] 


world-function ++ 4{s?(D?.Q] + 2s1se[D1D22] + s2[D2Q]}}+..., (251) 
2(Q1Q2) for two 
points on a where D; = @/0s1, Dg = 0/0se, and [ ] indicates evalu- 


timelike curve ation at Qo where sj = sg = 0; these are in fact 
coincidence limits in the sense of Sect. 2, and may 
be evaluated by (69) after a little manipulation. 
We have 





DQ = Q;,Ab, 
D20 = Q;,D1A% + Q); Ab Ah, 
DiD2Q = Qi; AbAh, (252) 
D3Q = Q,D2Ab + 30, ;DAGAL + OQ) 54 ALANA, 
D2D20 = Q,;,DiAbAh + OQ); 4,AbAbAb, 


with similar equations obtained by interchange of the numbers 1 and 2. 
Hence, by (69), 
[2] = 0, 
[D122] = [D222] = 0, 
[DiQ}3=—1, [DideQ}=1, [DQ] = — 1, 
[D3Q] = [D?D22] = [Di1D2Q] = [D3Q] = 0. 


(253) 


The last two lines in (252) give, if we use (69) after differentiating, 


[D140] = [40;,;,D?244Ah + 3Q,,D,A%D Ah 
oie 2Q4j,4,mAVALA MAM, 
[D3D2Q] = [04,;,.D2A A + O45 bm ALANA BA Ms], 
[D?D29] = [2;,5,D1A%D2Ar + Q4 j kgm ALAA kh Am), 


(254) 
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Completing the substitution from (69) we drop the numerical signs 
on the A’s, and then, by the skew-symmetry of the Riemann tensor, 
the 2’s with four subscripts give zero. Also 


A,At=—1, A;DA*=0, A,D?2At*= —DA,DAt= — 02, (255) 
where 6 is the first curvature of C. Hence we get 
[Di2] = — b2, [D?D2Q] = 62, [D?D3Q] = — 62, = (256) 


with similar equations obtained by interchange of | and 2. Substituting 
in (251) from (253) and (256), we get the following approximate ex- 
pression for the world-function for two points on C: 


2(Q1Q2) = — 3(S2 — $1)? — ggb?(s2 — 51)4 + Os. (257) 


Note that, in this approximation, the curvature of C appears but the 
curvature of space-time does not. 

If 7 is the measure of the geodesic Qi1Q2 (shown in Fig. 15 as a 
straight line), we have 


22(Q1Q02) = — 37°, (258) 
and hence 


7? == (sq — 81)* ++ qgb?(sz — s1)* + Os, 


(259) 
T = (Sg — $1) + Ab? (se — 51)? + Oa, 


if sz > sy. This is the same as the Euclidean formula for the chord (7) 
of a circle of radius 6-1 in terms of the arc (sg — s1), except for an 
important change in sign, as the result of which we have 7 > (sg — sj). 

We proceed to evaluate the covariant derivatives of 2(Q1Q2), but 
we shall take only the invariant components on a Fermi triad 1(,). 
These components are as follows, with others formed from these by 
interchange of the numbers 1! and 2: 


Quy = MBAs 
Qoapy = Qi MM By  QeaBe = Mia. A GAB,» 

Qo,Biys) = 26k MM BAG QoBrye) — Qik Ae Bry (260) 
Qed) = Qj km AGM BAG AG, 
QBs) = Dis kymA Cot BAG AG, 
QoBryr82) = Qi,j tem PCy BAG AG)- 

Synge 7 
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We proceed to calculate these expressions of the first, second, third 
and fourth orders with errors O4, Oz, Oz, O01, respectively, these orders 


of accuracy being those required in the next Section. 
By the Fermi transport law 1-(84) we have 


Di, = Ata DAy, 
D2, = DAt, DA; + AUi,,D2A;, 


and hence, in an obvious notation, 


Dias = — Hy DA; = — (DA)y, 
Diy DAi = 0) 
DA )45 = = — KyyD?Aj = 43 (D2A) Qs 


D27i,,DA; = DADAM, DA; = 62(DA) wy. 


Expanding in a double power series, we have 


Qi) = [Qiq,)) + $1[D12@,)] + S2l[D22q,)] 


+ ${s{[D7Q(,)] + 2s1s2[D1D22@q,)] + s3[D32Qa)]} + --- 


Now 


D122 q,) = Q,Die) + 245 AG Ah, 
D2Q@q,) = 25 Ay A*, 


Di2 (,) = Q,DiG) + 20; DA Ah + 245, 4GyDi Ah 


1 


+ 24,5, KAR ANA ky 


D1 D22 Q,) = Q4,5,D AG) 4h + 24 5k, Ay AA ha, 
D352 (,) = 245,40) DeAh + 24 jak Ay AseA he, 


The coincidence limits at Qo are as follows: 


[2Q()] = [D12)] = [D22@)] = 9, 
[Di2Qq,)] = —[DiD22q,)] = [D32@,)] = —(DA) w. 


(261) 


(262) 


(263) 


(264) 


(265) 


Since our approximation is to exclude O4 terms, we do not have to 
write out completely the next derivatives obtained from (264). We 
can proceed to the required coincidence limits partly in our heads: 
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thus, by (69) and (262), 


[D322 ey] = (8245, DAG) A+ 304,53, D144 D1 Ah + 245,43 DIAN] 
= — 3(D?A)(q) + 0+ (D?A) y= — 2(D?A) @y, 
[DiD22(,)} = [%i,3,DiAG)A%] = (D?A) (ay, (266) 
[D1D3.2¢,)] = [24,3,D144,,D24%] = 0, 
[D322 ay) = [24,5,4(3,jD34%] = — (D?A) @. 


Substitution from (265) and (266) in the series (263) gives 
Qa) = —3(s2— $1)*{(DA)(w + 3(281 + S2)(D?A) ey} + Oa. (267) 


We have still to calculate the derivatives of the second, third, and 
fourth orders in (260). The calculations follow the same plan as above, 
but are simpler because, with increase of order, we are more tolerant 
in the order of approximation. The reader should find no difficulty in 
verifying the following formulae, which include for ease of reference 
(257) and. (267): 


2(Q102) = —$(s2 — $1)? — gyb2(se — s1)4 + Os, (268) 
Quy) = —4(S2 — $1)*{(DA) (gy + $(251 + $2)(D?A)(y} + Oa, (269) 
2 (a9) = —$(S2 — $1)*{(DA) (q) + $(S1 + 282) (D?A) Q} + Oa, 


2 (.8,) = Q(asBs) = %a8 + 2(S2 — $1)®S wpa) + Os, 


(270) 
2 (e,8.) = —Sag — 3(S2 — $1)®{(DA) ((DA) @ + S(eaagpr} + Os, 


2 (Bry) = —(S2 — $1)S(apyay + O2, 
2 (nBsy2) — 2 weBays) = (Se = $1) S (By) + Os, (271) 
2 (e,Baya) = — (Se ~~ S1)S Gye) =“ Og, 


2 (oBsy18:) om 2 (o,B, 7252) 7 £2 (eBayada) = S (apys) ale O1, 
Q e882) = — S(wBys) + 91, (272) 
£2 (cusBoyade) rape S(a3py) ae O1. 


Note that, to this order of approximation, the first and second curva- 
tures of C appear, but the third curvature does not. Once we get to 
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the derivatives of the second order in (270), the curvature of space- 
time appears in the form of symmetrized Riemann tensor [cf. (69)], 
but the derivatives of this tensor do not appear. 


§ 14. THE WORLD-FUNCTION IN TERMS OF FERMI COORDINATES FOR TWO 
POINTS ON ADJACENT TIMELIKE CURVES 


In Fig. 16 we see a timelike world-line Co, which we take as base line 
of Fermi coordinates (FC). Ci and Ca 
C, are two other timelike world-lines ad- 
jacent to Co, and Py, Peg are points on 
them. Let s be the measure on Co, with 
s = Oat Qo. Making the appropriate con- 
struction for FC, we draw the geodesics 
P,Q and P2Q2 orthogonal to Co. Let s = s1 
at OQ, and s = sgat Qa; then s; and sgare the 
fourth FC (X) of Py and Pg respectively. 
Let E1, Eg be the points on Ci, Ce 
corresponding to s=0. We regard the 
three-line structure Co, Ci, Cz as de- 
(S=0)@o° fy termined by the three points Qo, £1, Ee 
Fig. 16 — The world-function and Cauchy data at these points. Our 
Q(P1P2) in Fermicoordinates object is to calculate Q(PiP2) in terms 
of the FC of Pi, Pg and the Cauchy data. 
Let 4, be a Fermi triad on Co. Put Q1P1 = 01, Q2P2 = a2; let wh 
and uz be the unit tangents to these lines at Q; and Qg. Then the FC 
of P; and P2 are as follows: 





Py: X (%) oe X (y,) = o1pi, Ay, XxX = X (4) = $1, 


2/3 


If we keep the geodesics Q1P1, QePe2 fixed, but vary o1, og, thus 
sliding P1, Pz in or out, Q(P1P2) is a function of o1, o2, and we can 
develop it in a double power series of the form 


2(PiP2) = 2(Q1Q02) + Li + $£L2+ §Ll3 + gla +05. (274) 

Here O5 means of the fifth order in 01, o9, %1, Sg, each of which is 

supposed to be QO . As for the L-terms, they are 
Ly = 01(D12) + o2(De2Q), 


275 
Le = 03(D?2Q) -+ 20162(D1D22) + o2(D29), ee) 
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and so on, where D, = 0/00), Dg = 0/éo02 and () means evaluation 
for o1 = og = 0, ie. at Qi, Qe (these are not coincidence limits). 

Let us now give a slightly different meaning to w and wz, taking 
them to be the unit tangents at P; and Pe, regarded as current points 
on QiP, and QeP2. Then, the arguments of 2 being Pi, Pe, we have 


D,Q2 = Q; wh, DeQ = 24m", 
DiQ = Qi; woph, Di DeQ = 24; wou, (276) 


and so on. We proceed now to the limits () and substitute in (275). 
The invariants then occurring can be expressed in terms of invariant 
components on the Fermi triad, and we get the following expressions: 


Ly = QQy XO) + QE VAM, 
Lz = Qey,p,)X OX Pd + 2Q (4,9, X C2) X Pa) +. (4,).X C0).X (Pd, 
Lg = Qesp,y,)X HX POX WY) 430 (op, y,)X CX BX 2) 
$+3.Q (4, Byyya)X 02) X (Ba) X (2) + D (ya Bayyg) A 2) X (Bs) X (v2) , (277) 
La = QB 8X OX PIX IX O) 44D oy, 9, 5X OX BX HX Or) 
+62 (4,8, 995, OX BI.X Ye). X Ca) 
+-4Q (oy, Byya8y)X CX (Ba).X (72) X Os) + O65 5q) A 02) X Bad X (Ye) X On), 


The arguments of the Q2-terms are now Qj, Qz, and in fact these terms 
are precisely those already evaluated in (269)—(272). When we substi- 
tute from those equations, we are near our goal; however the FC 
occurring in (277) are those of P 1, Pz, and we wish to use the Cauchy 
data at £,, Eg. Using a bar to indicate evaluation at £1, Ez, we make 
the expansions 


Xu) = XO) 4+ DX) + As?D2XO) + Os, 


es pes ts (278) 

XO) == XO) + soDX%) + ds8D2X(%) + Oz, 
where D = d/ds (note that the differentiation is with respect to the 
measure of Co, 1.e. the fourth Fermi coordinate, and not with respect 
to the measures of C; and Cg). We then substitute these expansions in 
(277) and use (269)-(272). To avoid burdening the notation, we shall 
delete the bars, but evaluation of the Fermi coordinates and their 
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derivatives at £1, He is understood. The derivatives of A are curvature 
properties of Co at Qo, and the components of the symmetrized Rie- 
mann tensor (S-terms) are taken at Qo. The result is as follows: 


Q(PiP2) = M2 + M3 + N3+ M4+ Na+ Os, (279) 

where 
Me = — $(82—$1)?+ 3712, M2 = (Xa) —X (aa) (X ) — XC), (280) 
Mz = — 3(s2 — $1)°(X) + X))(DA)Q), (281) 
N3 = (Xi) — X(q))(S1D XO) — sgDXC)), (282) 


Ma = — 3(82 — $1)8S (qaagy(X On) X Bad) 4 Xa). Ba) +. X (2) X (Bad) 
+ 4(se— $1)S (By) (XX (4) X (Bs) X (v2) — X (2) X (Ba) X (v2)) 
+ ES (apy) X OX BX 2) X Or), (283) 


a 
| 
| 

“i 


b2(so — s1)* — 4(s2 — s1)2(st: DX) + seDX))(DA) yy 

— $(s2 — 81)2(DA) (DA) (gy XX Be) 

— 4(sg — s1)?{(2s1 + se) XM) + (sy + 2se)X )}(D2A), 

(X (ce) — X (aq) (S{D?2.X Ow) — s3D2.X )) 

(s?DX DX iy.) — 2s1sgDX MDX «,) + s23DX DX (y,)) (284) 


+ 


a pie a o 


+ 


In the above calculation, use was made of the identity 
S (pas) = — 25 sag) (285) 


As a check on (279), we note that it should be, and is, invariant under 
interchange of the numbers | and 2. 

This work represents a formal calculation in which oj, o¢, $1, Se 
are treated as small quantities of the first order, the subscripts on 
and N in (279) indicating orders of magnitude. We have not made any 
assumption of smallness regarding the curvature of space-time or the 
curvatures of the three world-lines, nor have we assumed these world- 
lines to be nearly parallel. The general effect of such additional as- 
sumptions is to reduce the dimensionless ratios M3/M2, N3/Ma, etc. 
The curvature of space-time appears only in M4, and flatness implies 
Ma, = 0. On the other hand, if Co is a geodesic and the Fermi coordi- 
nates are constants, then M3 = N3 = Ng = 0. In applying (279) to 
a physical situation in xI-§ 7, we shall drop N4 but keep M, in order 
to explore the effect of the gravitational field. 


CHAPTER III 
CHRONOMETRY IN RIEMANNIAN SPACE-TIME 


§ 1. NATURAL OBSERVATIONS (NO) AND MATHEMATICAL OBSERVATIONS 
(MO) 

Except for occasional hints as to possible physical applications, the 
two preceding chapters consisted of pure mathematics (Riemannian 
geometry). The mathematical argument may have lacked complete 
logical rigour, but it is safe to say that those chapters contained no 
material for controversy; mathematics is not a controversial subject 
because all mathematicians attach the same meanings to the terms 
used in it. 

Neither is experimental physics a controversial subject. But theo- 
retical physics is, and always will be. This is inevitable, since the aim 
of theoretical physics is to force the vast complexity of nature into 
a narrow mathematical mould, using idealizations and simplifications 
which are absolutely necessary and (to the unsympathetic mind) 
absolutely nonsensical. 

Since physics is based on observations, it is useful to list four types 
of observation | as follows: 


(i) Uncontrolled natural observations (UNO) 

(ii) Controlled natural observations (CNO) (NO) 
(iti) Imagined natural observations (INO) 
(iv) Mathematical observations (MO). 


The meanings here attached to these terms are best explained by ex- 
amples. UNO are performed by astronomers observing stars or photo- 
graphing the heavens, and by meteorologists weighing raindrops. 
CNO are performed by physicists timing a simple pendulum or observing 
the scatter of a beam of protons issuing from an accelerator. INO are 
performed by physicists planning experiments in advance, and by 

1 Neither observation nor experiment is a wholly satisfactory word. For 


simplicity and uniformity, the word observation alone is used, although in some 
contexts experiment would be better. 
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astronomers discussing the rotundity of the moon’s backside! or the 
position of Jupiter a century hence. However, the divisions between 
UNO, CNO and INO are not sharp. UNO today may be CNO to- 
morrow, and vice versa. Every observation is INO before it is per- 
formed, UNO or CNO afterwards. It may be better to forget the 
differences and lump UNO, CNO and INO together under the sign NO. 

Between NO and MO there is a sharp and decisive break. Only the 
simplest MO (counting) can be regarded as being NO also (e.g. the 
observation that 23 is a prime number). Generally MO involve infinity 
(irrational numbers, differential calculus, and so on), and so lie outside 
physics and outside nature (except in so far as the mind of man is 
natural). As examples of MO we have the concurrence of the angular 
bisectors in Euclidean geometry, or the ellipticity of planetary orbits 
in Newtonian astronomy. This concurrence and this ellipticity are 
meaningless in terms of NO, for in nature there are neither straight 
lines nor ellipses. 

The peculiar fascination of theoretical physics lies in the art of 
forcing meaningful truth out of the meaningless equation NO = MO, 
which is a symbolic form of the assertion that natural phenomena 
obey exact mathematical laws. The true inequality NO 4 MO should 
not be spoken above a whisper, because it is extremely dangerous. If 
believed, it would sever mathematics from physics, and reduce both 
to sterility through lack of mutual fecundation. It is whispered here 
only as an apology to those readers who expect to see the mathe- 
matics of relativity tied to the physics of relativity by a strong chain of 
clear thought. It cannot be done. We have to muddle through. And if 
this book is dishonest in confusing MO with NO, it is no more dishonest 
than all similar books are, and necessarily must be. This sad state of 
affairs is not peculiar to relativity; every branch of mathematical 
physics has in its cupboard the skeleton MO 4 NO. 

The preceding remarks are no more than the briefest introduction 
to a subject on which whole books might be written and in which the 
confusion is necessarily so great that any author might well be satisfied 
if he succeeded in reducing the confusion by ever so little — there is no 
hope of abolishing it. Let us, however, realize the presence of this 
difficulty, this confusion, because only through this realization may 
we hope to be restrained from controversies full of sound and fury, 
signifying nothing. Some the difficulties of the situation are treated 

1 Since this was written, INO became UNO. 
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admirably by BRIDGMAN [1949] in an article discussing the value and 
the limitations of the so-called operational method, in which the 
meaning of a term is to be sought in the operations employed in making 
application of the term. It was by use of this method that Einstein 
gave a convincing argument against the absolute time of Newton, and 
Bridgman accuses Einstein of failing to carry the method over into 
general relativity. The present book is an attempt to make general 
relativity more operational than it has been hitherto, but I have no 
false confidence in the complete clarity of the method, and as the 
argument progresses it will become increasingly obscure to the author 
and to the reader whether the ‘experiments’ considered (sometimes 
called ideal experiments or thought experiments) belong to the class MO 
or to the class NO. This matter will be referred to again briefly in § 3, 
and after that we shall forget it. 


§ 2. CHRONOMETRY AND THE RIEMANNIAN HYPOTHESIS 


The key-word in relativity is event1. The totality of all possible 
events form a 4dimensional continuum, called space-time, in which 
coordinates xt may be taken in a great variety of ways. 

We accept the concept of a material particle. Its history is a sequence 
of events — a curve in space-time; we call it a world-line. 

We accept the concept of tme-order on the world-line of any material 
particle, so that any event on that world-line separates all the other 
events on it into two classes — the past and the future. 

Any monotonic parameter, increasing from the past into the 
future, might be used to measure f#zme on the world-line of a material 
particle. However, on account of its arbitrariness, such a measure of 
time could have little physical significance. We make this concept of 
time more concrete by assuming the existence of standard clocks, 
which may be carried by material particles, and the ticking of which 
provides a measure of proper time. Since this is the only time of basic 
importance in relativity, we shall drop the adjective propery and refer 
to it simply as time 2. 

In thus setting up, as a basic concept, the measurement of time along 
the world-line of any material particle, we have established a chrono- 

1 The word event and other concepts discussed here have been treated in 
much the same way, but in greater detail, in SyNGE [1956a], Chap. 1. 


2 Later we may have occasion to refer to coordinate time; there should be no 
confusion. 
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metry. The observation of this time is a mathematical observation (MO) 
— it would be foolish to inquire the colour of the eyes of the observer, 
because mathematical observations are made by eyeless headless 
mannikins. But it is by no means foolish to inquire by what apparatus 
a natural observation (NO) of time may be made. To deal with such 
questions, it is wise to be methodical and set out the replies 
in dictionary form. In the present case we may make the following 
dictionary entries, the first column showing the mathematical 
words and the second the appropriate corresponding physical words: 


MO NO 

time time 

standard clock atom 
ticking of standard clock emission of wave crests of radiation 


To enlarge on the meaning of the NO column, we take a simple view 
of the radiation from an excited atom, and think of electromagnetic 
radiation emitted in clear-cut waves. But what atom, and what 
energy levels are involved in the radiation? The answer is that it does 
not matter, provided we use consistently the same type of atom (all 
atoms of the same type are regarded as identical) and the same pair 
of energy levels. For definiteness, we may decide to use an atom of 
cadmium, and the radiation which gives the red line. 

It is necessary to expose here a certain physical assumption inherent 
in the structure of relativity. Let C (Fig. 1) be the world-line of a 
material particle, and B, A two events on it, with B before A. The 
particle carries two standard clocks con- 
sisting of atoms of different types, or two 
atoms of the same type but with the use of 
different energy levels. Each clocks registers a 
definite number of ticks between B and A; let 
these numbers be denoted by m1 and mg. The 
physical assumption just referred to is the 
following hypothesis of consistency: For two 
standard clocks, the ratio n1 : 2 1s a natural 
constant, independent of the world-line on which 
the observations ave made and of the events on 

C that world-line. 
Fig. 1 — Consistency of The modern mental picture of an atom 
standard clocks and the radiation from it is so unclear 






1, ticks , 
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that it would be idle to ask for a straight definite answer to the 
question whether the hypothesis of consistency is true or false. 
The most we can do is to state that there is no evidence against it as a 
sharpened concept (MO) from spectroscopy (NO), with neglect of line- 
breadth, and we shall accept it in setting up the physics of general 
relativity. If we did not, we would either have to abandon general 
relativity in its present form, or else substitute a strange assumption 
that, out of all possible atomic clocks, there was one (or perhaps a 
privileged class) by which alone we could measure a time which was of 
physical importance. On the other hand, armed with the hypothesis of 
consistency, we can reiterate what was written above — the particular 
standard clock used does not matter, because the only effect of 
changing from one clock to another is to change the unit of time, the 
ratio of two units being a universal constant. It is important to note, 
however, that nature does not here prescribe a natural unit of time, 
and in setting up the equations of relativity this should be borne in 
mind. Apart from this caution, we shall for simplicity suppose that 
some definite standard clock has been selected once for all — it might 
well be a cadmium atom emitting the red line. Since all clocks hence- 
forth considered are standard clocks, we shall drop the adjective and 
call them simply clocks. 

We come now to the essence of general relativity — the chronometric 
assumption which makes space-time Riemannian. Let x4 and x? + dxi 
be the coordinates of two adjacent events in the history of a material 
particle. Let ds be the corresponding time registered by a clock 
carried by the particle. Then ds is a function of x# and dx?, necessarily 
homogeneous of the first degree in the differentials. We make the 
Riemannian hypothesis : 

ds? = — gydxtdxd, (1) 
where giz (== gj) are functions of x!. The tensorial character of gi 
follows from the invariance of ds (it has been defined without reference 


to any particular coordinate system). We further assume that the 
quadratic form 

® = gidxidad (2) 
is of signature + 2, as in I-§ 1. To complete the mathematical tie-up 
with Chap. I, we assume the existence of admissible coordinates in 
space-time, for which, it will be recalled, g;; and their first derivatives 
are continuous. 
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We have now invested the quadratic form ® with physical meaning, 
for ds = (— ®)? and this can be measured by the clock carried by the 
particle. But this works only if @ is negative; if ® is positive, (1) makes 
ds imaginary. 

There has been a good deal of confusion in relativity theory concern- 
ing the physical meaning of ®, a confusion which reflects the confused 
and semi-mystical attitude of mathematicians to geometry prior to the 
time of Hilbert. It seems to have been thought that @ has two physical 
interpretations of entirely different kinds according as @ is negative or 
positive. If ® is negative, we have the chronometric interpretation 
precisely as set out above. But if @ is positive, it has been customary 
to regard it as a measure of length. That is not the procedure used in 
this book. For us time ts the only basic measure. Length (or distance), in 
so far as it is necessary or desirable to introduce it, is strictly a derived 
concept, and will be dealt with later in that spirit. 


timelike vectors 






Spacelike vector 


Fig. 2— Elementary null cone, with timelike, null, and spacelike vectors 


We are now launched on the task of giving physical meaning to 
the Riemannian geometry of Chaps. 1 and 11. It is indeed a Riemannian 
chronometry rather than geometry, and the word geometry, with its 
dangerous suggestion that we should go about measuring lengths with 
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yardsticks, might well be abandoned altogether in the present con- 
nection were it not for the fact that the crude literal meaning of the 
word geometry has been transmuted into the abstract mathematical 
concept of a ‘space’ with a ‘metric’ in it. 

Fig. 2 shows the elementary null cone at an event. Timelike vectors 
lie inside the null cone; they are physically identified as tangents to 
possible histories of material particles. Null vectors lie on the null 
cone; we identify them physically as tangents to possible histories of 
photons (particles of light), provided that, in a continuous medium, 
the photons are of very high energy. (Prior to Chap. x1, the word photon 
will be understood in that sense.) A spacelike vector lies outside the 
null cone; a curve to which it is tangent cannot be the history of a 
particle or photon. 

But these interpretations are in the small and are common to both 
the special and general theories of relativity. The essence of Einstein’s 
general theory lies in the assumption that gravitation manifests itself 
in the curvature of Riemannian space-time. If the Riemann tensor 
Rijzm of the metric (1) were to vanish, we would be back in the flat 
space-time of gravitationless special relativity. In fact, we may 
write symbolically 


Rijxm = gravitational field. 


In Chap. Iv we shall discuss the field equations which connect the 
curvature of space-time with the matter in it, but meanwhile we 
shall merely assume that space-time is curved without assigning specific 
causes for the curvature. 


§ 3. THE GEODESIC HYPOTHESIS 


In Newtonian physics, a particle is said to be free if no force acts on 
it, not even the force of gravity. In relativity there is no such thing as 
the force of gravity, for gravity is built into the structure of space- 
time, and exhibits itself in the curvature of space-time, i.e. in the non- 
vanishing of the Riemann tensor Rijzm. We recognize as forces only the 
effects of mechanical stresses or electromagnetic fields; with that 
understanding, we can say with Newton that a particle is free when no 
force acts on it. 

We assume that a particle possesses an invariant proper mass m, 
which is constant. Since mass for us will always mean proper mass, 
we shall drop the useless adjective. A particle has also a world-line, 
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and its 4-velocity V* is the unit tangent to its world-line, so that 


Vi = dxt/ds, ViVi = — 1. (3) 
The 4-momentum of the particle is 
pi = mV. (4) 


As a natural generalization of Newton’s first law, we make the 
geodesic hypothesis to the effect that the world-line of a free particle 
is a geodesic in space-time; in symbols, 


DVt=0 (D = 6/6u) (5) 
where 4 is any monotonic parameter on the world-line (perhaps the 
time s). From the assumed constancy of m, we deduce from (4) and (5) 
the equation 

Dpt = 0, (6) 
so that the 4-momentum of a free particle undergoes parallel transport. 
The particle just considered is a material particle. A photon has 
zero mass (m = 0), but it possesses a 4-momentum p'. We extend the 
geodesic hypothesis to cover photons by assuming that the world- 
line of a photon is a null geodesic. We add the further assumptions 
that * is tangent to the world line, and that it undergoes parallel 
transport along it, so that the formula (6) holds for a photon as well as 
for a material particle. 
We saw in Chap. I that any geodesic (null or not) possesses a class 
of special parameters u, subject only to linear transformations, such 
that the equations of the geodesic read 


dxt 

—=0 D = 6/6u). Z 
= (D = 6/6u) (7) 
If we use one of these special parameters on the world-line of a material 
particle or of a photon, we have 

dxt 
du’ 





a (8) 
where 6 is some scalar. Applying the operator D and using (6) and (7), 
we get 

dxi 


Dée.——=0, Dd=0, 9 
da (9) 





so that 6 is constant along the world-line. In the case of a material 
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particle, one member of the class of special parameters is distinguished 
above the others, viz. uw = s, the time. But in the case of a photon, we 
have s = 0, and the distinguished special parameter must be sought 
otherwise. The simplest demand is 6 == 1. This yields a distinguished 
special parameter u such that 


dx 


pus 
If we apply this idea to the material particle, we get a distinguished 
special parameter u such that 
ie 1 
aera (11) 

Simple as all this may sound, and satisfactory as it may seem as 
MO (in the sense of § 1), we are treading on the brink Sf controversy. 
A physicist may well ask to be given samples of material particles or 
photons, visible to his eyes or tangible to his hands through the medium 
of suitable apparatus. Is the material particle perhaps the sun, the 
moon, a rocket, or a hydrogen atom? Is the photon a parcel of y-rays 
or radio waves? If our interest were solely to construct a rational 
mathematical scheme labelled ‘relativity’, the demand for a sample 
might be brushed aside with as much contempt as the demand for the 
production of a rod of length 1/2cm, for everyone knows that ir- 
rational numbers belong to MO, not NO, and our particles and photons 
have that artificiality too. 

Later on, we shall deal with the motion of finite portions of matter 
and with electromagnetic waves, and it might be thought that then 
the difficulty of passing between MO and NO might be overcome by 
means of a limiting process in which the finite body shrinks to a mere 
point, and likewise for a concentration of an electromagnetic field. 
Such considerations do indeed throw light on a difficult situation, but 
they do not resolve the difficulty. 

At this point, the best thing to say is that we are engaged in con- 
structing a logically consistent mathematical scheme (MO) with certain 
physical labels attached (guides to NO), and that the practising 
physicist must use his judgment in the interpretation of the legends on 
those labels. That is, indeed, the usual procedure in all branches of 
theoretical physics. 
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§ 4. SPATIAL MEASURE, ORTHOGONALITY, AND SCALAR PRODUCTS 1 


Two adjacent events define an infinitesimal vector in space-time. 
If that vector is timelike, its measure or magnitude has a simple 
physical, or chronometric, meaning; it is the time recorded by a clock 
carried by a particle which includes those two events in its history. 
But if the vector is spacelike, this interpretation of the measure fails, 
because the two events cannot be included in the history of a single 
clock. Nevertheless an infinitesimal spacelike vector can be measured 
chronometrically, as we shall now show. 

Fig. 3 shows an infinitesimal spacelike vector 
AB. Through A draw any timelike curve, and let 
C, D be the events where this curve intersects the 
null cone having B for vertex. This is a physical 
construction, since CAD may be taken to be the 
history of a particle and the null lines CB, BD to 
be the histories of photons. Working in the infini- 
tesimal domain, and using an obvious notation 
for the infinitesimal vectors, we have 


BDi = ADi— ABit, CBi=CAt+ ABi. (12) 


D 


From the null, timelike and spacelike characters 


Cc of the vectors involved, we have 
Fig. 3 -— Spatial 
measure (orlength) BD,;BD'=0, CB,CB'=0, AD,ADi= — AD?, 
oF one CA,CAt = —CA2, AB, ABt = AB?, (13) 
chronometrically 
(note that AB has 


where AD, CA, AB are Riemannian measures, 
no arrow on it!) 


AD and CA being times measured by a clock 
carried on CAD. Also, in our infinitesimal domain, 


CAt = 6ADt, CA = 0AD, (14) 
where 6 is a positive scalar. From (12) and (13) we have 
— AD? — 2AD,ABi + AB*=0, 


(15) 
— CA2+ 2CA;ABi + AB? = 0. 

1 The curvature of space-time is not involved here, and the interpretations 
are common to the special and general theories; cf. SyNGE [1956a], where 
Chap. III in particular may help the reader who finds space-time diagrams 
difficult. 
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Eliminating the middle terms by means of (14), we get 
AbB* = 6AD2 = CA-AD, (16) 


which expresses the spacelike measure AB in terms of the chrono- 
metric measures CA, AD. We call this measure the length of the infin- 
itesimal spacelike vector. 

If it happens that CA = AD, then 6 = 1, and we get 


AB = CA = AD, (17) 
and from (15) 
AD,ABi = 0, (18) 


which is the condition for the orthogonality of AB* and AD‘. Thus we 
have a chronometric interpretation of the 
orthogonality of two vectors, one spacelike ; 
and the other timelike. Ae 

Another important orthogonality is that 
of two spacelike vectors. There exist co! 
timelike directions (as V* in Fig. 4) ortho- 
gonal! to any given orthogonal spacelike 
pair (shown as AB, AC in Fig. 4). The 
condition of orthogonality of the spacelike 
pair is B 
Fig. 4 - Orthogonality of 
two spacelike vectors, and 
a timelike vector ortho- 

gonal to them 


AB;ACi == 0, (19) 


and it is easy to see (by introducing special 
local coordinates) that this is equivalent to 
the formula of Pythagoras 


BC? = AB? + AC®. (20) 


Since AB, BC, AC have already been given chronometric meanings, 
this is a chronometric equation. 

The scalar product of a pair of vectors is a very important thing in 
physics, and we might like to have a direct physical (i.e. chronometric) 
interpretation of each scalar product which occurs. As part of such a 
programme, we see in (15) a chronometric interpretation of the scalar 
product of two infinitesimal vectors, one timelike and the other 


1 The 2-element defined by a pair of non-orthogonal spacelike directions may 
cut the null cone; in that case there is no timelike direction orthogonal to 
them both. 


Synge 8 
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spacelike. But it would be tedious to develop such interpretations 
systematically, and it seems best to go ahead without them, noting, 
however, the following mathematical facts about scalar products: 
(i) If Ut and V# are two unit vectors, both timelike and pointing 
into the future, then 
U,Vi < — 1. (21) 
(ii) If V* is a fixed timelike vector, and U? a spacelike unit vector 
with arbitrary direction, then U;V# can take all real values. 
(iii) If V* is a timelike vector and N? a null vector, both pointing 
into the future, then 
NiVi <0. (22) 
In § 3 we met the 4momentum #/ of a material particle or photon. 
We might refer to the first three components of #¢ as 3-momentum 
and to the fourth component #4 as energy, but it is wiser to reserve 
these important physical names for invariants, because the values of 
the vector components depend, of course, on the choice of coordinate 
system. Accordingly, we defer the definition of 3-momentum to the 
next Section, and here define only the energy relative to an observer 
with 4-velocity V‘ by the formula 


E = — pivi. (23) 


Naturally this definition applies only if the observer and the material 
particle or photon have a common event in their histories, E being 
evaluated at that common event. The sign in (23) is chosen so that 
[cf. (21) and (22)] E is positive if V4 and #? both point into the future. 
This is the normal situation, but we might hesitate in the case of #%, 
because there are hints in modern physics that #¢ might point into 
the past; this would mean negative energy. 


§ 5. BORN RIGIDITY AND FRAMES OF REFERENCE 


Consider a single infinity of timelike curves, not geodesics in general. 
They form a 2-space We, and in W2 we may draw the orthogonal 
trajectories of the given system of curves, so that we have a net, as 
shown in Fig. 5. Let us parametrize We so that it has the equations 
xt = xi(u, v), with v = const. on each of the timelike curves and 
wu = const. on each of the orthogonal trajectories. As in I-(125), we 


write 
oxt/ou = Ut, oxt/ov = V*, (24) 
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and as in I-(127) we have, for the deviation 
vector drawn from the timelike curve (v) to the 
timelike curve (v + dv), 

nt = Vidv. (25) 


On account of the orthogonality in the con- 
struction, we have 





UiVi =0; (26) 
the deviation vector 7 is orthogonal to U# 
everywhere on Ws. Fig. 5 — Born rigidity 
In general, the magnitude 7 of the deviation (dyj/du = 0) 


vector will vary as we pass along any one of 

the timelike curves. Following the definition given by Born in 
special relativity, we shall say that two adjacent timelike curve are 
rigidly connected if n = const. as we pass along the curves. 

Since, as shown in the preceding Section, 7 has a chronometric 
measure, rigidity may be tested by sending photons from one timelike 
curve to the other, and receiving back the scattered or reflected 
photons. The criterion for rigidity is that the elapsed time from 
emission to return (the tvip-time) should be constant. This test is 
shown in Fig. 6, the trip-times being the chronometric measures 
A,B, AgBo, .... There is nothing very novel about these ideas, for 

this test of rigidity by measuring trip-times is 

really the same as the testing of length by means 

B, of an interferometer, which instrument is es- 
sentially a device for comparing trip-times. 

Although the Born criterion of rigidity involves 


Bo no difficulty when applied to a one-dimensional 

A3 body (a rod), difficulties accumulate with increase 
By of dimensionality, and it must be stated em- 
phatically that the three-dimensional concept of 

A» rigidity does not pass from Newtonian physics into 
relativity. We should look very sceptically at any 

A, relativistic argument which uses or implies the 


concept of rigidity as if the meaning of that word 
lencongrietriy tee, WO” clear and obvious. Thus the concept of a 
of Born rigidity frame of reference (a rigid body in Newtonian 
(41B,=A2Be=...) physics) must be examined and redefined. 


Fig.6 — Optical 
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The difficulties inherent in relativistic rigidity are, however, 
connected with non-integrability, and are avoided if we work in an 
infinitesimal domain. We start with a timelike curve Co (Fig. 7), 
which we regard as given; it might be the world-line of an observer 
on the earth, or of his eye, or of a portion of a photographic plate, 





Fig. 7— Frame of reference defined by 
Co, C1, C2, Ca 


or of the corner of a room. We consider also three timelike curves, Cj, 
Cz, C3, which can be controlled; actually two curves would do, but 
three are better for the sake of symmetry. These curves are to be 
thought of as the world lines of particles, adjustable by means of 
screws or other devices. The four world-lines might be four adjacent 
corners of a block of stone, but, if so, we must be prepared to strain 
that stone if necessary in order to satisfy the conditions which we 
shall now proceed to impose. 

Each of the three adjustable world-lines has three degrees of freedom, 
and so we have at our disposal mine degrees of freedom in all. Let us 
so control them that the Born condition of rigidity is satisfied by each 
pair. Since there are six pairs, in this way we use up six degrees of 
freedom, leaving thvee over. Note that the controlling operations are 
physical (chronometric). 

Without using up more degrees of freedom, we can make the control 
a little more definite by demanding that the three deviation vectors, 
drawn from Co, are equal in magnitude and mutually orthogonal. 
Then in the 3-element orthogonal to Co we have a little rigid tetra- 
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hedron CoC 1C2C3 as in Fig. 8, which 
shows also the unit vectors pi,, drawn 
in the directions of the deviation 
vectors 74). This orthonormal tetrad 
Hig) forms a frame of reference. 

In fact, any orthonormal triad, 
orthogonal to the 4-velocity of the 
observer’s world-line Co, may be 
taken as a frame of reference. All we 
have been doing above is merely 
the conversion of this mathe- 
matical concept into physical 
(chronometric) terms, so that any fig. g— ‘The frame of reference py) 
astronomer anxious to set up a _ viewed in the 3-element orthogonal 
frame of reference will know how to to Co, and the Fermi triad At) 
go about it. Of all frames of reference, 
the simplest mathematically is given by a Fermi triad [cf. 1-§ 4, 11-§ 10], 
which, in the notation of 11-(180), satisfies the equation 





6. a2 

Re Nay = OAR yBs. (27) 
If fi) is any other orthonormal triad orthogonal to Co, there 
exists an orthogonal matrix M pg) (consisting of the nine mutual 
direction cosines) such that 


Ha = Maprp, MeapM ay = Spy. (28) 


The elements M(,g) are functions of s (time on Co), and, since the 
derivative of an orthogonal matrix is skew-symmetric, we may write 


d 

ae (eB) = (ap) = — Gos (29) 
S 

the three independent components of (,g) being in fact the compo- 

nents of the angular velocity of ui, relative to 24). 

We have still at our disposal three degrees of freedom in the control 
of the world-lines C1, Cz, C3 which define yj,), and we may use them 
to make w(,g) = 0. The frame then becomes a Fermi frame, and, as 
we shall see later, a Fermi frame is very useful physically. 

What we have done above is partly physical and partly mathe- 
matical. The orthonormality of the frame y(,) is physical (chrono- 
metric), but the Fermi law (27) is still merely mathematical. It is only 
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after we have given a physical test of Fermi transport (as we shall 
later) that we can complete the physical specification. Meanwhile we 
shall use Fermi transport as if it were a physically understood thing. 

Once we are equipped with a frame of reference uj,,, (Fermi or not), 
it is easy to write down a suitable definition of 3-momentum of a 
material particle or photon relative to that frame: 


Pa) = Pita): (30) 
If we denote the 4-velocity of Co by ui), we can combine 3- momentum 
and energy [cf. (23)] in the formulae 


bia = Pita, E=—py =, (31) 
the rules of I-(54) being understood. 


§ 6. THE MEASUREMENT OF DIRECTION 


The related concepts of direction and angle are so basic in Newtonian 
physics that it takes an effort to realize that they must be examined 
critically before they are admitted into relativity. It is a question of 
defining the direction of some object with world-line C relative to an 
observer with world-line Co, and we have to remember that Cp can 
know nothing of C except through messages or signals of some sort 
which emanate from C and reach Co. These messages might be free 
particles or photons in vacuo, but we shall be more general and merely 
suppose that a message travels along some timelike or null world-line. 
In order that Co may be able to report the direction from which the 
message has come, he must set a trap for it by arranging to have 
another world-line C’ adjacent to Co, adjusting C’ so that the world- 
line of the message intersects C’. This is what an astronomer does in 
observing a star, Co being the world-line of his eye and C’ that of the 
middle point of the object glass of his telescope. 

If the distance between Cop and C”’ is finite, various complications 
arise with which we do not wish to deal, because the observing appa- 
ratus is in practice very small compared with the phenomena observed ; 
it will suffice to suppose the distance between Co and C’ to be 
infinitesimal. Fig. 9 shows the message leaving the object C at the 
event P, cutting the world-line C’ at the event P’, and finally reaching 
the observer Co at Po. It is the infinitesimal vector &, drawn from 
Po to P’, which we must use to define the direction of C relative 
to Co. 

Let He) be a frame of reference on Co, as in the preceding section. 
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Since & is not orthogonal to Co, it 
cannot be drawn in Fig. 8. 
However, if we proceed along C’ 
to its intersection Q’ with the 3- 
element orthogonal to Co at Po, 
we get a vector 7! (= PoQ’) which 
can be drawn in Fig. 8, and 
which has direction ratios niui,) 
relative to the triad wj,), taken 
at Po. We define the direction of 
C relative to Co by these direction 
ratios, whichare obviously equal to 
the components &;/,. Naturally, 
these direction ratios depend not Fig. 9 — Observation of direction 
only on the frame used, but also on 
the type of message employed. If, in astronomical observation, we 
neglect the refraction of the atmosphere, then PP will be a null geodesic. 

Since we are working with infinitesimals, it is a matter of indifference 
whether we take yi, at Po and 7 as shown, or y/,) at the foot of the 
perpendicular from P’ on Co and 7? drawn along this perpendicular. 
Such distinctions would become of importance only if we had to 
consider the length of the telescope or other observing apparatus as 
finite, i.e. if the time taken by the message from P’ to Po were not 
negligible. 

Direction might also be measured mechanically by using 3-mo- 
mentum with the formula (30). 





Cen” - 


S25 RELATIVE VELOCITY AND THE DOPPLER EFFECT 


It is a good thing to attach physical (chronometric) meanings to the 
mathematical formulae of Riemannian space-time. But it would be 
tedious to do this consistently, and it is more rewarding to go ahead 
with mathematical constructions (e.g. parallel transport) with a 
general confidence that they can be physically interpreted later if 
need be. 

The 4-velocity of a particle is well defined; it is the unit tangent 
vector V# (= dx#/ds) to the world-line of the particle. We now seek a 
useful definition of the velocity of one particle relative to another. Let 
C (Fig. 10) be the world-line of an observer and C’ the world-line of 
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some luminous object, such as a star or 
planet. We connect them with null geo- 
desics such as P’P. We cannot immediately 
compare the 4-velocity V# of C at P with 
the 4-velocity V“ of C’ at P’, because they 
are vectors at different events. The obvious 
plan is to bring them to a common event 
by subjecting V* to parallel transport 
along P’P; this gives us at P the vector 


y= gay Vi, (32) 


where gy is the parallel propagator 
[11-(71)]. Let 2(,, be a frame of reference 
Fig. 10— Relative velocity and ee . with dy) = V'. This might be a 
Doppler effect (mechanical) Fermi frame, but the question does not 
arise at the moment, because we are 
concerned only with the event P. 
We now define the 3-velocity of C’ relative to C by the three invariant 
components 





C c’ 


Vig) = Villas (33) 
Since vt and V* are unit vectors, the fourth component 
Vay = VA) = VE (34) 
is expressible in terms of the other three: 
v4) = — va = (1 + 02)#, v2? = vu. (35) 


We may call v the relative speed. Note that v@ = 1 if, and only if, 
all the three components vi.) vanish; in that case V*’ and V® are 
parallel for transport along the null geodesic P’P, and we may say 
that C’ is at rest relative to C. 

Let v* be a unit vector at P, as shown in Fig. 10, orthogonal to C 
(7;V* = 0) and lying in the 2-element which contains the tangent at P 
to C and P’P. We define the speed of recession of C’ to be 


VR = Ut = Vr™, (36) 


where 7) are the components of v7 on the frame of reference. 

We shall now discuss the Doppler effect in two ways: mechanically, 
and in terms of frequency. 

In the mechanical treatment, we consider a photon having P’P for 
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world-line, being emitted from C’ at P’ with 4-momentum 4%’, so that 
the energy of emission is, by (23), 

BS pV (37) 
The 4-momentum undergoes parallel transport along P’P (cf. § 3), and 
so on arrival at P we have 

pit = pi", (38) 


since a scalar product is constant under parallel transport of both the 
vectors in it. Thus, by (37), 


Pwy™ + pay = — E’. (39) 
The energy of the photon relative to C is 
E = — pVi = — pw = 0, (40) 
and so (39) gives 
Ev® — pyv™ = E’. (41) 
From the definition of 7# and the fact p* is null, we have 
pt = OV — rh), (42) 
where 6 is some scalar, and, on multiplying by V; we find 
6=—PVi= E. (43) 
Hence 
D(yyu™ = Dikigyy™ = — Ex (yu™ = — Evp, (44) 


and when we substitute this in (41) and use (35), we get the following 
relation between the energy of reception (E) and the energy of emission 
(E’): 


E[(1 + v2)? + veg] = BE’. (45) 
This is the Doppler effect in terms of energy. The red-shift is given by 
fa 1 46) 

ae (1 + v2)4 + up’ ( 


a negative red-shift being a violet-shift. If the relative speed is small, 
we get 
E'—E 


i a as (47) 
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in which the radial speed vp is of course 
the dominant term. 

To discuss the Doppler effect in terms 
of frequency, we consider (Fig. 11) a 
set of null geodesics joining C’ to C, 
each representing the history of a wave 
crest. If there are ~ such crests, and 
ds’, ds are the clock-measures of P’Q’, 
PQ, respectively, we have 


n = v'ds’ = vds, (48) 


where »’, v are the frequencies of 








C er emission and reception respectively. Thus 
Fig. 11 — Doppler effect the Doppler effect in terms of frequency 
(frequency) is given by 
ds’ 
= (49) 
y ds 


so that it involves only a comparison of the measures of corresponding 
elements when C’ is mapped on C by null geodesics. This mapping was 
considered in I-§ 6, but with a different notation since V# is now 
4-velocity. If 7¢ is the deviation vector from P’P to Q’Q, the second 
equation in I-(133) gives 

mb = nv", (50) 
where * is the 4-momentum as earlier. But 

io V ds, qe = V;-ds’, 
nip* — — Eds, Hype => — E'ds’, 

where £ and E’ are the energies as earlier. Combining this with (49) 
and (50), we get »/)’ = ds’/ds = E/E’, and so by (46) we have for 
the red-shift in terms of frequency 


(51) 


yo —y 1 
er 1 aenge eR dv2+.... (52) 
The quantum equation E = hy (h = Planck’s constant) has not 
been used in the above work; it is of course consistent with it. 
It is clear that in general the observer of a luminous source will see 
a spectral shift — radiation emitted with frequency »’ relative to the 
source will be received with a different frequency y relative to the 
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observer. In attributing a cause to this spectral shift, one would say, 
on inspecting (52), that the spectral shift was caused by the relative 
velocity of source and observer; it is in fact a Doppler effect in the 
original sense of the term. It is not a gravitational effect, because the 
Riemann tensor appears nowhere in our formulae }. 

This statement contradicts a statement frequently made in general 
relativity to the effect that a gravitational field causes a red-shift. 
Arguments about this are completely futile because they are merely 
windy warfare conducted without any attempt to analyze the meanings 
of the terms employed. We have committed ourselves in (33) to a 
certain definition of relative velocity; if that definition is not accepted, 
then the statement attributing spectral shifts to relative velocity 
cannot be accepted either. Any confusion which may exist here is due 
to the excessive attention paid to statical gravitational fields, in which 
there is available a definition of velocity which has no meaning in 
non-static cases. 

For later reference (cf. viI~§ 9, vilI-§ 3, x1-§ 9) we note that, by 
(37) and (40), the red-shift may be expressed in terms of the derivatives 
of the world-function 2(P’P) as follows: 


vy QV + QVE 
yo QV 





(53) 


§ 8. FERMI TRANSPORT AND THE BOUNCING PHOTON 


We shall now describe an experiment by means of which an observer 
can find out whether some given frame of reference undergoes Fermi 
transport or not. The experiment is very simple, and we can describe 
it in ordinary physical terms. The observer might be a man on the 
earth’s surface. His apparatus is a photon-gun, which in the present 
connection means a tube through which a photon can be shot out in 
the direction in which the gun is pointed and through which a photon 
can be received, as in a telescope. The observer launches some sort of 
small balloon into the air, and, taking careful aim, shoots from his 
gun a burst of photons to strike the balloon. These photons are 
scattered, and one comes back to the observer. If he is careless, he will 
not catch it, because his gun will probably be pointing in the wrong 
direction. But let us suppose that he catches it in the gun. Relative to 


1 This was pointed out by C. Lanczos [1923c], who used a different mathe- 
matical argument. 
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any frame of reference which the observer may employ, there are then 
two directions of interest: the direction in which the photons are 
emitted from the gun, and the direction of the gun when the returning 
photon is received. 

Now if the distance of the balloon is small of the first order, the 
trip-time of the photon is small of that same order, for, from the way 
in which we have defined length or distance, the ‘velocity of light’ is 
unity. If there are two frames of reference which have, relative to one 
another, a finite angular velocity, then in this small time one will turn 
relative to the other through a small angle of the first order. If the two 
directions of the gun (for emission and reception) happen to be the same 
relative to one frame, then they will differ by the first order when 
measured in the second frame. 

If observations are made on a number of balloons and if, for some 
law of transport of the frame of reference, the directions of the gun for 
emission and reception are the same for each balloon, it is clear that 
this test picks out some particular law of transport. This is in fact 
Fermi transport, as we shall see when we have made the calculations. 
But since we may hope to extract more information from this problem 
of the bouncing photon, we shall carry out the calculations to a higher 
degree of accuracy than is actually required in order to establish this 
important property of Fermi transport. 

The above explanation has been given in quasi-Newtonian form in 
order to convince a reader who is suspicious of space-time diagrams 
that the test proposed is a real physical test, allowance being made 
for certain idealizations which would be 
made in any theoretical discussion. But 
indeed the matter is really much simpler 
when viewed in space-time, the whole story 
being told by Fig. 12, which shows the 
observer’s world-line C, the event P’ at 
which the photons strike the balloon and 
are scattered, the event of emission Q1 
and the event of reception Qe, QiP’ and 
P’Qe being the null geodesics representing 
the histories of photons. To avoid en- 
cumbering the picture, the orthonormal 
Fig. 12 — Fermitransport and tTiads representing the frame of reference 

the bouncing photon at Qi and Qe are omitted. 
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Asa mathematical construction, we draw the spacelike geodesic NP’ 
orthogonal to C, and we mark at P a current event in the arc Q1Qz2. 
We denote by s the observer’s time at P, with s = 0 at N. We write 
NP’ =o and denote by uw’ the unit tangent to NP’ at N. The 
approximations are controlled by the smallness of o (o = 0}). 

Before starting the calculations, we note that the geometry of Fig.12 
is determined in a given space-time by the curve C and the event P’. 
The curve C is defined by the event N and Cauchy data at N, viz. the 
4-velocity A‘ and its derivatives DA‘, D?A? ..., where D = 6/ds, the 
absolute derivative operator. Then P’ is determined by o and pi. 
Thus, if s = s; at Qi and s = sg at Qe, si and sg are determined by 
the quantities enumerated above. The first step in our calculations is 
to find sy and so. 

As we let P range along C, the world-function 2(PP’) is a function 
of s, and we may expand it in the following power series: 


Q(PP’) = 2 + sQ;At + 4$s2(Q,DAt + OQ yAtAd) 

4- $s3(Q,;D2At + 30,yDAt- Ai 4+ Qyj,AtAiA*) 

+ As4(Q;D8At + 40;jD2At- AI + 302,jDAt*DAI 

+ 524j,DA*- AIA® 4+ Qiyj~AtAIDA® 4+ Qij~mAtAIA®A™) + Os (54) 
On the right 2 = Q(NP’), and the differentiations are with respect 


to N. In working out the coefficients, we have used the fact that 
Qy = Qy quite generally. Now 


Q(NP’) = 402, 2,(NP’) = — om, (56) 
accurately, and, expanding along NP’, 
Qy(NP') = [Qj] + op*[Qigee] + 20% uk u™Qigem’] + Os, 
Qigh( NP’) = [Qigx) + ov Qigem’] + Oa, (56) 
Qijgkm(NP’) = [Qiem\ + O1, 
where [ ] indicates a coincidence limit as P’ + N. Applying 11-(69), we 
have 
Qy(NP') = gig + 30*Sigkmeky™ + Os, 
Quyn( NP’) = — oSizemp™ + Oo, (57) 
Qijem( NP’) = Sijem + 01, 


where gj; and the symmetrized Riemann tensor Sym are evaluated 
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at N. We now substitute from (55) and (57) in (54) and use the following 
equations 
Ay = 0, se = — |, | A,DAt = 0, (58) 
A,D?2At + DA,;DA* = 0. 
We get 
Q(PP’) = $02 — $s2(ou;DAt + 1 — fo?SigemAtAiukum™) 
— 4s8ou,D2At — Ss4DA;DAt*+ O05. — (59) 
Now by 11-(69) and I-(99) we have 
SipmAtAipEu™ = —3RinjmAiueAiu™ = ¥K, (60) 
where K is the Riemannian curvature of the 2-element defined at N 
by At and u?. We have also 
DA;DAt = 02, (61) 
where 6 is the first curvature of C at N. Thus we may rewrite (59) in the 
form 
222(PP’) = o2 — s*(1 + ou,DAt — 402K) 
— 488ou;D2At — 54d? + O5. (62) 
To find s; and sg, we are to put 2(PP’) = 0. It is clear that 


S1, $2 = no + Og, (63) 
where 7 = — 1 for sy and 7 = 1 for sg. Then (62) gives for sj, sg the) 
simple quadratic equation 

s#(1 + ou,DAt — 402K) = M(o, y) + Os (64 
where 
M(o, 4) = 02 — 4no4u,D2At — 40402. (65) 
Hence we find 
Ssi=— 97+ 3f+04, se= }r+3ft+ 04, (66) 
where 
T = 20 — o2u,DAt + o3 (4K — 0? + ¢(uiDA‘)?), (67) 
Thus the trip-time from emission at Qi to return at Qg is 
Sg — Sy =7T+ 04. (68) 


We note that if C is a geodesic, then 
tT = 20 + 4Ko?. (69) 
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So far the directions of the emitted photon and the returning 
photon have not appeared. To discuss these directions, we introduce a 
Fermi tetrad 4/,, on C; each of the four vectors satisfies the equation 
of F-W transport I-(72) 


Dat = 4,(AtDAI — AIDAY), (70) 


and Ai, = At, the current 4-velocity of C. Now — Q#(Q1P’), — Q¢(Q2P’) 
are null vectors at Q1, Qe tangent to the null geodesics Q1P’, QeP’, 
pointing from the observer towards the balloon as indicated in Fig. 12. 
The direction of emission is of course that of the emitted photon, 
and the direction of reception is that of the returning photon reversed. 
Thus the direction cosines of the directions of emission and reception 
are of the form 


Bia) = — 4Qigy = — 120; (71) 
where y is a positive scalar such that 
17 = QQyQ™ = — QHQY” = (Qa)?, (72) 
from the null character of 2¢. Now 
2A < 0, Quay > O at Q1, 
QY4 > 0, Day <0 at Qe, 


and so, with 7 as after (63), we include the values at y at the two events 
in the formula 





n 
ee 7 
x Ou (73) 


Thus the direction cosines for emission and reception are given by 
Qo) a QXa Q Ma) 


I) =7—— = ss ey 74 





Our object is to calculate the changes in these direction cosines in 
passing from Q1 to Qo. 

The calculations are best effected by first dropping the labels on 
the vectors of the Fermi tetrad and indeed forgetting about (70), so 
that we have an arbitrary vector field 2# on C. Then the quantity 


$(PP’) = 2i(PP’)A(P) (75) 
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is a function of s on C, and we may expand it as follows: 
$(PP’) = Qt + s(Q;DAt + QyAt A!) 
+ $s2(Q;D24t + 2QyDAtAT + QyADAI + QijpAt AIA") 
+ $s3(Q;D32% + 30yD2AtAs + 32;jDAIDAI + OyA*D2 AI 
+ 2Qij7,ADAIA® + 3Qy~4DAAIA® 4+ Oyj At AIDA* 
+ QiynmatAIAFA™) + Org. (76) 
On the right hand side 2 = Q(NP’), with derivatives with respect to 
N, and Jt = 4*(N). We now substitute from (55) and (57); this gives 
b(PP') = — ond? + s(AAt — o,DAt + 40?SypmdAtAtuku™) 
+ $s2(2A;DAi + ADA* — ofu;D2A* + Signmdt ATA kum) 
+ 453(3A,D24¢ + 3DA;,DA* + 4,D2A4) + Oz. (77) 
We may simplify this slightly by using an implication of the F-W 
law (70); we have 
A,d*‘ = const., 
A,;Dii + DA,Ait = O, 


A,D24i + 2DA,D2i + D24,Aé = 0, (78) 
2A,Dat + DA = — DA, 
3A,D2at + 3DA;DAé + A,D24t = — 2D2A,4i — 3DA,DAi. 


The last two lines may be substituted in (77). 
The coefficients of the powers of s and o in (77) are evaluated at N. 
To find 4(Qi1P’) and ¢(Q2P’), we are to substitute, as in (66), 


s=4y7+ 4/+ 04, / = 0s, 


79 
s?= 477-+ 04, 88 = 4n73 + Oa, Oa 
with 7 = — 1 at Q1 and 7 = 1 at Qe. Hence, with Q standing for Q1 
or Qs, 
b(QP!) = — oped + 4qr(Asdt — opsDat + 40°Siyemd ASuby) 
+ $fA jt — 472(DA,At + of{upD228 + Signmdt ATA um) 
— ggnt?(2D2A ;A! + 3DA;Di*) + Oz. (80) 


We have now to substitute from (67) 


o — to2u,;DA*t + o8 E, E = 4K — 3b? + 3(uDA‘)?2, 


= 
f = — 4o038u,D2At, ey 


Nie ple 
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We obtain 
$(QP') = (W + nW*)o + (Y + nY*)o? + (Z + nZ*)o3 + Oa, (82) 
where the coefficients have the following values: 
W = — pi," W* = Adi, 
Y = — 4DA,i', Y* = — wD’ — 4u,DAtAjA, 
Z =4mDA'DAjM — $u,D20! — gu,D2At Ag — BS ajemdtATAkum, — (83) 
Z* = EA + tu;DAtujDi — 4D2A;A* — 4DA,D1' 
+ Sagem Ajukum. 
We now restore to /¢ the labels indicating a Fermi tetrad. If we write 


i» for A#, 6(QP’) becomes Q()(QP’), and if we write At (= diy) for 4%, 


¢(QP’) becomes 2 4)(QP’). These are the quantities we need in (74) 
for the calculation of the direction cosines, and we proceed to evaluate 
them. 
By the Frenet-Serret formulae I-(55) we have 
DA?t = dB, 
DB = cCt + bAt, (84) 
D2At = $62At + DOdB*t + beC, 


Denoting components on the Fermi tetrad /j,) in the usual way, we 
have 


Dig) = AM,,DA; = DAN, By = BAIB yy, (85) 
D244) = Al(DIBYyy + bcC (yy) + Btb?By. 


Then 
wA'=0, — WAlyy) = KO 
MDAt = bBiyp™, DA) 0; (86) 
p4D2At = DOB yu + beC yu, pi DA) = PB Bu, 


and 
Ady =0, DAR =bBq, DADA) = 0, (87) 
D2 Aid, = DOBiy + beC ww, 
and also 
SigtmdigyATuku™ = So4p pePu, s 


Sighmd(gy AIA oS S asap? , 
Synge 9 


130 CHRONOMETRY IN SPACE-TIME [CH. III, § 8 


Note that wy) (= w™) are the direction cosines of NP’ relative to 
the Fermi triad. 
Inserting the label («) in (83) and using the above results, we find 


We) = — Mw: Woy, 
Yq = — 30By, Veo = 0; a 
Z (y) oo ES (aa pyle, 
Zi) = — HDEBwy + BC wy) + FS apy" PUM. 


Thus (82) gives 
Qy(OP') = Wyo + Y(yo® + (Zi + 7ZG)o3 + Os, — (90) 


with the above values for the coefficients. 
We now write Aé (= 4(,)) for 4¢ in (83) and obtain 


W (a) — O, Wa) a ST l, 

Ya) = 0, Yay = — SoBe, (91) 
Za) = — 34D? AE = — 3(DOBye™ + OCC (yu), 
Zia) = — E 4 $b2(B eae)? — 3b? + 3S ape Pu. 


We can reduce this last expression, for, by (60) and (81), 
k= SS igemAtAsjukum = $S 44py HOU, (92) 
B= 4K — $b? + B%(Byyu™), 


and so 
Lin) = EK — fb? + 4b2(Biyu™)? = EK — $b% sin®(Bu), (98) 


where (Bu) indicates the angle between the first normal Bé and the 
vector uw’, We have then from (82) 


‘ 1 


Qi (QP’) = — no + nY (40? + (Za) + nZ(4))o? + Og. (94) 
Accordingly, by (74), (90) and (94), the direction cosines for emission 
(7 = — 1) and reception (7 = 1) have the values 


Qy Wet Ywo+ (Z@ + 1Z@)e? + Os 


Sa OG 
Qa) —1+ Yio + (Zas ot nZ (4)) 02 + O3 ( ) 


Oy) = 


CH. III, § 8] BOUNCING PHOTON 131 


By binomial expansion of the denominator, this becomes 


D(a) = P(x) cid Nix) a O3 (96) 
where 


Yo = — Wwe — (Ye + WwYine 
—{YwY¥iy) + Zw + Ww(Za) + Visio, (97) 
Va) = — 0(Zq + WZ): 
The increments in the direction cosines are therefore 
AB (ay = 2) + Os. (98) 


This equation tells how the photon gun must be turned, relative to the 
Fermi frame, in order that it may catch the returning photon. The 
rotation is of the second order in o. This fact serves to tdentify Fermi 
transport physically. For if we use a frame which rotates relative to 
the Fermi frame, then in the time of the experiment (approximately 
2c), there will be a rotation of order o relative to the Fermi frame; an 
observer who uses the rotating frame will have to turn his photon-gun 
through an angle of order o in order to catch the returning photon. 
Thus Fermi transport 1s distinguished by the fact that for Fermi frames, 
and for them alone, the angle of rotation of the photon-gun is zero tf 
quantities of order o% are neglected. Or we may put it this way: if 7 is the 
trip-time and @ the angle through which the photon gun must be 
turned, then the limit of 6/7, as 7 tends to zero, is zero for Fermi 
frames and for them alone. 
Substitution in (97) from (89) and (91) gives 


Yo) = Hat! — 2 bo cos(Bu) + ¢Ko? — 3b%07(1 — 3 cos*(Bu))} 

+ Biy(3bo — 4670? cos(Bu)) + $0S(asspe, (99) 
Vay = FF — Mok ge® — $5 aap Pu™), 
where 


Fwy = 3(DOB wy + bcC wy). (100) 


This displays these 3-vectors in terms of components along wi) (the 
Fermi direction of the balloon), By, and C,, (the first and second 
normals to the observer’s world-line), and two other 3-vectors involv- 
ing the symmetrized Riemann tensor 11-(48). 

As a check on these rather involved calculations, it is easy to verify 
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that 6(;,.0 = 1+ O3, and that 6;,) and A6(,) are orthogonal to the 
order considered. 

Since in a first approximation we have 6(,. = m, and 7 = 20 
(r being the trip-time), we can write (98) in the form 


277A Dig) = Fy — OF gO — 3S (q4h)9P 0%. (101) 


In this equation all the quantities are observable except the F-terms 
and the S-terms. Thus, with sufficiently refined apparatus, obser- 
vation of the bouncing photon would yield information about the 
curvatures of the observer’s world-line and about the Riemann tensor. 

We must however bear in mind that the above approximations are 
based on power series expansions, with o small. This may be adequate 
for the discussion of a photon bouncing off an artificial satellite, but it 
certainly would not do for a photon bouncing off the moon. 

Actually a process of approximation based solely on the smallness 
of o is not admissible at all, since o is a dimensional quantity (time or, 
equivalently, distance). Only dimensionless invariants can be called 
small in any absolute sense, and what really matters in the approxi- 
mation is the ratio of a rejected term to those which are retained. 
However, the correct procedure (with precise statement of the as- 
sumptions made) would be somewhat tedious, and the interested 
reader should find little difficulty in filling in the necessary details in 
the above argument and in other similar arguments involving similar 
approximations !. 


§ 9. THE FALLING APPLE 


According to the famous legend, Newton was inspired to create his 
theory of gravitation by witnessing the fall of an apple from the 
branch of a tree, and students of Newtonian physics even today 
would say that the acceleration (980 cm sec~?) of a falling apple is due 
to gravity. According to the theory of relativity, that view is quite 
wrong. We shall make a careful study of the problem, and we shall 
find that the gravitational field (i.e. the Riemann tensor) plays a 
very small part indeed in the phenomenon of free fall, the acceleration 
of 980 cm sec~* being in fact due to the curvature of the world-line 
of the branch of the tree. Indeed, we would witness an acceleration 
of 980 cm sec? in an apple if we released it from a rocket travelling 


1 Cf. remarks on smallness in 11-§ 3. 
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with that acceleration in remote space, far from 
any significant gravitational field. But it would 
only be confusing to pursue the matter further 
in Newtonian terms, or to refer to Einstein’s 
principle of equivalence !, because the problem 
isa problem in Riemannian geometry, simple in 
principle although a little complicated in detail. 
Merely for purposes of comparison and physical 
interpretation, we shall link the final results 
with some Newtonian ideas. 

In Fig. 13, C is the world-line of an observer 
(the branch of the tree) and J” that of a freely Big7 dois: Bree sal 
falling body (the apple); J” is a geodesic, but C 
is not. C and I” touch at O, the event of release, the tangency corre- 
sponding to gentle release, without initial relative velocity. To follow 
the fall in a completely physical manner, we should consider signals 
passing from J” to C, but we shall be contented here with a more 
mathematical treatment 2. 

Let P’ be any event on J” and P’P the (spacelike) geodesic drawn 
orthogonal to C. Let o = PP’ and let yu? be the unit vector tangent to 
PP’ at P. We shall study the vector ov? by taking its component on 
a vector 4? which is transported along C in any manner (we shall 
specialize the law of transport later). 

Let s = OP, s’ = OP’, these being times registered by clocks on the 
branch and on the apple respectively. The construction sets up a 
correspondence between s and s’, and we shall write 





S = ds'/ds. (102) 


The invariant o;d? is a function of s. In terms of the world-function 
we have 


opyAt = — Q,(PP’)H(P). (103) 
We shall expand this as a power series in s, but to avoid writing a lot 


1 Cf. MeLLER [1952, p. 220]. 

2 For various reasons the calculations are carried out to a high order of 
approximation and that makes them look formidable. To get a quick rough view 
of the falling apple, the series may be cut off with rejection of the terms in s?; 
then the right hand side of (125) will reduce to its first term, giving the rela- 
tivistic analogue of the elementary problem of free fall. 
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of minus signs, we shall define 
d(s) = Q;(PP’)i(P), (104) 
and expand this in the series 


d(s) = [¢] + s[Dd] + 9s?[(D24] + §s3[D36] + as*[D44] + Os, (105) 
where D = 6/ds and [ | means evaluation at O, i.e. a coincidence limit, 
since P’ coincides with P when s — 0. 

Let At (= dxt/ds) be the 4-velocity of C at P, and let A” be the 4- 
velocity of I” at P’; since I” is a geodesic, we have 


DA?’ = 0, (106) 
We note that 

Q;At = 0, (107) 
on account of the orthogonality at P. | 


The formulae which follow resemble (76), but are more complicated 
since P’ is not fixed. We have 


Dd = Q;DAE + Dylt AF + OWAATS, (108) 
D2g = 2,D208 + 24j(2DA*AI4F-ADAS +O (2DMATS+LAAIDS) 
+Q 57M AIAB4 QD 7H AIA BSA Qi AATA k’S2, (1 09) 


D3 = Q,D84 + Qy(3D24tAI + 3DA*DAI + 442A) 
+ Qiy(3D20AI'S + 2DAIAIDS + AtAs’D2S) 
4+ Qiyjp(BDAAIA® + 2HDAIAE + MAIDA) 
+ Qe (6DAAIAR'S + 32D AIAW’S + 37 AIAF'DS) 
+ Qijre (BDAAT ARS? 4 314s’ AR’ SDS) 
+ QizemAt AIAFA™ +. 3Qiznm AIARAM'S 
+ 3Qijn mm BAIA AM S2 4 Quy AU AR Am'S3, (110) 
Now take 4# = Ai. Then, by (107), 6 =0; hence Dd, D2¢, D8¢ 


all vanish, and so do their coincidence limits. Referring to the list of 
coincidence limits in 11-(69), we obtain from (108) 


[Ss] = 1, (111) 
as is indeed obvious otherwise. From (109) we get 


(DSii==0, (112) 
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and from (110) we get 

[DAS] == <= 262, b2 = DA,DA?, (113) 
b being the first curvature of C at O. In making the above calculations, 
we use the fact that [A?’] = [A*] and the fact that [Qijxm] vanishes 


when contracted with the same vector three times. 
We now take 4¢ orthogonal to C, so that 


tA; = 0, (114) 


but without any other restriction for the present. Using (111)—(113), 
we get from (104) and (108)-(110) the following coincidence limits: 


[4] =0, [Dd] =0, (115) 
[D?6] = #"DAij, (116) 
[D3¢] = 3DA"DA,; + AD2A,, (117) 


the right hand sides being evaluated at O. We need [D4¢] also. It is 
unnecessary to write out D4, for we can carry out the differentiation 
of (110) mentally and get the coincidence limit in one step, because 
many terms vanish. Thus we get 


[D446] = 6D2A*DA; + 4DA*D2A; + APD3A, + 602DA'A, 
+ RijnmatAtA kDAm; (1 18) 


we have used Simjx — Sijyme = Rixjm (cf. u-(69)]. Therefore, for any 
it satisfying (114), the series (105) reads 


$(s) = 38°(D?4] + §s°[D34] + ggs*[D%¢] + Os, (119) 


the coefficients being as in (116)—(118). 

There are two particularly interesting choices of 4*, consistent with 
(114). First, we may take it to be a member of a Fermi triad; secondly, 
we may take it to be one of the principal normals of C. 

Taking 4* to be a Fermi vector, we have the following equations: 


Dat = AMIDA, 
DitA;=—ADA;, DADA;=0, DAD2d4;= — B-AIDA,, 
D2at = DADA; + AtDAIDA; + AtD2A;, 

D2iDA; = BAIDA,. 


(120) 
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Hence 
s) = 48°77D A; + 4834*D2A; + 384(1'D3A; — 4622°D A; 
p(s) = 3 34 
+ RijxmstATAkDAm™) + Os. (121) 


We shall now insert the label («), 4) being a Fermi triad. Then, by 
t1-(185), the first three Fermi coordinates of P’ are 


Rig =O (122) 


(a)? 
i.e. @ with sign reversed. Thus, 7m terms of Fermi coordinates, the fall 
of the apple ts given by 
Xi = — 38°(DA)() — $83(D?A) (ay 
dys4(462(DA) i) — (D8A) ca) — Rieaapy(DA)®) + Os. (123) 

Here s is the time registered by a clock on the branch of the tree (it is 
in fact the fourth Fermi coordinate), and the labels indicate compo- 
nents on the Fermi triad, evaluated at O, the event of release. 

We can write this formula in a different form by expressing the 


derivatives of the 4-velocity A‘ in terms of the principal normals and 
curvatures of C. By the Frenet-Serret formulae I-(55), we have 


DAt = bBi, 
D2At = b2At + DOB + bcCt, 
D8At = 30DdAt + (D2b + 03 — bc?) Bt 
+ (bDe + 2cDb)Ct + bcdDt, 


(124) 


where Bt, Ct, Dt are the first, second and third unit normals, and 
b, c, d the first, second and third curvatures of C. Then (123) may be 
written 
X (4) es 38°OB (4) oe $83(DOB (yy a bcC (q)) 
+ 2,s4{303 — D2b + bc?)Byy — (bDe + 2cDb)C 
— bedDy — bRasapyB} + 05. (125) 


To avoid confusion with the formulae which follow, we note that, 
although the principal normals have been introduced, the coordinates 
X ,) are tied to a Fermi triad. 

We shall now use the principal vectors of C as a frame of reference, 
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taking in turn 
A == Be SC A= Di. (126) 
In this frame of reference, the coordinates of P’ are 
Yay = — QB, Yay = — QC, Yo) = — Q,Dt. (127) 


To calculate these coordinates for the falling apple, we have to go back 
to the equations (115)-(118) and substitute for 4* from (126). Thus, 
using labels as in (127), we get 


[D?¢]a) = BIDA; = 8, 
[D34]1) = 3DB‘DA; + BéD2A,; = Dd, (128) 
[D4] (1) = D2b + 968 — 3bc2 + bR aay; 


[D?$] (2) = 0, 
[D?¢](2) = — 26c, 2?) 
[D4] (2) = — 5bDe — 2cDb + bR e241); 


[D?¢](3) = 0, 
[D4] (3) = 9, (130) 
[D446] (3) = 3bcd + bR (gaat). 


In the R-terms, the components of the Riemann tensor are taken on 
the tetrad (Bi, Ct, Dt, A‘) in order. We have then, remembering the 
minus signs in (127), 


Yay = —4bs? — $s8Db + sy84(3bc? — 963 — D2b — bRi4a1)) + Os, 
Yo= 4s3bc + aiS*(SbDe + 2cDb — bR (2441) -L Os, (131) 
Y@) = — aS4(3bed + bR (3441) + Os. 


These formulae express the fall of the apple in terms of coordinates based 
on the principal normals of the world-line of the branch of the tree. 

The interpretation of (131) is simpler than that of (123) or (125) 
because the three Y’s are of different orders of magnitude. If we neglect 
O4, we see a motion primarily in the sense of the vector — Bé with a 
small deviation (Og) in the direction of C*. In the representative 3- 
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space in which Bt, Ct, Dt are taken as axes of coordinates the tra- 
jectory is as illustrated in Fig. 14; its equation is 


8 c3 
oa Vii: (132) 
We note that the initial acceleration is } in the direction — Bi. 

These results throw light on the world-line of a terrestrial observer. 
If he drops an apple, its initial acceleration is vertically down (the 
direction of a plumb line) and its magnitude is g. Comparing experi- 
ment with relativistic theory, we see that the first normal to the world- 
line of a terrestrial observer points vertically up (against the plumb line) 
and the first curvature of his world-line 1s g; on the equator 


b = g = 978.05 cm sec—? = 3.263 x 10-8 sec7!. (133) 


In writing down this last numerical value, we are to remember that 
throughout this book the fundamental measurement is the measure- 
ment of time, and for that we conveniently use the second, which we 
take to be a conventional multiple of the period of (say) the cadmium 
red line, the multiple being that which agrees with the best experi- 
mental value available. From the experi- 
mental value of the speed of light we can 
then assign a value to the centimetre: we 
have 


an, som 
Ya =— 


1 sec = 2.998 x 1019 cm, 


(134) 
lcm = 3.336 x 1071! sec. 


Using this last value, we obtain the final 
number in (133). For the radius of curva- 
ture of the terrestrial observer’s world-line 
we have 


b-l = 3,065 x 107 sec, _—(135) 


which is roughly | year !. 

When the rotation of the earth is taken 
into account in Newtonian mechanics, we 
aie, toe She eat find that the trajectory of a falling body 
principal normals of the deviates towards the east, and if we depict 
world-line of the support that trajectory in Fig. 14, with B¢ pointing 





Fig. 14 — Free fall viewed 


1 A list of numerical values will be found in Appendix B. 


CH. II, § 9] FALLING APPLE 139 


vertically upward and C% pointing east, then its equation agrees with 
(132) if we write 


c2 w2 cos2 A 


— ; 136 
; ; (136) 
where w is the angular velocity of the earth and / the latitude of the 
place 1. Thus we see that the second normal to the world-line of a 
terrestrial observer points to the east and the second curvature of his 
world-line 1s 





c= cosa. (137) 


For an observer on the equator, the numerical values of this second 
curvature and the corresponding radius of curvature are 


= 7,292*« 10-9 sec}, c-1 = 1.371 x 104 sec. (138) 


This radius is about 4 hours. 

It is interesting that, although the acceleration due to gravity is 
much more important in ordinary mechanics than the effects of the 
earth’s rotation, the first curvature } is actually much smaller than the 
second curvature c; in fact, we have 


ble = 4.475 x 10-4, (139) 


We have seen that, by observation of the acceleration and de- 
flection of a falling body, it is possible to identify physically the 
normals Bi, Ct (and hence, by orthogonality, D*) of the observer’s 
world-line, and also the first two curvatures bd, c. It does not appear 
from (131) that the third curvature d is readily accessible to dynamical 
observation. However, there is another approach. In § 8 we were able 
to identify Fermi transport physically by means of the bouncing 
photon, and we shall now see that the value of d follows from the 
connection between the triad (B?, C?, Dt) and the Fermi triad Mex 
The following work down to (145) inclusive is pure geometry in the 
manner of I-§§ 3,4. 

Let us resolve the unit normals on the Fermi triad: 


C=C a Dt = Dai. (140) 


(a)? 


Bt = Bayh 


(a)? 


To guide our thoughts, we think of 4(,) as rectangular Cartesian axes; 


1 Cf. J. L. Synce and B. A. GrirritH, Principles of Mechanics (3rd Edn., 
McGraw-Hill, New York, 1959), p. 364. We here assume that the actual deviation 
agrees with the Newtonian formula. N. A. Kozyrev has recently claimed that 
it does not agree. 
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then we see three mutually orthogonal unit Cartesian vectors By), 
Ci), Di — that is how the normals appear to a Fermi observer. We 
substitute (140) into the Frenet-Serret formulae I-(55), and use the 
equation of Fermi transport, 

or 


=a = bAt} By = bA'B yy. (141) 


We get, with a prime for d/ds, 
Boxy = cli, Cow) — aD () a CB wy), Dea) — aC (4). (142) 


Now if, in Euclidean kinematics, an orthonormal triad (i, j, k) rotates 
with angular velocity w, we have 


ii =—oXi=o X (j < k) = wsj — wok, (143) 


and two similar equations, where w1, w2, w3 are the components of 
@ on the triad. Hence, if w1, we, w3 are the components of angular 
velocity of the triad of normals relative to the Fermi triad, with these 
components taken along the normals, we have 


Bigy = O8C(y — OD), 
Cig = @1Dq) — w3Bwy, (144) 
D4) = ©2B i — 01C (a: 


On comparing these equations with (142), we obtain the following 
simple expressions in terms of the second and third curvatures of the 
timelike world-line on which the triads are given: 


oO, = da, O2 = O, M3 — C. (145) 


These components of angular velocity are indicated in Fig. 14. 

To interpret this angular velocity in the case of a terrestrial obser- 
ver, we have reason to regard a Fermi triad as a triad without rotation 
in the ordinary sense. Then the angular velocity of (145) is to be 
identified with the angular velocity of the earth (marked w in Fig. 14). 
Then, A being the latitude of the observer, we have 


c=ocos, d=osind. (146) 


The first of these is the same as (137), obtained dynamically. The 
second is new: it gives us the third curvature of the world-line of an 
observer on the earth. It is interesting that c and d are in general of 
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the same order of magnitude; however, c dominates at the equator and 
d at the poles. 

This physical identification of the curvatures of the world-line of a 
terrestrial observer is, of course, somewhat crude, because the earth’s 
orbital motion has not been considered. Anyone who wishes to examine 
the question more carefully should remember that (145) is an exact 
mathematical formula, independent of any physical interpretation. 


§ 10. THE BALLISTIC SUICIDE PROBLEM 


The usual problem of ballistics is to aim a projectile so that it hits 
someone else. Here we consider the ballistic suicide problem: the 
projectile is to hit the projector himself! 

However perverse such a problem may be sociologically, it is a neat 
problem in relativity, because there 
are only two observations and both 
are made by the same observer. 


Moreover it forces us to realize that (s ) Ae 
although the trajectory of a pro- (2) 
jectile fired straight upwards seems 

sharply curved at the top, from a 
space-time standpoint it isasstraight Observer Mes projectile 


as possible (geodesic). (s=0)Q 
Fig. 15 shows the world line C : 

of the suicidal observer: Q1 is the 

event of the projectile’s departure, Al 

Qg the event of its return, and 

the geodesic J" joining Qi and Qe i iy 

is the history of the projectile. We rage @) 

apply the argument of 11-§ 13, taking Hig do Pals ie suicide 

the point Qo of Fig. 11-15 halfway 

between Q1 and Qe, so that we may write 





sy = — ho, sg = to, sg — Sl =<. (147) 


Then o is the time-interval between Q1 and Qg2 (the projectile’s time 
of flight) as recorded by a clock carried by the observer. In accordance 
with 11-(258), we denote by 7 the other measure of the time of flight, 
viz. that recorded by a clock carried on the projectile. As in 11-(259), 
we have then 

T= 0 + 0203 + Oz, (148) 
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where 0 is the first curvature of C at Qo and o is small (Oj). 

We note that 7 >a, ie. the projectile’s clock runs fast when 
compared with the observer’s!. It is interesting to see how high a 
projectile must go above the earth’s surface to give a time-difference 
within the limits of modern chronometry 2. To make 


tT — o > 10-10 sec, (149) 
we need to take o at least as great as the value given by 
b?o3 = 24 x 10-19 sec. (150) 
For a terrestrial observer, we take b as in (133); then we get 
o3 = 2.254 x 108 sec, o = 131 sec, (151) 


which is a time of flight of somewhat over 2 minutes. This corresponds 
to a trajectory rising to a height of {go? = 21 km roughly. It is hardly 
necessary to point out that in seeking conceptual simplicity we have 
wandered rather far from reality in eliminating the resistance of the 
air; its inclusion would, however, involve some rather ugly compli- 
cations. 

Let us now consider the projectile’s initial and final velocities, 
measured on a Fermi triad 4?) carried on the observer’s world-line C. 
If the projectile’s 4-velocity is Vé and its components on the Fermi 
triad are V,,), then this 4-velocity is connected accurately with the 
first derivatives of the world-function 2(Q1Q2) by [cf. 1-(17)] 


Q, = — Vi, Q;, = Vi, 
(152) 
Qe) = — Vig), — Qeag) = TV ey): 
But by 11-(269) we have 
Qe.) = — 402(DA) iy — §O( aaa + Og, (183) 
Q(,) = — $02{(DA) (g) + $0(D?A) (y} + Or, 


1 This is an example of that basic fact of relativity which is often absurdly 
called the clock paradox. 

2 For the somewhat similar problem of red-shift for an artifical satellite, see 
S. F. SInGErR [1956], B. HorFMANN [1957], A. Das [1957b]. 
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where the A-terms are evaluated at Qo. Hence, by (148) and (152), 
Va.) = 30(DA)(y — 7g02(D? A) () + Os, 
V (a) = — ¥0(DA) () — 7y0?(D?A)() + O3, 


these being respectively the initial and final velocities. 
In first approximation, we have 


V (og) = 400Byy +02, Vm) = —tobByy + O02, (155) 


so that the projectile is thrown along the first normal to C, and 
returns along the first normal. Now for a quick terrestrial suicide, we 
know that the projectile should be thrown straight upwards with a 
speed 4go, where o is the time of flight, and so we verify what we 
found in § 9 — the first normal to the terrestrial observer’s world-line 
points vertically up and its first curvature is b = g, as in (133). 

But the final velocity is not precisely the reverse of the initial 
velocity, for by (154) and (124) we have 


Via) + Vin = — $02(D?A)(q + Os 
— 40?(DbB(y + beC (yy) + Os, (156) 


where Db = db/ds at Qo. Referring to Fig. 14, we see that in the 
terrestrial case this 3-vector has a component 4o2D6 down (direction 
of — Bt) and a component 402bc westward (direction of — C%). 

Thus we see that ballistic suicide observations provide in principle 
the first and second normals (B?, C*) of the observer’s world-line, and 
also b, c, db/ds, the observed quantities being the flight-time o and the 
3-vectors in (155) and (156). As regards numerical values in the 
terrestrial case, we have 0 and c (equatorial) as in (133) and (138), and 
if we take o as in (151), we find 


lob = 2.137 x 10-8, — foc = 6.805 x 10-9. (157) 


These terms in (155), (156) are dimensionless, and are in fact fractions 
of the speed of light. In more usual units, we have 


0b = 6.41 x 104cm secu], 402bc = 204cmsec!. (158) 


These figures give an idea of the magnitudes involved. We must of 
course remember that we are here committed to the method of 11-§ 13 
which uses power series, and the method is applicable only to a fairly 
restricted domain of space-time. Suicide by means of a projectile 
which travelled to the vicinity of the moon, for example, and then 
returned to the earth would be quite beyond the scope of this method. 


(154) 
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§ 11. STATICAL MEASUREMENT OF GRAVITATIONAL FIELDS 


As was shown in § 9, the observation of a falling body gives infor- 
mation about the world-line of the observer, but it seems to throw 
little light on the strength of the gravitational field, i.e. the compo- 

nents of the Riemann tensor Rijxm. True, these 
uv components occur in (131), but they are masked 
by other terms. 

We now consider the possibility of measuring 
a gravitational field by experiments which we 
may call statical by analogy with the familiar 
statical experiment in which two bodies each of 
mass m are weighed against one another, with one 
body in the attic and the other in the basement. In 
Newtonian physics, the difference between the 
two weights, divided by the difference in height, 
and by m, gives the rate of change of the intensity 
Co C, Co of the gravitational field. We shall investigate 
Fig. 16 — Statical What such a quotient represents in relativity. 
measurement of In Fig. 16, Co is the world-line of an observer. If 
gravitational field he drops an object, its geodesic world-line departs 

from Co, but as long as he holds the object, its 
world-line coincides with Co. If A’ (= dxt#/ds) is the 4-velocity of 
a particle of mass m carried on C9, the 4-force acting on it is 


5Ai 
Ft = m—— = mbBi, (159) 
Ss 


where 0b is the first curvature of Cp and B? its first unit normal. In 
view of the considerable differences of opinion among Newtonian 
physicists as to the logical status of the concept of force, it would be 
foolish to insist pedantically here either (i) that (159) is the defenzteon 
of force, or (ii) that (159) is a law of motion involving an already 
accepted concept of 4-force. 

However we look at it, we may regard F% as statically measurable 
(with a spring-balance for example), and so the observer can obtain 
statically the vector Bé and the curvature b. Alternatively, the 
observer may rely on dynamical experiments, observing a falling body, 
and indeed this method is more powerful, for (as seen in § 9) it gives 
not only Bt and 6 but also the other normals C*, D‘ and the other 
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curvatures c, d. We shall proceed on this dynamical basis because it is 
richer in results, but we can always go back to the more restricted 
statical results by putting y = 6 = 0 in the formulae which follow. 

At each event on Co we have the orthogonal triad of normals 
(Bi, Ct, Dt), Let B, y, 6 be any constants satisfying 


and let dv be an infinitesimal constant. Then the vector 
(BBt + yCt + 6Di\dv (161) 


can be constructed at each event on Cop, and the extremities of these 
infinitesimal vectors give an adjacent world-line Ci, which may be 
used for observations by a second observer. Stepping off from Cy along 
the vector (161), with 8, y, 6, du the same constants as before, we get a 
third adjacent curve Ce. Repeating indefinitely, we obtain a single 
infinity of world-lines, which form a 2-space, and on this 2-space we 
take parameters (#, v) as follows. Let wu = s on Co and uw = const. on 
each of the curves tangent to the vectors (161) (Fig. 16). Let v = const. 
on each of the world-lines Co, Ci, Ce, ... with v = 0 on Co. Writing 
Oxt oxt 


Ui =, Vi = —_., (162) 
Ou ov 








we have then the following formulae: 








6Ut _ oVi 

6viia—C 

Vi = BBt + yCt + 6Dt, ViVi = 1, (163) 
U,;Vi = 0, At = GU, U2 = — U,Ui, U >0, 


(U)y-0 = 1. 


In these formulae A‘, B?, Ct, Dé are the unit tangent and unit normals 
to any one of the curves v = const. 

Each of the world-lines v = const. has a first curvature b(u, v). Our 
object is to calculate (@b/0v),-0, an observable relativistic invariant 
which corresponds to the rate of change with height of the Newtonian 
gravitational field, as described above. 


Synge 10 
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At any point of the 2-space of world-lines, we have 
OAt 
bBi = 


1 6 o_( Z) 
ds U du\U/’ 
since ds/du = U. Hence 








(164) 
1 §Ut Ut eU 
pra ppoetoee: 
U2 du U3 ou’ 


dU* 6U; aU \2 Mee) 
ous Ou ou 


since UdU/du = — U,6U*/du. Differentiating with respect to v, we get 
~ 





eU = Ut «&U 
Us — + 2b2U8—— = ‘ 








oU eU 166 
dv éu  dvdu du Ovdu — ife0) 
Now, by (163) and I-(95) 
eU 5Ut 5Vvi 
U——_— = — U;-——- = — U; ; 
ov Ov Ou 
U,V; 
Ovdu 





(167) 
=a + RaemUiveum, 
uU 


and so, putting v = 0 in (166) and noting that then u=s, U = 1 
oU/éu = 0, we obtain 


ab 6V;, 6A? 
faa op At 
Ov 


Os 








eV; 
= (2 ee RyenAtveAn (168) 
or 

ob 


OV. 62V 
Tes eT ae : +B (22 : 
U 


By (163) and I-(55) we have 








aie Ry wmAIVEA m). 





(169) 
OV; 
3s = B(cCy + bA;) + y(dD; — cB,;) — 6d, 
62V; 
és2 


= P{c’C, + c(dD; — cB;) + b'A; + 02B;} 


(170) 
+ y{d'D, — dC; — c’B; — c(cC; + bA;)} 
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where the prime means d/ds; hence 





qi ae 2 pe 
S 
‘a (171) 
1A = pipe — c2) — ye! + ded. 


We substitute these values in (169), and use (1, 2, 3, 4) as labels for 
components on the orthonormal tetrad (Bt, C4, Dt, A‘), in this order. 
Thus we obtain (for v = 0, i.e. on Co) 


ob 


ap = PlRasa — 0 — 0?) + y(Raaea — c') + d(Raasa + ed). (172) 


If we now put in turn each of constants f, y, 6 equal to unity and the 
other two zero, we get the following formulae for the rates of change 
of 6 in the directions of the normals Bt, Ct, D@ in order: 


ob 
( ) = Raia) — 0? — c?, 
(1) 


‘Ou. 

~) 

SNe eae a ee 173 
ob 

(=) = R434) + ca. 

dv / (3) 


Since dv is in fact an element of distance, we see that these formulae 
give the rates of change with distance in the tension in a plumb line 
of unit mass for displacements in the directions of the three normals 
of the observer’s world-line. 

In the terrestrial model (Fig. 14) these three directions are re- 
spectively (i) vertically up (as indicated by a plumb line), (ii) to the 
east, and (iii) to the north. By comparison with a Newtonian model, 
we shall evaluate, at any point on the surface of a rotating body, the 
components of the Riemann tensor which occur in (173). 

Fig. 17 shows a quadrant of the axial section of a body rotating 
with angular velocity w. The observer is at O, at latitude 4. The unit 
vectors, which we now indicate by B, C, D, point as shown, and we 
take them as axes Oxyz. ON is dropped perpendicularly on the axis of 
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rotation, the direction of which is indicated by the unit vector K; 


ee 
let NO = Po. 

Let § be the vector representing the tension (from support to bob) 
in a short plumb line of unit mass attached to a point P with co- 
ordinates (x,y,z). Let V(x,¥,z) be the Newtonian gravitational 


—-@®@ 





Fig. 17 — Rotating body 


potential, chosen with that sign which makes gravitational intensity 
equal to VV. Then 


where p = MP, perpendicular to K. Now 
p= po+r— Kir-K), (175) 
where 
—> 
r= OP = «B+ yC-+ 2D. (176) 


Therefore 
op : j 
—— = B—K(B-K)=B~—K sin (4=B cos? A—D sin 4 cos 4, 


OF a (177) 
oy 


oe — D—K(D-K)=D~—K cos 4=—B sin 4.cos AD sin? A. 
a 


The magnitude g of the vector g is the quantity 6 which occurs in 
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(173), and we seek to evaluate dg/0x, dg/0y, 0g/éz at O. Now 


og og, 
ooo. 7 g ae etc., (178) 


and at O we have 
(8)o = — goB, (179) 


since B is vertical by plumb line; here go is the tension in a plumb line 
at O. Hence, by (174) and (178), 


i FO 


Ox Ox ae 

~),--® (Fe) 

apes — — B- au es — —V = 0, 180 
(4 se.) = — Vey (180) 
og og 


( ) -—B.(#) = — Vyzz + w? sin Acos A, 
cz Jo dz 10 


the partial derivatives on the right being evaluated at O. The zero 
value in the second equation arises from the fact that Vy = 0 all 
over the plane y = 0. Comparing (173) and (180), we get 


Raia) — > —¢? => — V a3 — w* cos2 A, 
Raza) —c= O, (181) 
Rasa + cd = — Vaz + w? sin Acos A. 


Recalling the values found for c and d in (146), certain terms cancel, 
and (since c’ = 0) we get 


Raa = — Vee + 93, Raaea =0, Reaaza = — Vaz. (182) 


Thus we have evaluated certain components of the Riemann tensor in 
terms of second derivatives of the Newtonian potential, on the as- 
sumption (a pretty sound one) that Newtonian mechanics gives a very 
good approximation to physical reality; or, more cautiously, we might 
say that the evaluation (182) is valid if the body and its rotation are 
such that Newtonian.mechanics is valid. Note that Raia) is the 
negative of the Riemannian curvature for the 2-element defined by 
the observer’s world-line and its first normal. 
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To estimate the components (182) at a point on the surface of the 
earth, let us take the earth to be a homogeneous sphere of radius a; 
then, by Newtonian theory, 


where @ is the acceleration due to gravity alone. The difference between 
go and g is due to the earth’s rotation, but it is small and we may take 


& = £0 = 980 cm sec~2 = 3.27 x 10-8 sec}, (184) 
a— 6.37 x 108cm = 2.12 x 10>? sec. 
Since 
g6/ Vex = 38a = 3.47 x 10-20, (185) 


the term g} in (182) may be neglected, and, of the components listed 
there, the only survivor is 


Raa = — 28/a = — 3.08 x 10-6 sec-2. (186) 


This corresponds to a ‘radius of curvature’ of 570 sec, which is of the 
same order as the radius of the earth’s orbit (see Appendix B). 


§ 12. FERMI-WALKER TRANSPORT ALONG A SPACELIKE CURVE AND ITS 
PHYSICAL MEANING 


Fermi-Walker (F-W) transport along a timelike curve in space-time 
was defined in I-(72), and Fermi transport in I-(84). A physical inter- 
pretation of this type of transport was given in § 8 in terms of the 
bouncing photon: the criterion for the Fermi transport of a frame of 
reference is that, relative to the frame, the directions of emission and 
return of the bouncing photon are the same to the first order in the 
distance of the object from which the photon bounces. 

A spacelike curve in space-time is physically much less familiar than 
a timelike curve; the latter is the history of a moving particle, but the 
former can only be described negatively as a set of events between 
which causal relationships are impossible, or as a set of events which 
cannot represent the history of a photon or a material particle. 
However, as far as the mathematics of F-W and Fermi transport is 
concerned, there is not much difference. We simply change the sign 
in the formulae of 1-§ 4 and adopt the following definitions for a 
spacelike curve C: 


Fermi-Walker transport: D&t = — F,j(A*DAj — ASDA‘), (187) 
Fermi transport: Di = — AtFjDA), (188) 
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where D = 6/ds (absolute differentiation with respect to the spatial 
measure of C) and A‘ = dvx*/ds, the unit tangent to C, satisfying 


Ati; (189) 


It is easy to verify that A? itself satisfies (187) and that scalar products 
are conserved. 

To discuss the physical meaning of F-W transport along a space- 
like curve, we may use the same type of argument as that of §8 
(bouncing photon), making the necessary changes in sign. However, 
it would be tedious to go through the details, and it will suffice to 
explain the essential changes in the physical situation and mention 
the most important results. 


4) 





Fig. 18 — Physical meaning of F-W transport along a spacelike curve 


Fig. 18 is Fig. 12 turned on its side 1. C is a spacelike curve and on it 
s is spatial measure as given by the Riemannian metric (ds has a 
chronometric meaning, cf. § 4). On C we take an orthonormal tetrad 
iy, with Aq) tangent to C and Jj, timelike. Let Q1 and Qz2 be two 
adjacent events on C. We seek a physical test to determine whether 
the tetrads 4/,, at Q1 and Q2 are in fact consistent with the condition 
of F-W transport. 

To make such a test, we think of some event P’ which is such that, 
if an explosion occurs at P’, a photon from the explosion passes 
through Q; and another through Qg. In fact, two observers whose 
world lines (not shown) pass respectively through Q1 and Qe see the 
explosion at those events. The null geodesic P’Q; defines a direction at 
Q, relative to the triad 4, there, with direction cosines 0()(Q1), say, 
and likewise P’Q2 has direction cosines 6(,)(Q2) at Qe. 


1 Throughout this book space-time diagrams show future-pointing timelike 
vectors pointing up the page, making with the vertical an angle less than 45°. 
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It is clear that, although there is now no bouncing photon, an in- 
vestigation of these direction cosines will be very similar to the 
investigation of direction cosines in § 8. We draw P’N, a geodesic 
orthogonal to C, and put o = P’N, s=0 at N, s = s; at Qj, and 
S = Sgat Qo, just as we did in § 8. Then, assuming o small (01) we find, 
using the world-function 2 and pursuing the same course as in § 8, 


Sg — S1 = 206 + Oz, (190) 


and, provided the reference tetrad undergoes F-W transport with 
hay = At 
9)(Q1) + 9a)(Q2) = O2, 
8(2)(Q1) — 9¢2)(G2) = O2, (191) 
6(3)(Q1) — 93)(Q2) = Ov. 


(Note the + sign in the first equation.) If the tetrad does not undergo 
I*-W transport, then the right hand sides in (191) are Oi. This gives 
us a physical test for F-W transport: the criterion is that, if o is so 
small that Og is negligible, then the direction cosine relative to the 
tangent ts reversed in sign, and-the other two are unchanged. 

Since F-W transport appears to be a most fundamental physical 
operation (it may be said to represent the absence of rotation), we 
would like to get some intuitive insight into the above test. This is 
not easy because Newtonian ideas are so deeply ingrained in us that 
even the idea of a spacelike curve in space-time does not come easily 
to us. When we seek to understand difficult ideas, fantastic illus- 
trations are best, and the following may be of assistance. 





Fig. 19 — The birds on the lamp-posts 


Imagine (Fig. 19) a row of equidistant lamp-posts, numbered 1, 2, 
3, .... On each lamp-post there sits a bird. The lamps are out, but 
each bird is capable of lighting the lamp on which he sits. 

Suppose first that Bird No. | lights his lamp, that Bird No. 2 lights 
his lamp when he sees the light from No. 1, that Bird No. 3 lights his 
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when he sees the light of No. 2, and so on. Then the lighting of the 
lamps forms a set of events which may be regarded as a curve C in 
space-time, and C is a null curve. 

Now suppose that the birds follow the same plan, but that they area 
little slow in their reactions, so that there is a delay between seeing 
and acting. Now C becomes timelike, and Bird No. 1 could take off 
and keep pace with the lightings, i.e. make C his world-line. 

Lastly, suppose that the birds light their lamps without any causal 
chain connecting them. This might happen in various ways. They 
might light their lamps when they saw the sun set, for example, with 
the sun away behind the picture. Then, it might be impossible for 
any bird to leave his lamp immediately after lighting it and reach the 
next lamp before it was lit. In that case C would be spacelike, and that 
is the case we have to consider. 

Having constructed thus a spacelike curve C, the next step is to fit 
it with an orthonormal tetrad 4%(,) — we do not bother about F-W 
transport yet. The tangent vector 4/,) is easy, for it is defined by the 
lightings of two adjacent lamps. But what of the timelike vector Ai, 
orthogonal to C? A timelike vector represents the 4-velocity of a 
particle, and the best plan is to let each bird take off into the air at the 
instant when he lights his lamp. But in what direction and how fast? 
Consider, for example, Bird No. 4. As he flies off he is to see simultane- 
ously the lightings of Lamps Nos. 3 and 5. (Since C is spacelike, hedoes 
not see these lightings until after he lights his own lamp and takes 
off.) This plan does not, of course, fix Aj, — it only restricts it. Any 
choice subject to the restriction having been made, it is an easy matter 
for each bird to define two vectors, Ia) and Ai3)s in his instantaneous 
space and orthogonal to i). 

We have now an orthonormal tetrad defined along the spacelike C, 
with Aj, tangent to C and Aj,) timelike and orthogonal to C. It remains 
to apply the test for F-W transport. Let us concentrate on Birds Nos. 
3 and 4. We must arrange an explosion somewhere at some time such 
that the light-flash from it reaches these two birds at the instants when 
they light their lamps and take off. Each bird is then required to 
report the direction (relative to his triad 4{,)) in which he sees the 
flash of the explosion. The criterion for F-W transport is that the 
direction cosines relative to the tangent 4,, should be equal in mag- 
nitude but opposite in sign, whereas the other direction cosines should 
be equal. 
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The reader is strongly advised to construct for himself other 
(perhaps simpler) illustrations. But he must avoid two traps. First, he 
must not allow the two Newtonian fallacies — absolute simultaneity 
and the rigid body. Secondly, since we are concerned with the general 
theory of relativity, the idea of a straight world-line with an infinite 
3-flat orthogonal to it is not permitted; however, since we are working 
in the small and the Riemann tensor does not appear in our crude 
approximation, this is a more venial error. 

In working with spacelike curves one is in danger at first of making 
colossal and lamentable errors such as identifying the spacelike curve 
with a stretched string. This is nonsense, because the curve is a 1-space 
and the history of the string is a 2-space. It is true that this 2-space is 
split up naturally into timelike curves (the histories of the particles 
which form the string), but it is not split up into spacelike curves; if 
we like, we can draw in the 2-space the orthogonal trajectories of the 
world-lines of the particles, and so obtain a set of spacelike curves each 
of which might be called a form of the string, but that is a somewhat 
arbitrary procedure. Steeped as we are in Newtonian ideas, it is 
necessary to emphasize, even ad nauseam, that space-time cannot, 
in general, be split into space and time in any invariant way. In a 
statical universe (see Chaps. vir and viII) such a splitting does in fact 
occur, but that is a very special case. To understand space-time, it is 
best to leave statical universes out of account for the present. 

In the argument which follows we shall obtain a physical inter- 
pretation of spacelike geodesics, but we shall do more than this: we 
shall attach physical meanings to the first normal 5? and the first 
curvature } of any spacelike curve. 

In Fig. 20, C is a spacelike curve and U* a timelike unit vector, 
orthogonal to C and carried along C by Fermi transport. In the 
directions U‘ we draw timelike geodesics, thus forming a 2-space on 
which we put parameters (u,v) where u is geodesic distance from C 
and v is constant on each geodesic with v = s on C, ds being the 
spatial element on C. Then, in the notation used frequently 
before, 








; oxt ; oxt dUt 6Vi 
Ut Sra oy Ve =e ees — ’ 
Cu ov Ov Ou 
| (192) 
6U% : 
U,yVt = 0, == 0) U,Ut = — 1, 
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and, since U* undergoes Fermi transport on C, we have by (188) 
6Ut 
dv 
for on C we have Vt = At = dxt/ds, the unit tangent to C. 


The general idea now is this: the more C is curved, the more will 
the geodesics v = const. tend to close in on the convex side of C, and 





6Vi 
Sa p= eae “u=0, (193) 





Fig. 20 — Physical meaning of first normal and curvature of spacelike 
curve C. (The diagram is not carelessly drawn; for C convex on top, 
the geodesics normal to it have a tendency to converge) 


the rate of decrease of the separation between neighbouring geodesics 
gives a measure of the curvature of C. We have 





By Ae 194 
Dg a a ee) 
and, by (193), this gives, for w = 0, 
1 @ éVt 
eV Vi ee.0, 195 
2 bu! ) "bv ue) 


The normals and curvatures of a curve are defined mathematically by 
the Frenet-Serret formulae, which have the form I-(55) for a timelike 
curve. For a spacelike curve, certain changes in sign have to be made, 
but we shall keep I-(55a) unaltered: 
bAt 
Os 


where 0 is the first curvature and Bé the unit first normal !. Then (195) 





= bBi, b>0, (196) 


1 For simplicity we shall suppose that 6A#/ds is spacelike or timelike. It might 
be null, in which case we would say that the curve has zero first curvature but a 
well-defined null first normal, the components of which could be measured 
chronometrically. 
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may be written 


1 @ 

— —— (V,V") = — bU,;,B*. 197 

a) ‘ (197) 
Let us consider two adjacent geodesics with parameters v and v + no, 
so that yo is their normal separation at C. Let 7 be their normal 
separation for any value of w; then 


ViVi = 2 /n5, (198) 
and (197) gives (on C) 
1 d 
safe eh Be, (199) 
10 du 
If we now take a Fermi tetrad on C and resolve vectors on it, we get 
1 d 
Eee Pema 77 oC (200) 
0 du 


Here all quantities have been given physical meanings except b and 
Ba), and the quantities U™ are arbitrary except for 


U@)UM = — 1. (201) 
Hence we have a physical meaning for the vector bBiq, and since 
B@mBO = +1, (202) 


we can get 6 and Ba). 

We have thus attached physical meanings to the first curvature and 
normal of a spacelike curve, and by ‘physical meaning’ we understand 
that these quantities can be measured chronometrically. 

It is now easy to test a spacelike curve to see if it is a geodesic. 
All we have to do is to measure the left hand side of (199): if it is zero 
for all timelike vectors U‘, then C is a geodesic. It is very a simple idea 
really: in the case of a geodesic C, the orthogonal geodesics, starting 
from C with Fermi-transported (i.e. parallel transported) directions, 
do not open out or close in. 


§ 13. THE PHYSICAL MEANING OF ABSOLUTE DIFFERENTIATION AND THE 
SYSTEMATIC MEASUREMENT OF GRAVITATIONAL FIELDS 


Let C be any timelike or spacelike curve and Aj, an orthonormal 
tetrad which undergoes Fermi-Walker transport along C, so that, by 
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I-(72) and (187), 





bat 6A bAt 
6s : Os Os 


where A? is the unit tangent and ¢ is the indicator of C. Then any 
vector V* defined along C may be resolved into invariant components, 


(203) 


Vin VO, (204) 
and the absolute derivative is 


éVi _ dV 
és.téSS CS 





6A; At 
: af. 


7 (205) 


OO tiny — VOR (a! 


The quantities on the right are physically measurable, and so the 
absolute derivative dV*/ds is physically measurable. The same holds 
of course for the absolute derivative with respect to any other para- 
meter (it need not be s). 

As has been remarked earlier, the ordinary measurements of 
‘gravitational fields’ by means of a pendulum or, equivalently, the 
tension in a plumb line, are not in fact measurements of the gravi- 
tational field at all — they are measurements of the absolute ac- 
celeration of the observer. In § 11, where we put into relativistic form 
the experiment of weighing a body in the cellar against a similar body 
in the attic, we got nearer to the heart of the matter, i.e. the Riemann 
tensor, but the method was rather special and yielded only some of the 
components. Now that we have given a physical meaning to absolute 
derivatives, we are in a position to give a formula from which all the 
components can be obtained. No attempt is made here to describe the 
sort of apparatus which would be suitable for this type of rela- 
tivistically valid geodetic survey. 

The method is very general. We take a congruence of curves, 
preferably timelike, so that the curves may be regarded as the histories 
of a cloud of particles. There is no necessity that they should be free. 
We take four parameters y(q), with the first three y,,) constant along 
each of the curves; (4) is a parameter along each curve — it might be 
time, but need not be. The congruence is then described by equations of 
the form 


xt == xt(y), (206) 
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and we write 
oxt 
=a 
CY (a) 


for the partial derivatives, these being four contravariant vector 
fields. By 1-(95) we have 


. da ttn vices 
Ravea) = RigemX (aXe) ey @ 


aad gi X ia) ( 


(207) 


OY (Va) 9V a) OVe) 


This is the required formulae yielding the invariant components of 
the Riemann tensor in terms of absolute derivatives. One would for 
convenience choose the parameters y(q) so that, at the event under 
consideration, the vectors (207) form an orthonormal tetrad. 





(208) 


CHAPTER IV 
THE MATERIAL CONTINUUM 


§ 1. A STATISTICAL MODEL 


Although we must never confound a mathematical model of nature 
with nature itself (cf. the philosophical remarks of 111-§ 1), it certainly 
appears that the modern physicist finds a more realistic representation 
of matter in an assembly of particles than in a continuum. Accordingly 
this Chapter begins with a brief study of the statistics of an assembly 
of particles. But, since the general theory of relativity is essentially 
a field theory, we shall abandon the discrete model of matter as soon 
as it has served as a background against which the theory of a continu- 
ous medium may be constructed. 

In Riemannian space-time we picture an assembly of particles, this 
term including 


(i) material particles, 
(ii) photons, 
(iii) internal impulses. 


A material particle has a timelike world-line with 4-velocity v 
(vvt = — 1) and 4-momentum #* (= mv*), so that the square of the 
mass is m2 = — #,;$'. A photon has a null world-line with #¢ tangent 
to it, but v¢ does not exist and m = 0. A photon may be regarded as 
the limit of a material particle, with m tending to zero and vw to 
infinity in such a way that mv? tends to the finite limit #*. An internal 
impulse is either repulsive or attractive. A repulsive impulse is me- 
chanically the same as a photon, but an attractive impulse has its 
4-momentum pointing into the past instead of into the future. It has 
in fact a negative energy, whereas all the other particles have positive 
energies. These internal impulses are of course highly hypothetical. 
They are introduced in order make the model applicable to a solid 
body which resists pressure and tension !. 


1 Cf. SYNGE [1956a, p. 210]. 
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The various particles may collide with one another, i.e. their world- 
lines may intersect. At a collision there are abrupt changes in 4- 
momentum. In the present section it is unnecessary to assume (as we 
shall in § 2) that the world-lines are geodesics between collisions, nor is 
it necessary to assume any laws of conservation at a collision. Certain 
statistical quantities can be defined without such assumptions. 

To discuss the statistics of an assembly consisting of a great number 
of particles, at any event O under consideration we introduce an 
orthonormal tetrad 4(,, with 4(,, timelike, and we resolve the 4- 
momentum #! of any particle at O into invariant components {cf. 
1-(54)] | 

Pa = Pika): (1) 
Raising the Lorentz index, we may regard #™ as rectangular coordi- 


nates in a flat Minkowskian 4-momentum space. In that space we have 
pseudospheres with equations 


biayp™ = const., (2) 
and a null cone with equation 
pip = 0. (3) 
There is an invariant element of 4-volume 
dp = dpMdp@dp@dp, | (4) 


On a pseudosphere there is an invariant element of 3-volume and on 
the null cone there is an invariant element of 2-content 1. 

To deal competently with the statistics of photons and internal 
impulses we need to integrate over the null cone, and, if the material 
particles are quantized so that their masses take only certain discrete 
values, we need to integrate over pseudospheres 2. However these 
3-fold integrations introduce certain formal complexities which tend 
to hide what is important for our present purposes, and so we shall blur 
the picture a little. We shall give the photons and internal impulses 
timelike world-lines and very small masses, and we shall suppose 
the material particles unquantized. Further, to get a rapid view of 
essentials, we shall omit attractive internal impulses. What we have 
before us then is in fact an assembly of material particles with masses 


1 Cf. SYNGE [1956a, p. 430]. 
2 Cf. SYNGE [1957c]. 
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which can have any positive values, so that the representative points 
in 4-momentum space form a cloud inside the future sheet of the null 
cone (3). Should we wish to get back to the original picture, we would 
reinstate the attractive impulses and proceed to certain limits, pushing 
certain 4-momenta on to the null cone and perhaps others on to 
quantized pseudospheres. But with such processes we shall not be 
concerned. 

With a chosen event O we associate some 4-momentum 4%, so that 
we have two points, the point O in space-time and a point in 4- 
momentum space. At O we take a polarized target 1 dS; this is a 3- 
element with unit normal n/, the sense of n* polarizing dS. At the point 
pi we take a 4-cell df, and we are interested in the number of particles 
with world-lines cutting dS and with 4-momenta in dp. However, it is 
better to consider the polarized number of particles, this being the 
number prefixed with a + or — sign according as the particles make a 
positive or negative transit across dS, i.e. pass through in the sense of 
n* or the opposite sense. The sense of transit is 
that of the 4-velocity vt (= p*/m), and it is easy 


to see that we get a positive or negative transit ni 
according as yi 
e(n)ujynt S 
i 
————— = + lor —l. 5 
|vynd| x el 


Thus, to obtain the polarized number from the 

number itself, we have merely to multiply by ds 
this polarization factor. : 
We have now betore us a thin tube of world- Fig. 1—Thin timelike 
lines (Fig. 1), dS beinganobliquesection. TfdSois = worla tube with 


the normal section, we have the projection normal section dSo 
formula and oblique section 


dSo = dS|vjni]. (6) 


1 The argument covers both spacelike and timelike targets, i.e. targets for 
which the normal 7! is timelike and spacelike, respectively. To polarize a space- 
like target we may choose n* pointing either into the future or into the past; to 
polarize a timelike target, we may choose either of the two opposed spacelike 
normals. It is useful to note that all vectors lying in a spacelike target are 
spacelike, whereas in the case of a timelike target some of the vectors lying in it 
are timelike and some are spacelike. We recall that all vectors orthogonal to a 
timelike vector are spacelike, but that a spacelike vector has spacelike, null 
and timelike vectors orthogonal to it. 


Synge 11 
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The number of particles involved may be written 
v(x, p)dSod4, (7) 


where (x, p) is a distribution function, obviously invariant from the 
construction. Substituting for dSo from (6) and introducing the 
polarization factor (5), we see that the polarized number of particles 
on the class (x, dS; p, dp) ts 


v(x, p)e(n)unidSdp. (8) 


So far we have considered only one thin tube. Now, keeping the 
polarized target fixed, we take all particles into consideration, and 
study certain fluxes across the polarized target, such as the flux of 
number and the flux of 4-momentum. Since the same general argument 
applies to them all, we shall speak of a qg-flux, where q is some quantity 
associated with a particle. It may be a scalar, vector, or tensor, but we 
suppress the indices for the present. The g-flux across the polarized 
target dS is defined as 


q-flux = x q—-X4, (9) 


where })+ is the sum of all the g-values for particles making positive 
transits and }}- the sum of all the g-values for particles making 
negative transits. Understanding that g has the same value for all 
particles in a class (x, dS; #, dp) (as of course it will if g is a function 
of 4-momentum only), we evaluate the g-flux from (9) by multiplying ¢ 
by the polarized number (8) and integrating over 4-momentum space. 
The minus sign in (9) is automatically taken care of by the polarization 
of the number, and we get 


g-flux = e(n)O,nidS, (10) 
where 


Qi = f(x, p)quidp = J r(x, pm gpidp. (11) 


The point of writing the q-flux in this form is that the target is sepa- 
rated from the statistical quantity Q¢ which is independent of the 
target’s size and orientation, although of course it depends on its 
position. Note that Q; is a vector only if g is a scalar. If we indicate the 
tensor character of g by writing qg..., then the tensor character of 
Q; is indicated by Q.. i. 
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If we give to g in turn the values 


q=1, py pibe. pibubm, --- (12) 

we get the following moments of the distribution function v(x, ): 
q=1; = [ v(x, p)m pid, (13) 
q = py; a = | v(x, p)mpipsdp, (14) 
q = bib: Oise = v(x, pm "piped, (15) 
q=bibkbm;s — Qigem = [ v(x, P)m Pibsbubmdp, (16) 


and so on. The corresponding fluxes across a polarized target dS are 


= 15 g-flux = e(n)Q,n'*dS, (17) 
q= dy: g-flux = o(n)Qynd5, (18) 
g = dypx3 g-flux = e(n)Qgyxn*dS, (19) 
q=bibebm; — q-flux = (1) Qejnmnmds. (20) 


To complete the mathematical list of moments, we should add 
Q = Sr(x, p)dp, (21) 


but this appears to have no physical meaning in our model. 

We might of course have multiplied the qg’s in (12) by any powers of 
the mass m. But this is inadvisable, since we would like to have mo- 
ments which remain finite in the limit m — 0, i.e. when we pass from 
material particles to photons or internal impulses. 

Of the moments listed above, two are of particular interest. These 
are (13) and (14), and to them we give special names and use a different 
notation. Writing 


Ni = [r(x, p)m*pidp = f(x, p)vidp, (22) 
we call this the numerical vector, and (putting g = | in (9)) we see that 
e(n)Nyn'dS (23) 


is the numerical flux across the polarized target dS, i.e. the number of 
particles with positive transits less the number with negative transits. 
Turning to (14), we write 


Tig = [v(%, p)mpipsdp = J »(x%, p)vips Af, (24) 
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and call this the energy tensor; we note its symmetry, 
Lig iy, (25) 


whichis veryimportant. Then, by (18), the flux of covartant 4-momentum 
db; across a polarized target dS is 


e(n) Tynids ; (26) 


putting ¢ = p; in (9), we see that this represents the total covariant 
4-momentum of particles making positive transits across dS less the 
total covariant 4-momentum of those making negative transits. 

Since we have worked entirely in the small, general relativity has 
played no part — we might have been in flat space-time. If we use 
the members J}, of the orthonormal tetrad as space-axes and Jj, 
as time-axis, we can give useful verbal descriptions of the invariant 
components of N; and Ti; by taking the vector x? along each of the 
vectors of the tetrad in turn. Thus 


N® = N,,) = polarized number of particles crossing 
unit area per unit time, (27) 


N(@) = — Ni) = number of particles per unit volume. 


Making use of the symmetry of Ty; and defining stress by flux of 3- 
momentum with the usual convention which makes tension positive 
and pressure negative, we have 


— T#) — — Tyg) = stress matrix, 


LOS TS] — fen == Tea 


= polarized flux of energy per unit area (28) 
per unit time 


= density of 3-momentum, 
T44) = T 44) = density of energy. 
We raise and lower Lorentz indices as in I~(54) ; values are not altered 


by raising or lowering 1, 2, 3, but there is a change of sign each time 
we raise or lower 4. 
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§ 2. CONSERVATION LAWS IN THE STATISTICAL MODEL 


So far our statistical model has been developed without the 
geodesic hypothesis and without any law of conservation at collisions. 
We now introduce the geodesic hypothesis: the world-line of each 
particle is a geodesic between collisions, with #? undergoing parallel 
transport. As regards conservation, the conservation of 4-momentum 
seems to be one of the most fundamental laws of physics, and we shall 
assume that at each collision the total 4-momentum is conserved. 
Since each collision is a single event, this does not involve adding vec- 
tors attached to different events. 

The question of the conservation of number is more dubious. In the 
kinetic theory of gases we would assume conservation of number, if we 
were prepared to leave all photons out of account. But in view of the 
annihilation and creation of particles and in view of the presence of 
radiation in the form of photons (not to speak of the hypothetical 
internal impulses), we hesitate to place conservation of number on a 
parity with conservation of 4-momentum. 

We proceed then with the geodesic hypothesis and the law of 
conservation of 4-momentum. Let S be a closed 3-space in space-time 
(Fig. 2). We polarize it by the outward unit normal n‘. Then, as in (26), 
the flux of 4-momentum across an element dS is 


flux of 4-momentum = e(n)TynidS, (29) 


We cannot find the total flux of 4-momentum across S by integrating 
this, because we are in curved space-time and we must not add vectors 
at different points. So we introduce a vector field W#, chosen arbitrarily 
at an event O inside S, and defined throughout R (the interior of S) by 
parallel transport along the geodesic emanating from O. It follows 
from this construction that 


Wis = 0 at O. (30) 


We take components on W#, and in view of (29) and (9) we have the 
following two equal expressions: 


total flux of the W-component of 4-momentum across S 


= fe(n)TUW nds = Y Widi — XY Wip', (31) 
= : 


where >), refers to particles leaving R (positive transit) and >). to 
particles entering R (negative transit). 
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We take S small, with linear dimensions of order o, and follow the 
usual convenient but confusing practice of regarding the number of 
particles involved as very great in spite of the smallness of o. We have 
to estimate the order of magnitude of the expression 


F => Wifi — ¥ Wid, (32) 
= = 


which occurs in (31). We do this in two steps. First, we allow all 
particles entering R to pursue their geodesic world-lines without 
collisions, passing unbroken through the actual event of collision, as at 
C in Fig. 2a. Secondly, we study the effects of the collisions, one by one. 





n! 
Fig. 2a — No collisions Fig. 2b — Collision 





As we follow a particle, we have 


dxi 
ds ’ 





d 
~~ (Wih!) = Wap! 


ds (33) 


By (30) Wy; is of the order o in R and the range of s is also of this 
order. Therefore, in the absence of collisions, this single particle gives 
to F a contribution of order o?. Now the number of particles is pro- 
portional to o3, and so, in the absence of collisions, 


F = O(0°). (34) 


Consider the effect on F of the collision at C in Fig. 2b. In (32)>)- 
refers to particles entering R, and the collision does not affect them. 
What the collision does is to change the contributions from the full 
lines in Figs. 2aandb into the contributions from the broken lines in 
Fig. 2b, these being the world-lines after the collision. If we denote the 
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former contribution by }) and the latter by \’, we have to evaluate 
> Wipt — XY Wid’, (35) 
this being the change in F produced by the collision. The expression 
(35) has to be evaluated at the events where the world-lines leave R, 
but the several elements are functions of position on the world-lines 
drawn from C to the events of departure from R. Now by the con- 
servation of 4-momentum at C, (35) vanishes at C, and if we follow 
the quantities to the events of departure from R, using (33), we find in 
fact that (35) is of the order o?. The total number of collision will be 
proportional to the 4-volume of &, i.e. proportional to o4, and so we 
conclude that the effect of collisions is to change F only by the order 
o®, which is insignificant in view of (34). Thus the effect of collisions is 
negligible, but this is due to conservation of 4-momentum, not to the 
paucity of collisions. 
By (31), (32) and (34), we have 


fe(n)TUW njydS = O(0°). (36) 
By Green’s theorem as in I~(257), this may be written 
[Ti Widr + f TIWi jdt = O(68), (37) 


where the integrals are taken through R, dr being an element of 4- 
volume. By (30) the second integral is of order o5, and so, dividing by 
o*, and going to the limit o + 0 with R collapsing on O, we get 


But W; was chosen arbitrarily at O. We have then the following 
differential equations of conservation of 4-momentum: 


TH, = 0. (39) 


It is most important to note that these are differential equations; 
we do not get an integrated law of conservation, and the absence of 
a simple integrated law has been one of the banes of general relativity, 
at least for those who expect to see Newtonian facts! reproduced in 
curved space-time. 

As for the conservation of number, the argument is very simple. If 
we assume the conservation of number at each collision (we do not 
have to assume geodesic world-lines or conservation of 4-momentum), 
then the number of particles entering a domain R is equal to the num- 


1 Or those of special relativity. Cf. SyNGE [1956a, p. 311). 
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ber leaving R. Hence, if S bounds FR as in Fig. 2, (23) gives 
fe(n)\Ninas = 0. (40) 
By Green’s theorem this may be written 
/ Nidr = 9, (41) 


and, shrinking R to a single event, we obtain the differential equation 
of conservation of number: 


But, as indicated earlier, this equation is to regarded as less universally 
valid then (39). 

Apart from conservation equations, we have in Né# [cf. (22)] and 
Ty (cf. (24)] a vector and a tensor defined by our statistical model, 
and the question arises: How should we define the mean velocity of the 
assembly of particles? This question is of considerable importance in 
setting up the mechanics of a continuum if we are to base the structure 
of that theory on consideration of the statistical model, for the mean 
velocity V* of a continuum is a fundamental concept. 

Since velocity is a kinematical concept, we naturally seek a 
kinematical definition, and N* is the only vector available. 
Thus we are led to define the kinematical mean velocity V‘, as the unit 
vector having the direction of the numerical vector N*. For a gas 
consisting of equal molecules this definition is reasonable, but if there 
are also present a considerable number of particles with masses very 
small compared with those of the molecules, it seems hardly right to 
define mean velocity on the basis of a mere counting. If we abandon 
the idea that mean velocity must be defined kinematically, we may 
define the dynamical mean velocity V‘, as the unit vector in the timelike 
elgen-direction of the tensor Ty, assuming such a timelike eigen- 
direction to exist, as it does under certain reasonable conditions |. 
This means that V‘, satisfies the equations 


TiyVb = — prov v1; (43) 
where — mp is an eigenvalue of Ty. 
Since a medium at rest is easier to think about than one in motion, 


it is natural to seek a rest-frame at each event in the history of the 
medium, this rest frame being an orthonormal tetrad with its fourth 


1 Cf. SynGE [1956a, p. 292]. 
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vector pointing in the direction of the mean velocity. Having got a 
rest-frame, we can proceed to talk about rest-energy and other rest- 
quantities. Great confusion of thought results from a tacit assumption 
that the mean velocity (and hence the rest-frame) is well defined when 
in fact it is not; it might be Vi or it might be V%,. In the former case 
the rest-energy is 


bog = TyViV Xx, (44) 
and in the latter case it is 
My = TyV5V>. (45) 


The question of the distinction between these two rival definitions 
of mean velocity would disappear if we could assert that the two mean 
velocities were the same, as indeed they seem to be for a gas in sta- 
tistical (adiabatic) equilibrium. But there does not seem to be any 
justification for such an assumption in general, although it might be 
hard to find a physical example where the two vectors differed by any 
significant amount. For the sake of simplicity and clarity it is necessary 
to make a choice, and in this book the dynamical mean velocity V', 
(an etgenvector of the energy tensor) will be accepted as the definition of 
mean velocity; if on any occasion it is desirable to deviate from this 
definition, the fact will be explicitly noted (cf. x-§ 1). 


§ 3. KINEMATICS OF A CONTINUUM 


Leaving the statistical model behind, we consider a continuum of 
identifiable particles, if we like to continue to use the word ‘particle’ 
— it now means something quite different from what it meant in the 
two preceding sections. In the present section the inertial properties 
of the continuum do not interest us. We study only its kinematics 
and that involves nothing but a field of 4-velocity V# (it might be 
either of the mean velocities discussed in § 2). Our kinematics is merely 
the geometry of the stveum-lines, these being world-lines having V4 
for unit tangents. There are two methods — the Lagrangian and the 
Eulerian. 

In the Lagrangian method, we introduce four parameters y qa), the 
first three parameters y(,) being constant along each stream-line. The 
equations of the congruence of stream-lines then appear in the form 


at = x¥(y), (46) 
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yay being a parameter (possibly the time) which varies along each 
stream-line, and the 4-velocity is 





Oxt 
Vi = 6—_~-, (47) 

OY (4) 

the scalar factor 6 being chosen so that 
ViVi = — 1. (48) 


We shall not pursue the Lagrangian method further, because the 
Eulerian method is more convenient for tensorial treatment. In this 
method, we define the congruence of stream-lines by writing 


Vi = Vi(x), (49) 


thus describing the 4-velocity as a function of position in space-time, 
the condition (48) being of course satisfied by these 
functions. 
The kinematics of the continuum deals with the 
relative behaviour of adjacent stream-lines, and 
may be discussed in various ways. We shall here 
use Fermi coordinates as in 11-§ 10, taking a Fermi 
tetrad 2{,) on one of the stream-lines C, with 
(4) = V'. Although we are interested only in the 
immediate neighbourhood of C, this method has 
the advantage that we could go further if desired. 
Fig. 3 shows the stream-line C and an adjacent 
stream-line C’, with the events P and P’ in corre- 
spondence through the condition that the geodesic 
PP’ is orthogonal to C at P. Then, in terms of 
Fig.3—Kinematics the world-function, the Fermi coordinates of P’ are 


of a continuum ; 
X wy = — QPP Vig (50) 





and their rates of change with respect to time s on C are (with D=d/ds) 
DX q) = Qi VI = Qig My VIDS’, (51) 


where V* is 4-velocity on C’ and s’ is time on C’; in view of the ortho- 
gonality at P, no term arises from the differentiation of the Fermi 
vector. The calculation is very simple since we wish to retain only 
terms of the first order (01) in the Fermi coordinates. Remembering 
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the coincidence limits in 11-(69), we find 
QighignVi = Oo, 
QyKg VI = (Qig Vie Man + Oc 
= — dy Vinn® + Oz, 
Ds’ = 1 + 01, 


(52) 


where 7” is the infinitesimal vector PP’ and the second subscript on 
V indicates a covariant derivative. Hence, to the first order, 


DX wy = VegyX®, (53) 
where 
Veep) = Vishay» (54) 


these being the components of the covariant derivative Vy on the 
Fermi triad. 

Regarding the Fermi coordinates X(,) as Cartesian, we recognize in 
(53) the equations of motion of a continuum undergoing linear de- 
formation. Accordingly we shall speak of a symmetric rate-of-strain 
matyix given by 


O() = 3(V (ap) + V gay): (55) 
and a skew-symmetric spin (or rotation) matrix given by 
(a8) == a(V (ag) ae V pw) (56) 


However, it is desirable to work with tensors rather than with in- 
variants, and so we we seek a symmetric tensor oy and a skew- sym- 
metric tensor wy which have respectively the components (55) and 
(56) on the Fermi triad. But, since these components do not serve to 
define the tensors completely, we are at liberty to add other conditions, 
and for these conditions we shall make the choice which seems simplest, 
namely, 


o@4)=90, Was = 0; (57) 
these are equivalent to the tensor conditions 

oyVI = 0, wyVI = 0. (58) 
To determine oj from this condition and (55), which is the same as 


nm GAipy = V em(MaAthy + AlB)AGo)s (59) 
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we multiply (59) by aS4\® and introduce the projection operator 
defined as 


Pt = Ny AY = 6 + VIV;. (60) 
To reduce the resulting expression, we use (58) and also, by (48), 
ViVi = O. (61) 
In this way we obtain the following rate-of-stvain tensor: 
019 =4V em(PEPP + PEPP) = 3(Vig + Vgc + VieV "V5 + VieV*Vi). (62) 


This tensor has of course, not 10 independent components as might 
appear, but only 6 in view of (58), or, better, in view of the fact that 
oi 1S uniquely determined by the six components (55) with (57). 

The same type of argument, based on (56) and (58), leads to the 
following spin tensor: 


wig = 4V em (PEPPY — PEP?) = 4(Vig — Vii + Vin VV 5 — Vie V*EV;). (63) 


This tensor has actually only three independent components, for when 
we resolve it on the Fermi tetrad we get only the independent compo- 
nents w 23), (31), (12). 
The spin tensor is closely connected with the spin vector defined by 
ot = 3" V Vem, (64) 
the y-term being the permutation tensor as in I-(114). The components 
of this vector on the Fermi tetrad are 


w(t) — 4CEeaveaV (0) V (ca), ee = (— g)t det Kay = +1. (65) 


so that 
oD) = lwes:, 27 =lweay, we = lace); (67) 


the spin tensor and the spin vector are essentially the same thing in 
different forms. 
Let v be the 3-volume of the normal section of a thin tube of stream- 
lines. Then, as may be shown, the exfanszon of the tube is 
du 


| 
“ae ae = go = Vi (68) 
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and so the condition for a motion without expansion (incompressible) is 
ory = 0 or Ve = 0) (69) 

A motion is 77gzd (in the sense of Born, cf. 111-§ 5) if, for all stream- 
lines adjacent to C, the vector PP’ of Fig. 3 retains a constant magnitude 


or equivalently if X(,,X @ = const. It is clear from (53) that necessary 
and sufficient conditions for a rigid motion are 


O (xg) = O or oy = O, (70) 


these conditions being equivalent to one another. ! 
A motion may be called zvrotational if 


(yg) = O or Oy = O, (71) 


these conditions being equivalent to one another. By (67) these 
conditions are also equivalent to wt = 0. But in writing out these last 
conditions, we may replace the permutation tensor in (64) by the 
numerical permutation symbol, and we may also replace the covariant 
derivative by a partial derivative. We then recognize the well known 
integrability conditions for the total differential equation 


Vidxt = VU, (7 2) 


We conclude that, 7m an irrotational motion, the stream-lines form a 
normal congruence; in other words, there exists a family of 3-spaces 
to which the stream-lines are orthogonal. There has been so much vague 
thought about rotation in relativity that it is well to emphasize how 
simple the matter is: in irrotational motion the element does not 
rotate relative to axes carried by Fermi transport along a world-line 
of the continuous medium. 


§ 4. THE ENERGY TENSOR OF A CONTINUUM 


Following the suggestion of the statistical model (§§ 1, 2), we 
assign to a material continuum a symmetric energy tensor, for which 
we can use the covariant form 7;;, the contravariant form 7“, or the 
mixed form TJ}; in view of the symmetry it is unnecessary to dis- 
tinguish between T*, and T;’ and we write them both Ti. 

The energy tensor plays two important roles. First, it embodies the 


1 Cf. Rosen [1947], Satzman and Taup [1954]. For other work on rigid 
motions, see RAYNER [1959]. The problem of rigid motions in general relativity 
is more difficult than was indicated in SYNGE [1956a, p. 36] on account of the 
parabolic nature of the system of equations. 
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mechanical properties of the matter, such as stress and density. 
Secondly, it is the definitive quantity in the determination of gravi- 
tational fields, in much the same way as density is the definitive 
quantity in Newtonian gravitation. The fact that the energy tensor 
plays this dual role, inertial and gravitational, is sometimes referred to 
as the equivalence of inertial and gravitational mass. Deferring to the 
next section the gravitational field equations, we proceed with the 
inertial aspects of the energy tensor. 

We borrow from the statistical model the interpretation of the 
energy tensor in terms of fluxes, and as in (26) we make the following 
statement: 


flux of 4-momentum across a 3-target dS polarized by a 
unit normal vector nt = e(n)T¥njdS. (73) 


For the meanings of the components on an orthonormal tetrad, see 
(28); but whether the words used there convey precise physical 
meanings depends to' no little extent on the experience of the reader 
and his imagination. 

We also take from the statistical model the conservation equation 


It is important to note that if the metric tensor gi is given, then we 
have here four partial differential equations satisfied by the ten 
components of 7%; but if gy is not given, then these are differential 
equations for giz as well as T/, since the first derivatives of the former 
occur. 

As indicated at the end of § 2, we define the 4-velocity V‘ of the 
continuum as the timelike eigenvector of 74, so that 


Livi 24 (75) 


the invariant wu being called the proper density of energy or of mass 1; 
but for brevity we shall omit the word proper unless there is risk of 
confusion with the density of (28), which becomes the proper density 
if we take the reference vector Ai4, to be V?. We have 


1 In the chronometric approach used in this book, the speed of light is 
automatically unity. Thus mass and proper energy are the same thing and 
Einstein’s famous equation E = mc? reads simply EF = m. 
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and 
B= TyViV5, (77) 


The minus sign occurs in (75) because, in the statistical model, the 4- 
momenta of material particles and photons point into the future. 
The symmetric tensor S;; defined by 


Tj = UViV; = Si (78) 
is called the stress tensor, this being in agreement with (28); by (75) 
we have 
SyVi = 0, (79) 
so that S;; has only six independent components. 

In (78) we have the general expression for the energy tensor in 
terms of density, 4-velocity and stress. The simplest of all continua 
is the incoherent fluid or dust cloud, defined by the condition S,; = 0, 
so that 

Tay = BViV 3. (80) 
To investigate the stream-lines of an incoherent fluid, we substitute 
(80) in (74) and obtain 


(uV3) GV! + ViVi = 0. (81) 
Multiply by V; and use (76): this gives 
(uV4)\3 = 0, (82) 
and so by (81) 
DVi = ViVi = 0, (83) 


where D = 6/ds, the operator of absolute differentiation along the 
stream-line. Therefore 7m an incoherent fluid, the stream-lines are 
geodesics, a rather remarkable result. 

Next in order of simplicity comes the perfect fluid, defined by the 
condition that 74; has three equal eigenvalues corresponding to space- 
like eigenvectors. Denoting the common eigenvalue by # (pressure), 
we have 


Tig = wViV yg + D(ViV 5 + Bu) = (& + P)ViV Gs + Peay (84) 


To investigate the motion of a perfect fluid, we substitute from (84) 
in (74) and obtain 


[ue + PV Ve + (4 + b)VagVI + py = 0. (85) 
On multiplying by V# and using (76), we get an equation which can be 
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written in either of the following forms: 


[(u + PVs = pV, (86) 
pV}, = —(uV9) ij. (87) 

Substitution of (86) in (85) gives 
(u + p)DV! = — pi(ViVI + gi), (88) 


which expresses the absolute acceleration of a stream-line in terms of 
the pressure-gradient. If we introduce an orthonormal tetrad 4(,) with 


44) = Vi and denote in an obvious way the invariant components of 
f\; and DV* on this tetrad, we have 

[(u + P)Vil3 = daa, (89) 

(u + p)(DV) = — Pe: (90) 

We recognize in this last equation a modification of the Newtonian 

equation of hydrodynamics: density x acceleration = — pressure- 


gradient. In nature, £/u is very small [cf. (98)]. 

A gas composed of identical molecules of mass m, in statistical 
adiabatic equilibrium, is a particular case of a perfect fluid. For it 
the kinematical and dynamical velocities (cf. § 2) coincide, and the 
energy tensor is ! 


T iy = mNG(mE)ViV; + gyN/E, (91) 


where é is the reciprocal temperature, G = K3/Ke (a ratio of Bessel 
functions), and N is the magnitude of the numerical vector, so that 


Ni = NVi. (92) 


We have not only the equation of conservation (74), but also the 
conservation of number, so that, as in (42), 


Nt, =0. (93) 


Comparison of (80) and (84) shows that a perfect fluid degenerates 
into an incoherent fluid when # tends to zero, and this suggests that 
it may be legitimate to treat a perfect fluid at low pressure as if it 


1 Cf. SYNGE [1957c, p. 36]. 
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were incoherent. But what does ‘low pressure’ mean? In ordinary units, 
energy-density and pressure both have the dimensions [ML~!T-2]; 
by making a chronometric definition of distance, we have set up the 
dimensional equation [L] = [T], and so we may write 


[vu] = [6] = [MT-?]. (94) 


In the next section we shall see that [M] = [T] by virtue of the field 
equations, so that w and # are expressible in sec~2, Since they are 
dimensional, there is no sense in talking about u or # being large or 
small. But we can speak with meaning of the magnitude of the di- 
mensionless ratio #/u, and it is of interest to investigate this magnitude 
in the case of the earth, considered as a perfect fluid with mu constant, 
and without rotation. 

The first curvature of the world-line of any particle fixed in the 
earth is the local ‘acceleration due to gravity’ g [cf. 111-(133)], and (90) 
may be written 

1 dp 
w+ p dr 


with g evaluated at a distance 7 from the centre of the earth. Let us 
accept from Newtonian theory 





— fg (95) 


g=gvin, p1=0, (96) 
the subscript 1 referring to the earth’s surface. Then 
log(1 + pol“) = 38171 (97) 


where #0 is the pressure at the earth’s centre. The quantity g17) is 
(chronometrically) dimensionless, and we have 


g1 = 3.263 x 10-8 sec, 
71 = 2.125 X 10-* sec, (98) 
polu = tg1r1 = 3.464 x 10-10, 


This ratio is so fantastically small that one’s first reaction is to drop 
from (84) in the case of any reasonable fluid and treat it as an 
incoherent fluid. But this would be disastrous. In the absence of all 
pressure, a ship launched on the ocean would pursue a geodesic, 1.e. 
it would sink to the bottom, and indeed the ocean would collapse 
[cf. (83)]. The explanation of this is as follows. If ¢g is a very small 

Synge 12 
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dimensionless quantity, we may properly neglect it in (1 + qg). But 
the gradient of g is not dimensionless, and it may be neglected 
only in comparison with quantities of the same dimensions. It would be 
ridiculous to neglect the left hand side of (95) in comparison with the 
right! 1 

We now turn to the general energy tensor (78) and substitute it 
in the conservation equation (74), obtaining 


(V9) Vi + Vig VI = S4,. (99) 
Multiplication by V# gives 
(uV9)\5 = — ViS";, (100) 
and so we get from (99) 
DV :s = (Beg + ViV9)S",- (101) 
Eq. (100) may also be written in the form 
By (79) we have 
SIV; = 0, SMV; + SHV iE = 0, (103) 
and so, in terms of the rate-of-strain tensor oy of § 3, 
VS", =— SIO; x. (104) 
We can now write (101) and (102) in the form 
wDVE = SY, — ViSikosn, (105) 
Du = — pok + Sikojy, (106) 


the first equation giving the absolute acceleration (or first curvature) 
of a stream-line, and second giving the rate of change of density 
along it. These may be regarded as the equations of motion of a general 
continuous medium, although of course the number of unknowns 
exceeds the number of equations. 

The point of writing the equations in this last form is to bring the 
rate-of-strain tensor oj into play. Since all actual substances are im- 
perfectly elastic or viscous, as long as oj; does not vanish heat will be 
generated and radiated off from the surface of any finite body. This 


1 Cf. remarks on smallness in 11-§ 3. 
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suggests that the planets tend to states in which oy vanishes (i.e. 
to rigid motions) and for such states we have 


uDVi = S4 oy =O, (107) 


[9 


with w constant along each stream-line. 


§ 5. THE FIELD EQUATIONS AND THE NEWTONIAN COMPARISON 


So far we have assumed that space-time is a Riemannian 4-space 
and have, in general terms, attributed its curvature to gravitation. 
But we have set up no equations by which the curvature of space-time 
is made to depend on the distribution of matter. This gap is now filled 
by writing down Einstein’s field equations, which read 


Gi = Age =. KT yy. (108) 


In these equations Gi is the Einstein tensor, g;; the metric tensor, 74; 
the energy tensor, and A and « are two universal constants. The field 
equations can of course be written also in contravariant and mixed 
forms. 

Since we have already committed ourselves to the conservation 
equation (74), we must assure ourselves that it is consistent with 
(108). This consistency is at once established if we recall the identity 
I-(111) satisfied by the Einstein tensor, for we get from (108) 


Let us now consider (108) from the standpoint of physical dimen- 
sions. In general relativity only invariants have definite physical 
dimensions. The physical dimensions of the components of a tensor 
depend on those of the coordinates employed, but it is clear that in 
each component of a tensor equation all the terms must have the same 
dimensions. This relieves us of the trouble of constructing invariants. 
It is a useful plan to think of coordinates which are times (seconds). 
Then, since the element ds is itself a time, gj is dimensionless and 
Gi has the dimensions of sec~?, since it involves two differentiations 
with respect to the coordinates. We recognize then that A has the 
dimensions sec~2. But we cannot assign dimensions in seconds to « 
because 74; involves mass, and so far that is a separate quantity 
dimensionally. We now force a dimensionality on mass (or equivalently 
energy) by insisting that « shall be a pure number. It would seem 
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simplest to choose « equal to unity, but if we do this an awkward factor 
will appear later. To forestall this, we choose 


Kk = 87; (110) 


but as « is easier to write, we shall continue to use that symbol for this 
pure number. 

It is clear from (108) that now density has the same dimensions as A, 
that is, sec~*. Hence mass or energy ts a time, to be measured in seconds. 
But we shall not be able to express grammes in seconds until we have 
compared the relativistic gravitational field with physical reality. 

The constant A is called the cosmological constant, and, as this name 
implies, it was introduced by Einstein for the discussion of extremely 
large-scale phenomena in astronomy. It is generally regarded as being 
so small (relative to other significant quantities of the same dimensions) 
that its effects are completely negligible in ordinary celestial mecha- 
nics, and even in cosmology its physical significance is doubtful. On 
the whole, as far as most of our work is concerned, the increased 
generality due to the inclusion of A seems outweighed by the increased 
complexity of the formulae, and so we shall drop it ! with the under- 
standing that it may be reinstated when required in cosmological 
studies. Accordingly, until further notice the field equations read 


Gy = — KTy, K = 8a. (111) 
In vacuo we delete the energy tensor, so that we have 
Gy = 0; (112) 
these equations are easily seen to be equivalent to 
Ry=0. — (113) 


These relativistic field equations bear no obvious resemblance 
to any equations of Newtonian theory. But we shall now establish a 
close connection by considering, in Newtonian theory and in rela- 
tivity, the motion of a fluid without pressure, i.e. the incoherent fluid 
or dust cloud of § 4. In both cases times and lengths will be measured 
in seconds [1 sec = 2.998 x 10!09cm, as in 11-(134)]; Newtonian 
mass will be measured in grams and relativistic mass in seconds. 

We start with the Newtonian equations, writing p for density, w, for 


1 Pavti [1958, p. 220] has recommended that it should be dropped altogether, 
following EINsTEIN’s [1931] later view. Cf. EINSTEIN [1955, p. 127]. 
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velocity, @ for gravitational potential, and y for the gravitational 
constant. We have then the dynamical equations 


My, 
p OF “le Uq, yy | = PP, (1 14) 
the equation of mass-conservation 
(PU) sx = 0, (115) 


and Poisson’s equation 


Pave = — Asyp. (1 16) 
In order to make comparison with relativity, we must deal with 
quantities which are physically observable without comparison with a 
hypothetical non-accelerated frame. In this sense %,,g, is physically 
observable, whereas du,/ot is not. Accordingly let us calculate the rate of 
change of #,,g following the fluid: the value is 


d é 
ae Uq.,8 = pp eB + Unu,Pyty- (1 17) 


If we divide (114) by p and take the partial derivative with respect to 
xg, we get 


0 
op eB + Un, ypry +- Uns yMy,B = Pup) (1 18) 
and so 
d . 
ay tek = — Morn + Prop: (119) 


We turn now to Einstein’s field equations (111), which read, for 
an incoherent fluid, 


Gy = => KUV GV, ViVi a as Ly (120) 


where yw is the density and V? the 4-velocity. The analogue of u,,g is 
Viz, and we shall calculate its rate of change along a stream-line. 
We have already seen in § 4 that the stream-lines for an incoherent 
fluid are geodesics, so that we have 


VieVF =O, ViingV* + Vinh =); (121) 
Thus, following a stream-line and using I-(94), we have 
6 


Os (Vii) = VageV® = ViaregV® + RienagrV"V* (122) 
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or 


6 
os (Vii) = — VieVip + RmignV"V". (123) 


Although (119) is set in three dimensions and (123) in four, we 
detect a strong formal resemblance, the term in (119) which involves 
the Newtonian potential being replaced by the curvature term in 
(123). We can bring the two equations closer together by using the 
rate-of-strain and the spin of the fluid, for the definitions of these 
quantities in § 3 are essentially the same as their definitions in New- 
tonian hydrodynamics. Thus for the Newtonian rate-of-strain and spin 
(or vorticity) we write 


O58 = er 3 (% Un, a UB,c) up —= 2 (Uq.,B = UB,0)s (124) 
and (119) gives 


d , / / , / 

Gp 2B = — Fay %yB — Pay yp + Prop 

: (125) 
ap Dap = — Fay yp + Spy Oya: 


Since the absolute acceleration vanishes in the relativistic fluid, (62) 
and (63) give (we restore the sign for covariant differentiation) 


og = e(Vig + Vai), og = 2(Vigg — Via), (126) 
and (123) gives 


6 
aor — o7n0% — wine, + RinignV"V*, 

: (127) 
— wig = — ofp", + ojnor'. 

Os 


Introducing a reference tetrad Aj, with parallel transport along the 
stream-line and with 4(,, = V?, we write these equations in the form 


d 

Fo MP) = = May yp) — Oa Op) + R484) 
5 (128) 
Je PAB) = — Fay (yp) + F(By)®(yq)- 
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Since the distinction between ¢ and s is rather trivial in the present 
connection, we must regard the agreement between the Newtonian 
equations (125) and the relativistic equations (128) as very close 
indeed; to make them agree, all we need is to connect the Newtonian 
potential and the Riemann tensor by the equations 


P aoB = R 484): (129) 


Thus if we have confidence in the practical validity of Newtonian 
theory as a guide to the interpretation of relativity, we are in a 
position to evaluate certain components of the Riemann tensor in 
terms of the derivatives of the Newtonian potential. Indeed we al- 
ready took this step in 111-(182). 

But there is something more to be said. Inspection of the above 
calculations will show that we have used neither Poisson’s equation 
(116) nor the Einstein equations (120) — all we need to establish (121) 
is the conservation equation T%, = 0, which is a consequence of (120) 
but not by any means equivalent to it. Applying (116) to (129), by 
putting 6 = «, we get 


i 4yp — R44) — RyVivi, (130) 
Now (120) gives 
G = g4Giy = Kp, (131) 
and we have 
Rig = Gy — 8G = — KuViV 5 — d8igKp, 
RyViVi = — cu + teu = — teu = — 4am. (132) 


Thus (130) establishes the following connection between the densities 
in the two theories: 


jt = yp. (133) 


We are now in a position to find the number of seconds in a gramme. 
We know the value of the gravitational constant: 


= 6.670 x 10-8 g-lcm3 sec~?. (134) 
Since, as in 11-(134), 1 cm = 3.336 x 10-1! sec, we have 
y = 2.476 x 10-89 g-1 sec, (135) 


Remembering that all lengths are measured in sec, we have density = 
= wsec-2 = pgsec-3. Let 1g =xsec. Then uw = xp, and by (133) 
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x = y, the numerical value (135). Therefore 


1 g = 2.476 x 10-39 sec, 


(136) 
1 sec = 4.039 x 1038 g, 
The following masses may be noted: 
mass of electron = 2.255 x 10-66 sec, 
mass of moon = 1.813 x 10713 sec, 
mass of earth = 1.479 x 1071 sec, (137) 


mass of sun = 4.920 x 10-6 sec 


mass of average galaxy 1 = 1044g = 2 x 10sec. 


With mass and distance expressed in sec, force is dimensionless. 
The Newtonian attraction between masses m, m’ at distance 7 is 
mm’ |v2; we have in fact made the gravitational constant unity. 


§ 6. SURVEY OF FIELD EQUATIONS AND COORDINATE CONDITIONS 


Enough has been said in the preceding section to indicate that, 
different though they look, the relativistic field equations and the 
equations of Newtonian hydrodynamics-cum-attractions say very 
nearly the same thing, at least in the case of a fluid without pressure. 
Since the basic concepts of Newtonian theory are so unsatisfactory we 
would pollute relativity by making it rest in any way on Newtonian 
ideas, and the preceding comparison was undertaken only to give 
confidence that we may expect to extract physically valid results from 
Einstein’s field equations. These equations are very complicated 
mathematically, and our next step should be to survey them in general 
terms without at present becoming involved in technical compli- 
cations. We recall from (111)—(113) that the field equations read 


Gy = — «Ty, Son) (138) 

reducing in vacuo to 
Gy = 0 or equivalently Ry = 0. (139) 
We may approach these equations in three different spirits, realistic, 


1 Bonvi [1952, p. 38]. 
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agonistic and creative. The vealist wants to connect the field equations 
with his already extensive knowledge of the physical universe. The 
agonist! wants to wrestle with difficult mathematical problems 
arising out of the field equations. The creatorv’s pleasure lies in the 
construction of universes, fantastic or realistic, satisfying the field 
equations. In practice, these three ambitions are merged in the common 
quest for understanding, but the analysis is useful. 

Of the solar system the realist knows that there is a dominating fluid 
body (the sun) with a number of planets (solid or fluid or both) circu- 
lating about it. These planets have satellites, and all the bodies spin. 
Except for very minor bodies, the intermediate space is empty of 
matter and any radiation there may be is not very significant dy- 
namically. Thus inside the sun and the planets we are to apply the 
equations (138) and in the inter- 
mediate region the equations (139), 
with provision for junction con- 
ditions [cf. 1-§ 9] at the surfaces of 
the sun and the planets. But the 
realist may prefer to consider, for 
simplicity, a universe in which there 
are only two bodies. In the space- 
time picture, these bodies appear 
as two timelike world-tubes (Fig. 4). 
Inside the tubes we have (138) and 
outside them (139). But what is Ty 
inside the tubes? Let us for clarity 
recall what has been said about the 
energy tensor. We assume that it fig 4- The two-body problem 
possesses four eigenvalues 6 and four 
corresponding unit eigenvectors 4? satisfying 





Tyj4J = 014. (140) 


We denote the timelike unit eigenvector by V# and the corresponding 
eigenvalue by — mu, so that we have 


TyVi = — wi. (141) 


1 Used with the meaning of the Greek d&ywmortrc = a combatant in the 
games, a contender for prizes. 
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If the other three eigenvalues are 6(,, and the corresponding unit 
(spacelike) eigenvectors are Ai), we can write Ti in the form [cf. (78)] 
Tig = pViVy — Sy, (142) 


where Sj; is the stress tensor 


3 
Sy = — % Fiahiarthanss (143) 
a= 
satisfying , 
SyVi = 0. (144) 


We certainly expect the density uw to be positive. As regards stress, 
the preference for pressure over tension is less obvious, but on the 
astronomical scale we do not expect to find bodies under tension, 
because they would be pulled apart. Now — 6,,) are the three principal 
stresses; we want these negative, i.e. 0(,) positive, and so we may 
say that, for physical reasons, we want the eigenvalues of 7;; to have 
the signs 


eigenvalues of Ty: (+ + + —). (145) 
Note that, on account of the minus sign in (138), this implies 4 
eigenvalues of Gy: (— — — +). (146) 
We see then that inside the world-tubes we have the field equations 
Gy = — KuViVy + KSy, (147) 
and if the body is a perfect fluid, this reads 
Gig = —K(u + P)ViV 5 — Kebgig: (148) 
we have also 
Vivi = — 1, (149) 


If nt is the unit normal to the 3-space bounding a world-tube, the 
junction condition reads 


Tyni = 0, (150) 


1 In view of the negative sign in the field equations (138) and the negative 
sign in the matrix yj; = diag(1, 1, 1, — 1), it is easy to get confused in the 
matter of signs. Since the positive sign of the density yw is of considerable physical 
importance, we note that, if we take the coordinates in the usual way, with the 
parametric lines of ¥* spacelike and that of #4 timelike, then w > O requires 


Gas < 0, Gi > 0, Taa > 0, Fre 0; (1462) 
These signs are easily checked from (147) and (138). 
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which means that v# is an eigenvector with zero eigenvalue. Thus one 
of the principal stresses vanishes, v# being the corresponding principal 
direction. Since V? must be orthogonal to this direction, we have, as 
junction conditions, 


Vyni = O,7 Siyni = 0. (151) 
In the case of a perfect fluid, these read 
Vint — 0, p=; (152) 


So much for the realist. The agonist starts in a primitive way by 
counting the differential equations and the unknowns which are to 
satisfy them. But here we must introduce the important idea of 
coordinate conditions. Within the condition of admissibility [1-§ 1], 
we have liberty in the choice of coordinates. We might use normal 
Gaussian coordinates, so that, as in I-(213), 


Las = 9, M4 L (153) 


if we make the fourth coordinate timelike. These are coordinate 
conditions of a special type. They may be of a more general nature, 
but their essential feature is that they are four in number; the number 
four arises from the fact that a coordinate transformation involves four 
functions, expressing the new coordinates in terms of the old. Although 
normal Gaussian coordinates are probably the simplest special co- 
ordinates in space-time, there are also null coordinates for which 1 


gil == p28 — 988 = p44 = 0; (154) 


if we start from any coordinates #* and contravariant metric tensor g%, 
we obtain coordinates «# for which (154) hold by solving the four 
partial differential equations of the type 

Oxi ax 


As LG 155 
o eat OR ee) 





A number of coordinate conditions occur in the literature of relativity, 
designed for special purposes. To put the matter in general form, we 
shall denote the coordinate conditions by 


C726: (156) 


these are equations (perhaps differential equations) satisfied by the 


1 Cf. SynNGE [1960a]. 
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metric tensor g;;. They are of course wot tensor equations, since they 
are satisfied only when the coordinates are specially chosen. 

We are now prepared to make a count. Taking the case of a perfect 
fluid, inside the world tubes we have, in (148), (149) and (156), 
10 + 1 + 4= 15 equations to be satisfied by the following 16 un- 
knowns: gy, Vi, u, p. The system is indeterminate. To make it de- 
terminate, we need some additional hypothesis, such as is made in 
Newtonian hydrodynamics: we might assume uw constant, or we might 
set up some rather ad hoc equation connecting w and ~. As for the 
field in vacuo, we have in (139) apparently 10 equations; but on 
account of the identity 


i = 0 (157) 


there are actually only 6 independent equations in (139). With the 4 
equations in (156), we see 10 equations for the 10 unknowns g;;. Thus, 
as far as the mere counting of equations goes, we have a determinate 
problem (e.g. in the case of two bodies) if we add some pressure- 
density equation. 

But it is far cry from counting partial differential equations to 
soluing them. Faced with such a complicated situation, we pause to 
ask ourselves what we are seeking. The readiest answer is that we are 
trying to do in relativity what has been done in Newtonian dynamics. 
Now Newtonian dynamics has been remarkably successful in celestial 
mechanics, and we may ask whether that success has been due to 
some subsidiary assumptions validated by common sense. In the case 
of the two-body problem, an exact treatment of two fluid masses is too 
complicated, and it is usual to think only of two rigid bodies. Further, 
the bodies may be taken to be spherical, and indeed they may be 
reduced to two massive particles — then the two-body problem 
becomes an elementary exercise. But the essence of the Newtonian 
success lies in the reduction of partial differential equations to ordinary 
differential equations by the assumption of rigidity. 

When we try to apply the Newtonian simplifications to the rela- 
tivistic two-body problem we find that they will not work. The concept 
of rigidity, so fundamental in Newtonian theory, does not lend itself 
to relativity, and the reduction of the bodies to point-particles would 
take us outside relativity, which is essentially a field theorv. These 
facts do not of course rule out judicious use of approximations based on 
reasonable assumptions that the rate-of-strain is very small or that the 
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size of each body is very small. There are also two other bases of 
approximation: (i) all known gravitational fields are weak (small 
curvature of space-time), and (ii) relative velocities are small. 

Having dealt with the realist and the agonist, we shall now describe 
a creator’s plan for building universes consistent with the field 
equations. Some of these may turn out to be very queer indeed, but, 
if we have confidence in the physical validity of Einstein’s theory, we 
know that the whole class of universes created in this way contains 
one of particular interest to us — the universe which we actually 
inhabit. 

Any set of ten functions gi;(x), sufficiently smooth (let us for sim- 
plicity suppose them of class C2), define a Riemannian space-time if 
gidx'dxd has the correct signature, i.e. if gy is locally reducible to 


diag(1, 1,1, — 1). If then we choose such functions arbitrarily, we 
have, by (138), a universe in which the energy tensor is 
Ty = — «1Gy, (158) 


the Einstein tensor having been calculated from gi; — this involves no 
more than finding g*/ algebraically and carrying out the required 
differentiations. There are no partial differential equations to solve. 
Since the procedure is based on chosen values of gi, we shall call it the 
g-method. The crude Newtonian analogue would be to explore gravita- 
tion by assuming the potential ¢ and calculating the density p by 
means of Poisson’s equation, written in the form 


p = —(Ascy)1Ag. (159) 


The plan looks suspiciously simple, and it is subject to two criticisms. 
First, the universes obtained blindly in this way are not likely to bear 
any resemblance at all to the universe as we know it. Secondly, until 
we have carried out the calculations, we do not know the signs of the 
eigenvalues of Ty;, and unless these turn out to be (+ + + —) as in 
(145), it is an unnatural universe. Of these signs the last is the most 
important. If the fourth eigenvalue of Ti is positive (i.e. the last 
eigenvalue of Gi; negative), we have negative density, and while in 
modern physics negative density may not seem as outrageous as it 
did once, it is not realistic as far as celestial mechanics is concerned. 

But however slight the practical value of such created universes 
may be, one learns much from baffled attempts to construct in this way 
models resembling, even remotely, the universe as we know it. Since, 
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in the matter of density, only one sign is involved, we might expect, 
with a random choice of gi; (subject only to the signature condition), 
a probability 4 of getting a positive density, and a probability 1/16 of 
getting all four eigenvalues with the required signs. But it is not as 
simple as that, for we need the correct signs, not at a single event, but 
throughout space-time. Anyone who carries out experimental calcu- 
lations finds that the scales are weighted against him — the density 
shows a perverse tendency to become negative in parts of space-time. 

In view of the connection established in §5 between Newtonian 
theory and relativity, light is thrown on this question of the fluctuating 
sign of density by studying Poisson’s equation in the form (159). By 
virtue of the theorem of Gauss, the flux across any closed surface of the 
normal gradient of ¢ is proportional to the total mass inside the surface. 
If we make ¢ tend to zero at infinity more rapidly than 1/7, the total 
mass of the system is zero, and so the sign of p must fluctuate between 
positive and negative; if 6 does not tend to zero at least as rapidly 
as l/r, we are likely to get an infinite total mass. It is clear that the 
behaviour of ¢ at infinity is critical, and that (to put the matter 
in a rough but dramatic form) the probability that density will 
fluctuate in sign is much greater than 3. 

As we shall see later, there is a relativistic analogue of the theorem of 
Gauss (unfortunately much more complicated) and it likewise indicates 
that a fluctuating sign in density is to be expected from an arbitrary 
choice of g,j. For that reason, however amusing it may be to construct 
in this way fantastic universes, some rather severe guidance is needed 
if anything like the natural universe is to emerge, and it is by no 
means easy to prescribe the rules. 

Having now viewed the field equations as realist, as agonist, and 
as creator, the reader may conclude that, when compared with 
Newtonian theory, relativity offers us a view of the universe which 
is obscure and confused. He would not be far wrong. We have not 
really mastered Einstein’s theory yet, and this should make us 
appreciate all the more those exact solutions of the field equations 
which have been found. 

But let us push the general study of the field equations a little 
further. In the g-method, gi; are given and (138) simply defines Ty. 
Reversing the roles, we now regard Ty; as given (T-method), so that 


Gy = — «Ty (160) 
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is a set of ten non-linear second-order partial differential equations 
to be satisfied by gy. No coordinate conditions may be added. The 
four conservation equations 


are consequences of (160) and imply no restriction on the chosen Ty, 
since they contain the unknown gy, not only in the coefficients but 
also in the covariant derivatives. 

Just as the g-method has a Newtonian analogue as indicated in 
(159), the analogue in the 7-method is the problem of finding the 
potential ¢ of a given distribution of mass. The solution is an integral 
which, in the case of concentrated masses, yields the familiar expression 


=a. (162) 


To this solution may be added any harmonic function, but it is usually 
ruled out by the demand that the potential should vanish at infinity. 
To the realist, the 7-method is more pleasing than the g-method, 
because negative density may be avoided by choosing Tj properly. 
But the method fails in realism through disregard of the physical 
constitution of matter, as we see on reference to the realistic equation 
(148) for a perfect fluid. To the agonist, the T-method offers a problem 
of stimulating difficulty in the domain of non-linear partial differential 
equations, and three major lines of attack have been developed: 

(i) Conditions of symmetry are imposed, reducing drastically the 
numbers of independent variables and unknowns (see Chaps. 
VII-Ix). 

(i) Attention is directed to the Cauchy (initial-value) problem 
(see Chap. v). 

(iti) A method of successive approximations is used. 
To start a method of successive approximations, we note that, if 
Tj were zero, we would have a solution 


£4 = ny = diag(1, l, i = Ly (163) 
the metric tensor of flat space-time. Regarding Ty; as small, we then 
write 

su =n te teat... (164) 
the numerical labels referring to order of magnitude in terms of Ty. 
Substituting in (160) and separating the terms of different orders, we 
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get partial differential equations for the several terms in (164). The 
gi, is called the linear approximation because the corresponding partial 
differential equations are linear. Subject to a certain restriction on the 
choice of Ty, the linear approximation will be worked out in the next 
chapter; it corresponds to the Newtonian formula (162). On going 
beyond the linear approximation, complications accumulate to such an 
extent that it is very hard to assess the mathematical or physical mean- 
ing of the results so far obtained by the exercise of much ingenuity and 
perseverance !. We shall now describe a less ambitious two-step plan, 
suggested by the linear approximation just mentioned and the 
following two thoughts: 

(i) In a complicated situation such as we have before us, an exact 
solution of the field equations is to be esteemed far above any 
approximation, even though the exact mathematical solution 
is admittedly only an approximation to physical reality (no 
mathematical formula is ever more than this anyway). 

(ii) We should not regard (160) as a set of equations to be solved 
for giz but as a set of equations to be satisfied by the 20 quanti- 
ties gy, Ty; any solution is precious, but particularly those 
which come near to physical reality. 

The plan is a mixture of the 7-method and the g-method, and it 
involves the following steps: 

a) Choose any set of symmetric functions A,y(x), satisfying the 

four conditions 


Wk Ayn = 0. (165) 


(Note that these are partial derivatives!) 
b) Substitute 


Sig = ny + ya (166) 


in i 108) and carry out a formal calculation of Gy as if yy were 
infinitesimal, retaining only the principal part; the result, denoted by 


1 EINSTEIN, INFELD amd Horrmann [1938], EINSTEIN and INFELD [1940], 
[1949], InFetp [1953], [1954a, b], [1955d]j, [1957a, b], [1959], InFELD and 
PLEBANSKI [1956a, b], INFELD and SCHEIDEGGER [1951], BERGMANN [1942], 
Bonnor [1959a], B. Finzi [1959]. These references deal with the so-called 
‘problem of motion’; the method is not quite the T-method as described above, 
because only the vacuum equations (139) are used and matter appears as 
singularities. See also Fock [1939a, bj, [1941], [1950], [1955b], [1959], and 
papers by CLarK listed in bibliography. 
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Hy, is ; 
Hig = 3{n” (yav,47 + Yit,ab — Yai,dt — Yas,bi) 
— min n?"(yav,ea — Yac,ba)}. (167) 
c) Write down the equations 
Ay = — KAy, (168) 


and regard these as partial differential equations for yj (T-method). 
These equations are consistent by virtue of (165), and they possess 
a particular solution of great interest and simplicity, commonly called 
that of the retarded (or advanced) potential. This will be discussed in 
detail in the next chapter. Here it suffices to say that this particular 
solution yy vanishes if we put Ay = 0. 

d) The particular solution is now put into (166), so that we get gy, 
and the corresponding Gy is calculated. Then the energy tensor is 
obtained by (g-method) 


Ti = K1Gy, (169) 


and we have a set gy, Ti; satisfying the field equations (160). 

In order that the above procedure may work it is necessary to 
impose on Ay, in addition to the equations (165), only conditions of 
smoothness and of vanishing sufficiently rapidly at infinity, and we 
can of course choose Aj suitably. But we have to examine two things: 
(i) the signature of gi, and (ii) the signs of the eigenvalues of Ty. 
These are both taken care of by making A, small enough. There is no 
question here of making A, infinitesimal, for the conditions of sig- 
nature and signs are in the nature of inequalities. By making A, small 
enough, we can make yj; small enough to give gj, as in (166), the 
proper signature. The question of the eigenvalues is a little more 
delicate. Let us suppose that Aj is chosen so that its eigenvalues 
relative to my have the natural signs, i.e. so that the roots of the 
determinantal equation 


det |Aij — On| = 0 (170) 
are (+ + + —) [cf. (145)]. The eigenvalues of Ty; are the values of 6’ 
satisfying , 
det | Ley = 0’ g43| =U, (171) 
Now Ay are chosen small, say O1. Then yy = O1, so that gy differs 
Synge 13 


194 MATERIAL CONTINUUM [CH. Iv, §7 


from yy by O1. When we evaluate Gij, we get 


Gy = Hy + O32, (172) 
and so, by (169), 
Tiy = Ay + Or. (173) 


It follows then that, in passing from (170) to (171), we do not (provided 
Aj is small enough) disturb the signs of the eigenvalues; nor will we 
disturb much the directions of the eigenvectors. 

But it must be emphasized that we are not making any approxima- 
tion. No small quantities are rejected. All we need is to make Ay 
small enough, but still definitely finite. Such a method may be called 
a feed-back method, because pilot-values obtained from a linear approxi- 
mation are fed back into the exact equations. The method will be 
used in the next chapter. 


§ 7. NOTE ON THE MOTION OF AN ISOLATED BODY 

Let us study realistically the motion of a material body which is 
isolated in the sense that it is moving in vacuo. Other material bodies 
may be present, but we are not concerned with them. Inside the 
world-tube of the body we have the field equations 


Gy = — KLgj, K=>= 870, (174) 
and outside that tube we have 
Gy = 0. (175) 


Let 2’ be the boundary of the world-tube. Then Gi; is discontinuous 
across 2, the discontinuity being however subject to the junction 
condition I-(229), which imposes on Gy inside the tube the condition 


GyNI = 0 on Ds (176) 


where N?# is the unit outward normal to 2. This condition implies that 
on 2' the Einstein tensor has one zero eigenvalue, N# being the corre- 
sponding eigenvector. Since eigenvectors are mutually orthogonal, the 
timelike eigenvector of Gj (i.e. the 4-velocity V*) is orthogonal to N*, 
so that, as in (151), 

ViNé = 0 on &. (177) 


This equation says in fact that +’ is composed of stream-lines, a state- 
ment which we might well be prepared to accept on its own merits. 
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However, it should be realized that the isolation imposed by (176) is 
very strict; physically, it implies that there is no radiation from the 
body, i.e. no flux of energy across its surface. 

In view of (174), it is obviously a matter of indifference whether we 
work with Gy (geometry) or Ty (physics). Let us work with Ty, 
recalling that 


Ti = wViVy — Sy, (178) 
where yu is density, V; 4-velocity and Sj stress, satisfying 
SiyVI = 0. (179) 
The basic equation for present purposes is (105): 
uDVi = S4, — Visitojy; (180) 


here D = 6/és (the absolute derivative along a stream-line) and oj, 
the rate-of-strain tensor (62), satisfying 


ojnV* = .0, (181) 


We note that (180) expresses the absolute acceleration of a stream- 
line (equivalently, its first curvature vector) in terms of other quanti- 
ties, and the condition that a stream-line should be geodesic is 


DVi=0. (182) 


Now the argument which is being given here is motivated by the 
desire to throw light on the geodesic hypothesis (11I-§ 3), and we are 
tempted to try to force (182) out of (180) by some limiting process. 
We can in fact do so very easily by assuming that there is no stress in 
the body. But this would amount merely to what has been done 
already in § 4, where it was shown that in an incoherent fluid (or dust 
cloud) the stream-lines are geodesic. The case of vanishing stress is 
not interesting physically, however, and an approximate argument for 
the case of small stress is likely to become confused, since stress is a 
dimensional quantity and can be called small only in comparison with 
other quantities of the same dimensions. We shall therefore abandon 
the idea of approximation and see what can be deduced accurately 
from (180). 

It is convenient to define, at each event on the boundary ' of the 
world-tube, a quantity 


Q = NiS%,. (183) 
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Then, by virtue of (177), (180) gives on 2 
uN,;DVt = Q. (184) 


In general the motion of the body is rotational in the sense of § 3; 
in other words, the body has spin. However the irrotational case (no 
spin) is much easier to discuss and we shall treat it first. 

In irrotational motion the stream-lines form a normal congruence, 
and we can draw a normal 3-dimensional section S of the world-tube 
(Fig. 5). Let o be the 2-dimensional intersection of S and X. Then Ni, 
the outward unit normal to 2, is at the same time the outward unit 
normal to o in the 3-space S. Since DV? is 
orthogonal to V?, DV# lies in S, and so the 
invariant N;DV? is the outward component 
of DV? taken on the normal to o in S. Taking, 
as is natural, the density to be positive, we 
see from (184) that the sign of this outward 
normal component is the sign of Q. In fact, if 


Q > 0 over &, (185) 


then DV? points out of o everywhere on a. But 
the fixed-point theorem tells us that if we 
have a spacelike 3-space with a vector field 
pointing owt all over the boundary of 
that 3-space, then the vector vanishes somewhere in the 3-space. We 
conclude then that, zf (185) holds, there exists some point of S at which 
(182) holds. Since the world-tube has a single infinity of normal sections, 
we have then inside the tube a single infinity of points at each of which 
(182) holds. These points form a curve C inside the tube (Fig. 5). 
Note that C is a locus of no-acceleration. It is not in general itself a 
stream-line — indeed there is no reason to suppose C timelike. We 
shall return to the condition (185) below, interpreting it in the case 
of a fluid. 

We pass to the more complicated case of a spinning body. Now the 
world-tube does not possess normal sections, and we are at a loss what 
sections to take in order to apply the type of argument used above. 
If we take any spacelike section S, with unit future-pointing normal n*, 
then on S we have 





Fig. 5 — World-tube 
without spin 


Bi aye eh. (186) 
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where K is the maximum value of |mjV%| on S. In the case of irro- 
tational motion, we can make K = 1 (by making S a normal section), 
and in general we would like to choose S so as to make K as small as 
possible on X. We shall not attempt to discuss that interesting geo- 
metrical problem; we shall be satisfied to accept the existence of some 
K such that on 2’ 


1 <|mVi] <K. (187) 


In a vague way, we may regard the excess of K over unity as a measure 
of the spin of the body. 

Fig. 6 shows 2, the boundary of the 
world tube, with unit outward normal 
Ni; S, the spacelike section, with unit 
normal u?; o, the intersection of S and 2; 
yt, the unit outward normal to o in S; 
and V?, the 4-velocity. The bound K in 
(187) puts a bound on |n;N*|, and this 
may be investigated by using, at any 
point on o, coordinates such that 





gi == diag(1, 1,1, — 1), Fig. 6 — World-tube with 
(188) spin 
VES, NE Se |, 
the other components of V# and N# vanishing. Then, by (187), 


\na| <K. (189) 
Hence 
ny2 = na? — 1 — no? — n32 < K?2 — 1, (190) 


and so we have the required bound, 


\nNi] <(K2 — 1)}. (191) 
Similarly, using the fact that 
V;DVi = 0, (192) 
we can show that 
|jusDV*| < b(K2 — 1)3, (193) 


where 6 is the first curvature of a stream-line (the absolute acceler- 
ation), given by 


b2 = gyDV'IDV!, (194) 
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Since v¢ points outwards and »;,dxt = 0 for every displacement 
satisfying n;dx? = 0 and N;dx! = 0, we have 


yt = aNt + Bunt, a > 0. (195) 
Hence, since nj? = 0 and nynt = — 1, 
yi = o(Nt+ ninjN), a >0. (196) 


Let W* be the orthogonal projection of DV# on S. The outward 
component of W? on the normal »? of o is 


W yvt = y%DVt = a«(N;DVi + n,D VinjN5) ; (1 97) 


In order to be able to apply the fixed-point theorem, we now 
impose (in addition to (187)) an inequality which ensures that the 
expression (197) is positive all over o. Let us assume that 

Q > wb(K2 — 1) (198) 
all over o. Then, by (184), (191) and (193), Wy is positive all 
over o, and so Wé must vanish somewhere in S. Now Wi = 
implies that DV? is either orthogonal to S or vanishes. But DV, being 
spacelike, cannot be orthogonal to S. Therefore, zf (187) and (198) hold 
all over o, there exists a point in S at which DV? = O. Hence we get, as 
in the irrotational case, a locus C of no-acceleration. 

Let us examine the condition (198) which ensures the existence of a 
locus of no-acceleration. By (180) we have 


But 
Vis"; == (ViS¥) 3 — VijgS = — oS, (200) 
and so 
b%2 = SHSM, + (Soy)? (201) 
Hence the condition (198) is equivalent to 
N,S4, > (K2 — 1)1S4,S%, + (Sou). (202) 


This condition as it stands is rather too complicated to be interesting. 
But in the case of a perfect fluid we have 


Sig = — PViVs + 84), (203) 
and the pressure # vanishes on 2. Hence on » we have 


Sy — 0, 


SY = — P(ViIVI + gt) = — gtip,;, 
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and (202) simplifies to 


— PaN' > (K? — 1)(g4p,3)*. (205) 
But it is really simpler still. For, since = 0 on &, we have 
(gp <b,)* = |PeN4, (206) 
and so: (205) is equivalent to the pair of-conditions , . 
piN* <0, Ka 2. (207) 


If we agree that pressure is necessarily positive, # must increase as we 
pass in through , and so the first of (207) is necessarily satisfied in 
any physical situation. The second inequality in (207) is satisfied 
if the body is not spinning too rapidly (to put it rather vaguely). Under 
these conditions the world-tube of a fluid body contains a curve of no- 
acceleration. 

A mathematical method which involves extraneous things is imper- 
fect. The concept of no-acceleration has nothing to do with taking a 
section of the world-tube, and in fact this section is extraneous to the 
problem. It may be that there is a better and more direct way of 
investigating events of no-acceleration. 

To come down to earth, literally, we may ask whether the world- 
tube of the earth contains a curve of no-acceleration. Probably it does. 
For the stress in the earth is largely hydrostatic pressure and its spin is 
small (or is it?). In any case if the geophysicist is satisfied that (207) 
are applicable to the earth and true for it, then certainly there is a 
curve of no-acceleration.' But it must be understood that there is 
nothing in the argument indicating that the line of no-acceleration is 
the world-line of a particle of the earth. 

We shall return to the isolated body in vi-§ 6. 


CHAPTER V 
SOME PROPERTIES OF EINSTEIN FIELDS 


§ 1. THE BASIC FORMULA FOR RETARDED OR ADVANCED POTENTIAL 


There is a theorem about retarded or advanced potential which is 
so important that it deserves a simple direct proof. 

We recall, for a general space-time with metric tensor gy, the 
well known definition of the d’Alembertian operator applied to an 
invariant F’: 


l 0 — OF 
Fy = aa \V— 8G (1) 
In flat space-time with gy = my = diag(1, 1, 1, — 1), we have 
oa 
L] F = 4yj——_., 2 
"8 osdad (2) 


and this formula may be applied when F is a Cartesian component of a 

tensor; it yields a tensor of the same type. If we use curvilinear co- 

ordinates in flat space-time, the operator LJ, applied to a Cartesian 

component, is as in (1); we transform the operator without changing F. 
For polar coordinates in flat space-time the metric form is 


dv? + r2d62 + 72 sin? 6 dd? — dZ?, (3) 
and if we pass to coordinates (u, v, 6,4) = (x1, x?, x8, x4) by putting 
1 


OT oP ogg ror (4) 
so that 
w= sett, = alta, (5) 
we get 
gi2 = — 1, £33 = 7, £44 = 7? sin? 6, 
gl2 — — |, pe 7, g44 = r-2 cosec? 6, (6) 


/—g=rsin 8, 7? = 4(u2 — 2uv + v?), 
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the other components of gy and g vanishing. Then (1) gives 


ay pa. 2 (2 ) 
7 oudv ' u—v \ du ov 


1 0 : oF 1 02F 
Oi oa ee (sin 6 -) + ——_— (7) 








v2sin 6 00 06 v2 sin? 6 dd 
We shall now calculate the integral t v=0 
fU Fda (8) r=ulV3 


taken over a sheet of the null cone which 
has its vertex at y= 0, t= 0, dw being the 
invariant element of 2-content!. The past and 9 r 
future sheets of the null cone have the equations 
u = 0 and v = 0, respectively (Fig. 1), and it 
is clear from the symmetry of (7) in # and v 


that the formal calculations are the same for u=0 
both. Let us integrate over v = 0, so that we Fig. 1 The twosheets 
have ry = u/4/2 and the element of 2-content is of the null cone 
] 
dw = — -7? sin 6 dv dé dé = 4u sin 6 du dé d¢. (9) 
v 


It is clear from (7) that the integral is improper, so we cut out a 
small piece of the null cone at the vertex O and integrate as in (8) for 
the ranges 


e<u<oco, O<0<mn, O0<$<2z. (10) 


Now the integrations with respect to 6 and ¢, applied to the last two 
terms in (7), give zero, and so, for the limits (10), we have 


joe =| {sin 0a0 aff an — (a (11) 


the last integral is 


o2F oF oF 0 oF 
a cae Bil ie 
Ouov Ou Ov Ou Ov 








é€ 


-[F-+> | , (12) 


1 Cf. SyncE [1956a, p. 430]. 
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provided these limits exist. Thus, if F tends to zero at infinity in such 
a way that, along the null cone, 


FF 
F —u— —-0 as u>o, (13) 
Ov 


we have ! 
JO Fdo = — 4xFo, (14) 


where Fo is the value of F at the vertex of the null cone. This is the 
required result. It holds for integration over either sheet of the null 
cone. 
If, in flat space-time, we seek a solution of the partial differential 
equation 
LA =F, (15) 


we may examine, as a tentative solution, 


HP) == a F(P)dw (16) 
Aor 
where P is a current point on either sheet of the null cone having P’ 
for vertex. To differentiate with respect to P’, we move the null cone 
and find the increments in the contributions from corresponding equal 
elements dw. This is equivalent to differentiating under the sign of 
integration with respect to P. Hence, using (14), we obtain 


CY A(P’) = — — | 0) F(P)dw = F(P’), (17) 


which shows that (16) is in fact a solution of (15). But we are not to 
think that it is a unique solution, because we can add to H any wave 
function, unless this addition should be ruled out by a subsidiary 
condition !. 


§ 2. THE LINEAR APPROXIMATION 


We shall now take the first step in generating Einstein fields accord- 
ing to the feed-back plan of Iv-§ 6. The essential point of the argument 
is lost if we blunt the edge of the mathematics and speak vaguely of 
approximations, and yet the motivation springs from a rather natural 


1 Cf. SyncE [1956a, pp. 361, 367] for a simple wave function which vanishes 
like 1/y? at infinity and has no singularity. Cf. Bonnor [1957a]. 
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approximation. Let us compromise by setting out the problem rather 
intuitively first, and then make a fresh start on a better mathematical 
basis. 

Imagine some distribution of matter with small energy tensor Ty 
producing a weak field. Then there exist coordinates x# such that 


Sig = NY + Vis; . (18) 


where yj and its derivatives are small. We seek to solve the field 
equations 
Gy = — «Ty, (19) 


but we shall be satisfied by a linear approximation in which terms of 
the second degree in yy are neglected. Thus we throw away these 
higher-order terms and reduce Gi to Hy as in Iv—(167). It is then a 
question of solving a set of linear partial differential equations. We 
shall state the result below, but it is best at this point to turn to 
precise mathematics, since we need a precise result for later use and 
from it the intuitive answer can be extracted without difficulty. 

Let there be a 4-space with coordinates x, ranging from — oo to 
+ co. To be able to speak geometrically, we impose the Minkowskian 
metric tensor 74; = diag(1, 1,1, — 1), so that our space can be re- 
garded as flat space-time and we can speak of null cones in it. We 
introduce symmetric functions A,j(x) satisfying 


"Ayn = 0, (20) 


and also satisfying conditions of smoothness and of vanishing at 
infinity (i.e. for 7 -> co where 72 = xx“), these conditions (which we 
shall not trouble to specify in detail) being such that the operations 
described below can be carried out as required. We seek yj to satisfy 
the equations 

Ay = — KAy, (21) 


where Hj is as in Iv-(167). It is convenient to define the linear operator 
L2 by 
7] 


Li Xap = 1? (Xav,iy + Xij,av — Xai,os — Xay,0i) 
— yn ne" Xav,ea — Xac,ba). (22) 
Then (21) may be written | 


Lye yap = — 2A i> (23) 
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these are the equations we seek to solve. Now comes the essential 
and curious part of the argument; if we write for brevity 


4A ad = A, (24) 
then, by (20), we have (as is easy to verify by direct calculation) 
Lig?(Aav — nav) = nM Ay,ao = O Ay, (25) 


where LJ is the d’Alembertian operator. This is the key to the situation ; 
as a tentative solution of (23) we try 

yy(P') = Cf (Aig — anyA)do, (26) 
where C is a constant and the integration is taken over either sheet 
of the null cone having P’ for vertex, dw being the element of 2- 
content (remember that we are working in a flat space-time). We now 
apply the operator L, and differentiate under the integral sign, 
because that is equivalent to shifting the null cone. By (25) and (14) 
we get 


Ly yan(P’) = C f Lz%(Aav — 4navA)da 


= Cf LI Ada =o 4nCA iy(P’). (27) 
Thus (26) satisfies (23) provided 
4nC = 2k, C = «/2n. (28) 
We have then the following particular solution of (21): 
K fe 
y(P’) = — | (Ais — ny) (29) 
This holds for any «; if we put « = 87 as in Iv—(110), we have 
yy(P’) = 4f (Aig — gnyA)do. (30) 


This is the exact mathematical result we need in later work. But to 
go back to intuitive approximation, we may write down the formula ! 


gig(P’) = nig + = | (Lig — 487 )retytdxtdxdx8, (31) 


as an approximation to the metric tensor due to the energy tensor 74; 
the integration is over all space and ‘ret’ means the retarded value — 
mathematically we could equally well use the advanced value, but 
physicists who read a causal meaning into the formula would naturally 
prefer the retarded value. 


1 Cf. EINSTEIN [1916b], Pau [1958, p. 173]. 
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§ 3. A STATICAL EINSTEIN FIELD WITH EMBEDDED BODIES 


The Newtonian astronomer surveys the universe with a powerful 
intuition gained more by the exercise of playful fantasy than by the 
consideration of technical problems. To appreciate the gravitational 
pull exerted by the sun on the earth he may imagine both bodies at 
rest, held apart by an enormous strut. To appreciate the magnitudes 
involved, let us make some calculations. 

Using the masses stated in 1v-(137) and taking the distance of 
sun from earth to be 1.494 x 1018 cm = 4.986 x 102 sec, we find 


gravitational force between sun and earth = 2.927 x 10-22, (32) 


If this thrust were maintained by a column with section equal to the 
cross-section of the earth, i.e. with radius 2.125 x 10-2sec, the 
pressure in this column would be 


p = 2.063 x 10719 sec-?. (33) 


This is about three thousand atmospheres, for the pressure of the 
atmosphere is approximately a bar, where 


1 bar = 108 dynes cm~? = 7.423 x 10-28 sec, (34) 


Note that the smallness of the force in (32) is physically significant, 
since the quantity is dimensionless. It would be foolish to say that the 
pressure in (33) is large or small — it all depends on what we compare 
it with. 

Passing to relativity, it is interesting to construct a model in which 
bodies are held at rest relative to one another by means of a material 
medium which fills the space between them. We have the machinery 
to construct such a model without any approximation, and we shall 
do so. By making exact calculations !, we remove the argument from 
the realm of possible controversy and obtain formulae which may be 
useful in connection with problems of more direct physical appeal. 

For purposes of geometrical description, we regard the coordinates 
xt as rectangular coordinates in flat space-time with metric yj. We 
choose a function /(x1, x2, x8) which is arbitrary except for conditions 
of smoothness and of vanishing at infinity. Actually, as regards 
smoothness, it would suffice to take / piecewise continuous, but it is 


1 The work may be regarded as a precise treatment (without the use of 
isothermal coordinates) of the approximation given by Cuazy [1930, p. 153]. 
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simpler to assume first a higher degree of smoothness and treat the 
case of discontinuities by a limit at the end of the argument. 
Define Aij by 


Aga = f, (35) 
all other components vanishing. Obviously (20) is satisfied. We have 
A =7JAy = —Au = —f, (36) 
and the formula (30) gives 
Yap(P’) = Oph Viele’) = 0, yaa(P’) = d, (37) 
where 
¢d = 2/ fda, (38) 


with integration over the past sheet of the null cone with vertex P’. 


We may write equivalently 
dv 


Pr" r o = 2fr-'fdv, (39) 

where dv = dxidx2dx3, the integration 

Tikeenee= is taken over *4 = x4(P’), and 7 is 

spatial distance from P’, as shown in 
dw Fig. 2. 


Pursuing the feed-back method de- 
scribed in Iv-§ 6, we now write 


8g = ng + vis = N15 + Sigh, (40) 
Fig. 2— The potential integral and investigate the properties of a 
universe with this metric, calculating 

in particular the energy tensor from the formula 
Ty = — «1Gy, Kk = 8a. (41) 


For the following calculations, we may forget that ¢ is of the form 
(38) or (39). In fact, we are concerned with a metric form which may be 
written 


© = (1 + f)(de® + dy? + de®) — (1 — Ade’, (42) 
where ¢ is any function of (x, y, z); but, to have the correct signature, 
we understand that 

= be Ty (43) 
It is not at present assumed that ¢ is small; that assumption will be 
made only at (53). 
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Denoting partial derivatives of ¢ by subscripts, we have 


§ap = dxe(1 le $); Bus = 9, gaa = —(1 — $); 








0 1 
Piet 5288 ad __ Maen ts 
g tie: © 0, 8 cae. 
l (44) 
IY 8 — 2(1 i $) (dn, + 63,.Po = = dup?) » 
uo uo 
4 = a = > 
Ne aaa oe 2(1 + 4) ° 


the other J”s vanishing (in all these calculations, the presence of a 
single 4 destroys a quantity). 

The Riemann tensor is important because it is the gravitational 
field; from 1-(88) we find 


Rypys Pano 2(OgsPay oh Day PBS = Ons? By a 63,.Po8) 


3 
— “4(l + ) (Opshapy + Saypphs — Sasbehy — Op,Pa%s) 


bP p(SxyOgs — bsg, » 


Rapya = 2PBy — a <i Pppy + A(1 - A(1 + 4) Oy P Pp: 


‘Al + 4) 


For the Ricci tensor and curvature invariant we get, writing ¢,, = A¢, 








! ‘ 
TD gy ee ge 
1 = 26 + 392 
ai — #8 BH — a oe 
Ras =O, 46) 
44 sas Servi sa 
aAr+ 4) + WF — 
ieee 5 — 4d + 362 





Ng 


“Trae? B04 aa — ep Pr 
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Hence the Einstein tensor is 


Gap = 5 gy (p48 — ta 
1 = 26 +362 3 — 2p + 392 
~ a ae PB Ta gaa PoP gn 
Gus = 0, 
oe ee eee 
Ga4 = +42 Ad 4 7 + $3 ee PoP: 


The energy tensor is then given by (41), and the principal directions 
and eigenvalues by 


TiAl = OgagJ, (48) 
as in Iv-(140). It is evident that for three of these principal vectors 
we have A* = 0 (since G,, = 0), the principal pressures being given 


by the corresponding values of 6. As for the density mw, we have 
6 = — pw, and 


b= — Taa/gag = x1e44Gaa 








I 1 3 od 
eee gn ap 


This completes our calculations based on the metric (42). 
We now turn to (39) by which 


$= 2fr-fdv, Ad = — Buf. (50) 


Note that $¢ is the Newtonian potential for ‘density’ /; this ‘density’ / 
is not to be confused with the true density u of the constructed uni- 
verse, which is connected with / by 
} 3 
pot + 5 hehe (51) 
(1 + 4) 32x (1 + 9)? 

The above formulae hold in the case where / has surfaces of dis- 
continuity, for the junction condition is the continuity of G,gn? and 
this is satisfied because, if we integrate over any closed surface in 
Euclidean 3-space, we have 


S (8x4 — gag)nPaS = 0, (52) 
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We are now in a position to study a relativistic model in which bodies 
are held at rest in an embedding medium. We put / = O throughout 
the exterior region. But, as the formulae are somewhat complicated, 
we shall now approximate, treating ¢ and its derivatives as small and 
retaining only terms of the second order. Then (47) and (51) simplify to 


Gap =o $(d.pA¢ os dup) == 3PaPB ae £0 BP Pp» 
Gus = 0, 
Gas = (1 ~ a 34)Ad = £P Pp (53) 


=f + $2 + baby 


so that the ratio u/f is nearly equal to unity. There are discontinuities 
at the boundaries of the bodies, since 4é = 0 outside. 

To investigate the density (ue) of the embedding medium just out- 
side a body of density ui, we have approximately 


i 


=i (54) 
i 327% fi 
Defining the mass of a body by 
m = f udo ~ f fav, (55) 


the value of ¢ at an exterior point for two spheres of masses m, m’ is 


2m 2m’ 

Cg ay (56) 
where 7, 7’ are the distances from the centres and V is the Newtonian 
potential. (Note the factor 2; in relativity the ‘magic number’ as- 
sociated with a body is 2m/r, not m/v as in Newtonian gravitation.) 
To evaluate the ratio (54) in such a case as that presented by the sun 
and the earth, we note that, at the surface of either body, the value of 
$,, is very nearly that due to that body alone. Thus 


Me 3 (=) 4a 1 m 
m 32x \ y 


3m iD 





(57) 


where m is the mass of the body and 7 its radius. Inserting the ap- 
propriate numerical values, we obtain the following ratios of exterior 


Synge 14 
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density (that of the embedding medium) to interior density: 


for the sun: 1.061 x 10-6, 
for the earth: 3.480 x 10-10, (58) 
for the moon: 1.563 x 10-11, 


Thus the density of the fictitious embedding medium is very small 
compared with ordinary densities. 

For the stress Sg, inside or outside bodies of any shape, we have 
by (53) 


87S 48 = Gog = (Oaxg4d — bag) — tbahp + FxpboPp (99) 


Hence 
87S 0g,8 = BP_A ep. (60) 


This simple result leads to a striking connection between our rela- 
tivistic model and the Newtonian one. For we may compute the 
resultant ‘force’ on a body by integrating the traction over its surface 
due to stress, and for this ‘force’ we get 


l 
| Sapna = | Ssp.pdo = —— | $s 
= —3/¢,fdv = —fpuV,dv, (61) 


where V is the Newtonian potential. In Newtonian theory this is 
precisely the force which must be exerted on the body in order to hold 
it at rest against the pull of gravity due to other bodies. 

We note that the stress falls to zero at infinity like 7~4. For the sun- 
earth combination, held apart by the embedding medium, we can 
calculate from (59) the mean normal pressure over the surface of the 
earth; it comes out to be 


p = 5.103 x 10-15 sec72. (62) 


This is much greater than the pressure (33), as is to be expected, 
since the force (32) arises from the variation of the stress over the 
surface of the earth. 

Since we have, in this section, wandered rather far from the stern 
tasks imposed by physical reality, it will be well to sum up and point 
some morals: 

(i) The general theory of relativity is bedevilled by the complexity 
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of its formulae. It is therefore useful to have available the 
formulae for Rijxm and Gy for the metric form (42) 1. 

(ii) Simple exact Einstein fields are rare and it is good to have 
before us an example, even if its physical counterpart is not 
to be found in nature. 

(iii) There is no uniqueness about the universe which we have dis- 
cussed, except the uniqueness of simplicity. It is the simplest 
universe obtainable from the combination of the g-method and 
the T-method described in Iv-§ 6. 

(iv) The retarded-potential formula, or linear approximation, 
shown in (31) is so attractively simple that there is a temptation 
to use it uncritically; by making it the first step in an exact 
calculation, we are able better to appreciate its value and its 
limitations. Rejection of quadratic terms is dangerous. If we 
threw them away, we would have S,g = 0 in (59), and would see 
bodies in a state of mutual rest without any stress in the inter- 
vening medium; that would be a denial of the most elementary 
facts of gravitational attraction. 


§ 4. TWO LEMMAS 


As a preliminary to the discussion of the Cauchy problem in the 
next section, we shall establish two lemmas 2. 

Let Wiz be any symmetric tensor field in space-time with metric 
tensor giz. We define the conjugate tensor field by 3 


Wi, = Wis — teuW, W = g%®W ap. (63) 
Since gyg47 = 4, we have then 
w* = — W, (64) 
and hence 
Wis = Wi; — teuW*, (65) 
so that the operator stay is a square root of unity in the sense that 
Wee = Wy. (66) 


1 Later in the book, these tensors are evaluated for various metrics. Explicit 
formulae for Gt for a general orthogonal metric (gi; diagonal) will be found 
in ToLMAN [1934b, p. 253] and McVITTIE [1956, p. 68], but the gain in generality 
must be balanced against a loss in interpretability. 

2 Cf. LICHNEROWICZ [1955a, p. 31]. 

3 The star is used in vI-(35) and x-(7) for the dual, but there should be 
no risk of confusion. 
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Lemma 1: Provided g44 40, the mixed components W} may be 
expressed in terms of Wy, and W;, in the linear form 
Wi = APPWip + BPW, (67) 


the coefficients being linear and quadratic functions of g#, divided 
by g44. (Greek suffixes take the values 1, 2, 3.) 
The proof is as follows. Our plan is to use the mixed form of (65), viz. 


Wi = W* — 18 W*, (68) 
This gives 
Wi = (gtt0 — 35}¢”) 2, (69) 
For 1 = 4, 
W3 = (g4963 — 40789) Wo. (70) 
For 7 = y, 
Wy = Woy, = BOW + eWay, (71) 
so that 
Wiy = —(e*4)-1(e*W, — W))- (72) 
Putting 7 = 4 in (70), we get 
Wi = Wis — OW: (73) 
an important cancellation takes place here, so that 
We = — te? Weg + eM Wa, (74) 
and hence 
aa = (644) -1(gP Weg + 27). (75) 
Now (69) may be written in the form 
Wi = CoP WSs + CWE, + CWE, (76 


and when we substitute in this from (72) and (75), we get an expression 
of the form (67), and so establish the lemma. The condition g44 4 0 
is obviously required in (72) and (75). 

Lemma 11: Let Sq be a domain of space-time with g44 = 0, and let 
S3 be the 3-space with equation x4 = 0. Then the three following 
statements are mathematically equivalent: 


(A) Wij =: 0 in S4. 
(B) «B = Oand W} = 0 in Sq. 
(C) Wig =O and Wi, = 0 in Sa, with W} = 0 in Ss. 
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To prove this lemma, we note first that obviously (A) = (B). 
By Lemma 1, (B) = (A). Therefore (A) and (B) are equivalent. 
Obviously (B) = (C). It remains only to prove that (C) = (B). 

We assume (C). Then, by Lemma I, and the first condition in (C), 


Wi = BEWi%. (77) 
By the second condition in (C) we have 


Wi, = Wi, + Wt, + TiWe — Few, = 0. (78) 


\t qs 


By (77) this may be written in the form 
Wig = EP Wig + FW (79) 


the coefficients being functions of the metric tensor and its derivatives. 
In view of the last condition in (C), a fundamental theorem in partial 
differential equations tells us that W} = 0, not only in S3, but in Sq. 
Thus (C) => (B), and the lemma is proved. 


§ 5. THE CAUCHY PROBLEM IN NORMAL GAUSSIAN COORDINATES 


Only in very rare circumstances can we hope to obtain solutions of 
the field equations which are explicit, exact, and physically significant. 
Therefore we have recourse to solutions in series in powers of one of the 
coordinates x4, a procedure intimately connected with existence 
theorems for solutions in terms of data on a 3-space «4 = 0. Here we 
have the Cauchy problem }. 

In the field equations 


Gy = — Kly, t= S77; (80) 


we have 10 equations connecting the 20 quantities gy, Ti. The con- 
servation equations 

are consequences of (80), not independent equations. To get a de- 
terminate mathematical problem, 10 of the 20 quantities should be 
assigned throughout space-time, and the other 10 quantities sought to 
satisfy (80). In rv—§ 6, we discussed the g-method and the 7-method. 
In the former, gij are assigned and 74; calculated by mere differ- 
entiations, but we are very likely in this way to get negative densities, 


1 Cf. LIcHNEROWICcz [1955a], PHam Mau Quan [1953b], [1955b], Foure£s- 
Bruuat [1948b], [1950], [1952], [1955], [1956]. 
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and also tensions where, physically, we would prefer pressures. The 
T-method is more promising, but from the standpoint of the Cauchy 
problem, it seems best to mix the two methods. In fact, what we shall 
do in the following treatment of the Cauchy problem is to employ 
normal Gaussian coordinates, so that, as in I-(213), we have 


Se 0; Ria (82) 


taking the parametric lines of x4 to be timelike, and assign Tyg 
throughout space-time. Thus 10 quantities are assigned, and for the 
other 10 (g,, Tia) we have to solve the 10 equations (80). This choice is 
indicated by the structure of the differential system relative to the 
Cauchy problem, the initial data being taken on x* = 0. 

Let us, for clarity, list the quantities as follows: 


assigned in space-time: gia, Tyg (83) 
unknowns: gg, La. (84) 
Let us define Wi; by 1 
Wi = Gy + KT y. (85) 
Then the conjugate, as in (65), is 
Wy = Ry + «Ty, (86) 
where 
Ti; = Ti — heyT,  T = g®T gp, (87) 
because 
G, Ry, Ry = Gy. (88) 
The field equations (80) now read 
Wy = 0. (89) 
Noting that (82) implies 
gt=0, gal, (90) 


we now appeal to Lemma 11 of § 4. It tells us that the equations (89) 
are equivalent to 


*,=0, Wi, =0, (91) 


1 The following general argument might be carried through with inclusion of 
the cosmological constant A of tv—(108); we would then write 


Wi = Gy — Agi + «Ty. (85a) 
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with the condition 
Wi =0 for x4 =0. (92) 


These are the same as 


Rag t+ «Typ = 0, Thy, = 0, (93) 
with the consistency conditions 
Ga, + «Tay, = 0 for x4 = 0. (94) 
To attack the Cauchy problem for the system (93), we note that 
by 1-(217) with « = — 1 we may write the first of (93) in the form 
Bapaa = 2Ryg — $A8up,4 + 8Y Capa Bv4 + 2nT xp, (95) 
where Rug is the intrinsic Ricci tensor of «4 = 0 and 
A= gH eo yds (96) 
while the second of (93) gives 
T4j,4 = — jd = Tia + Dul} — PGT. (97) 


We now assign as Cauchy data on «4 = 0 the values of the 16 quantities 
So §uB.4 Tia, (98) 
remembering however that they must be chosen to satisfy the four 


conditions (94), which by I-(219) may be written 


As <= D°gas4 1c 2KT ya = 0, 


(99) 
R142? 4+ 1B + 2Tag = 0, 


for «4 = 0, where & is the intrinsic curvature invariant of x4 = 0 and 
B= gg 8 5, A804: (100) 

Since (95) and (97) give explicitly the values of 
§aB.44) Ti4,4, (101) 


the derivatives of the Cauchy data, in terms of the Cauchy data 
themselves, we know that a solution exists in the neighbourhood of 
x4 = 0, provided the Cauchy data are chosen to satisfy (99) — this is 
most important physically, for it is in (99) that we come up against 
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the physical condition of positive density Iv—(146a), viz. 
Laa > 0. (102) 


If we have satisfied (99), the solution reads 


Bop = (Bup)o + ¥4*(8ap,4)0 + 3(%4)?(2ug,4a)0 + +++, 
Ta; = (Taj)o + *4(Laj,4)0 + «-. 


where the coefficients are either Cauchy data or are expressible in 
terms of Cauchy data by (95) and (97). Should we desire higher terms 
in the expansions, we would get them in terms of the Cauchy data by 
differentiating (95) and (97) and substituting in the results the values 
given by the equations themselves. 

It should be clearly understood that the way in which we split the 
problem in (83) and (84) was merely a mathematical device, without 
physical motivation. The argument applies to any Einstein field, i.e. to 
any set of 20 quantities g;;, Ty satisfying the field equations (80), 
subject of course to conditions of smoothness which we have not 
complicated the discussion by mentioning, since they are best discussed 
in those special cases where lack of smoothness intrudes itself. 

The preceding treatment of the Cauchy problem applies in particular 
to fields in vacuo, for which the field equations read 


(103) 


we have merely to delete the terms in 7; from the work. Thus, in 
normal Gaussian coordinates, the equations (95) become 


§08.44 = 2Ryp 7 34 808,4 a ge ea 48 By. 4- (105) 


The Cauchy data are now gg, &4g,4 on x4 = 0, and they must be chosen 
to satisfy (99) with Ty = 0. If we write 


Yap = Ea.4 ‘for «4 = 0, (106) 
then the consistency conditions (99) may be written 


Pia =< Pip 


(vB)? — pal = 4k. oe 


These are equations in the 3-space x4 = 0, so that there are only 
three independent variables x*; the metric tensor is g,g and subscripts 
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are raised by g*f; the double stroke indicates covariant differentiation, 
using the Christoffel symbols 


U4, = e° (By, pl. (108) 


The equations (107) must be regarded as of great importance 
because they contain, as it were, the general theory of gravitational 
waves 1, Once they have been solved for the 12 quantities (g,g, Yyg), 
the field can be developed from (105) in the neighbourhood of x4 = 0. 
But we should hardly speak of solving (107), because they are highly 
redundant — only 4 equations for 12 unknowns. It looks as if it would 
be easy to satisfy them but in fact it is not. 

There are two ways of simplifying drastically the consistency 
conditions (107). The first plan? is to put y,g = 0, so that we have 
only to satisfy & = 0. If g,g is a subsidiary metric in «4 = 0, related 
conformally to gag by gg = $48.8» the consistency condition becomes 3 


A's +4 B'$ = 0, (109) 


where A’ is the tensorial Laplace operator, and R’ the curvature in- 
variant, both calculated for the metric tensor Cup: 
The second plan is to assume that x4 = 0 is intrinsically flat, so that 


R=0O and we may use rectangular Cartesian coordinates x*. The 
consistency conditions (107) now read 


VBR = Vob.p  (Pee)” = PohPap (110) 


There is still redundancy — only 4 equations for 6 unknowns. But if 
we now take ,g to be of the form pg = ug, where , is some vector 
field, the redundancy disappears since the last of (110) is identically 
satisfied and we are left with the following three equations for ,: 


(1g) 0 = UyUg,g + Uy,pubg. (111) 


Since we are now in a Euclidean 3-space, it is useful to think of these 
equations hydrodynamically, regarding u, as the velocity of a fluid 
in steady motion, ugug being the square of the speed and w,,gug the 
acceleration. We can satisfy (111) by giving the fluid a velocity in the 


1 See Chap. Ix. 

2 This plan gives time-symmetric solutions in the sense that the series (103) 
for g,g contains only even powers of x4; cf. FourES-BRUHAT [1956], WEBER 
and WHEELER [1957], Britzt [1959a, b], ARAKI [1959]. 

3 Note the fourth power of ¢. The calculations are similar to those following 
vilI-(36), but in three dimensions, not four. 
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direction of the x3-axis, combined with a whirling about that axis. 
We put 

uy = — w(r)x?, ug = al(r)x1, ug = ug(r), 7% = (x1)? + (x?)2, (112) 
where w is any smooth function which vanishes sufficiently rapidly 
at infinity. Then from (111) we get the single equation 


~ (w272 + 42) = — wy, (113) 


and this is satisfied by taking 
r 
uy = C — w27? — fwrdr, (114) 
0 


the constant C being chosen to make 3 positive for all values of 7. 
Having thus obtained u, to satisfy (111) and hence yy,g to satisfy (109), 
we have the requisite initial values for use with the field equations 
(105). We must not of course attempt to simplify these equations by 
inserting values appropriate only to x4 = 0; but we note that the 
initial value is 


(&x8,44)0 a on 2¥ up Po a PouPBu = QU UgU Uy. (1 15) 

‘From the form of (112), the gravitational waves discussed above 

may be described as cylindrical 1. These waves are of a very special 

type; a close study of the general consistency conditions (107) might 
lead to other more interesting types of wave. 


§ 6. THE CAUCHY PROBLEM IN NORMAL GAUSSIAN COORDINATES FOR A 
PERFECT FLUID 


In the preceding section we dealt with the Cauchy problem for a 
medium with energy tensor Ty, and it might be thought that the 
argument there given would apply in particular to the case of a perfect 
fluid, for which, as in rv—(84), 


Tig = (M+ PV iV + Beep. (116) 
But it does not apply. The essential feature of (116) is that Ty is 
degenerate, with three equal eigenvalues. In the preceding procedure, 
we assigned Tg arbitrarily in space-time and then found 744 through 
the field equations. There is no reason to suppose that, in such a pro- 
cedure, the degeneracy of Ty is preserved. In fact, the preceding 


1 Cf. Chap. 1x-§ 3. 
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method is no good at all for the case of a perfect fluid, and we have to 
make a fresh attack, taking from the preceding work only those parts 
that are applicable to the case of the perfect fluid. It is well worth 
doing this, because the problem is indeed the basic problem of celestial 
mechanics. In Newtonian mechanics we think of the elements of the 
solar system given with respect to position and velocity at ¢ = 0, and 
the motion of the system unfolds by the solution of certain differential 
equations, ordinary if the bodies are rigid, partial if the bodies are 
fluid. As already mentioned, the concept of rigidity does not pass over 
into relativity, and we have little option but to treat the bodies as 
fluid. It is best not to trouble at first about concentrations of matter, 
but rather to work with a general fluid field. 

As before, we shall use normal Gaussian coordinates, so that as in 
(82) and (90) 


2a=0, ga=—l1, gt=0, gi4#=—1. (117) 
The field equations are 
Gy + «Ty = 0, k = 8x, (118) 
with Ty as in (116), and we have also the equation 
ViVvi=—1. (119) 
We see here 11 equations for the 12 quantities 
kup» Vi, pb,  ®B, (120) 


and so we are one equation short. 
There are four fairly reasonable ways of supplying an additional 
equation. First, we might put 


pb =0, (121) 
so that the matter becomes incoherent (a dust cloud); we have already 
considered this in 1v-§ 4, and seen that then the stream-lines are geo- 


desics, but that is far from telling the whole story. Secondly; we might 
assume a density-pressure relationship 


fu, p) = 9, (122) 


which of course contains (121) as a very special case. Thirdly, we might 
assume 

(uV*),4 = 0, (123) 
an equation which might be described as conservation of mass. By 
1v-(87) this implies Vj, = 0, so that the motion is without expansion. 
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Fourthly, we might modify (123) to read 


(pV) = 0, (124) 
where p is defined by 

p=u-+ >. (125) 
By Iv—(86) this implies that # is constant along each stream-line. 

The smallness of #/u in physical situations suggests that the differ- 
ence between (123) and (124) is trivial, but the remarks following 
Iv-(98) warn us against such rash conclusions. If our interest lies in 
incompressible fluids, then (123) is the natural equation to adopt. 
However, (124) is more convenient mathematically, and we shall 
adopt it here, admitting arbitrariness in the choice. 

We now have before us the 12 equations (118), (119) and (124) for 
the 12 quantities (120). However, it is best to regard (119) as giving V4: 


V4 = (1+ VV}. (126) 
So now we have the 11 unknowns 
Sap) Ves P» p, (127) 


and they are to satisfy the 11 equations (118) and (124). As in (93) 
and (94), (118) is equivalent to 


with the consistency conditions 


Ga + «Ta; = 0. (129) 
Noting that 
T = 3p — = 4p —p, 


130 
ZV paid, nee 


the first of (128) becomes, as in (95), 
8ub.44 = 2Rap = GAL gat 2 ean ae Bea 
+ 2xpV Vg + k(p — 2f)gyg, (131) 
and the second of (128) gives 
pVi'Vin + D3 = 9, (132) 


while the consistency conditions (129) read, as in (99), 


A vy — D°g.6,4 a 2xpV V4 = 0, 


_ 133 
R — 342 + 4B + 2«pV3 — 2p = 0. a 
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As Cauchy data on x4 = 0 we assign the values of 


Eup» §uB.4> Vis P» p, (134) 
chosen subject to (133), and we seek to solve for the quantities 
§aB,44) Vig P,4> P,a- (135) 


Now gyg,44 are given by (131), and for the other five quantities in (135) 
we have the five equations contained in (124) and (132). Putting 
j = 4 in (132), we get 


pia = — pV Vay, (136) 


which gives #,4 once V,, have been found. Putting 7 = « in (132), 
we get 


V4V wa + VEV e8 — Dig ViVi + pa 0,4 = 9, (137) 
and this gives V,,. Finally we turn to (124) and get 
piVt + pVi, =0, (138) 
or 
p,aV4 + p,.V% + pVi4 = 0, (139) 


and this gives p,a. The quantities (135) are thus given in terms of the 
Cauchy data (134) by (131), (137), (139) and (136). 

But we have still to consider the consistency conditions (133). 
In the vacuum case, we had in (107) 4 consistency conditions to be 
satisfied by 12 quantities; now in (133) we have 4 consistency con- 
ditions to be satisfied by the 17 quantities (134). Let us exhibit these 
conditions in a better form by writing, as in (106), 


PoB = Bupa) (140) 
they then read 


VB. — Pap + 2xpVaVa = 0, (141) 
R — (yh)? + dyhyb + 2nxpVi — 2p = 0. 

Obviously with so many redundant quantities there can be no unique 
procedure for solving these equations. In seeking a plan of attack, 
we may try to get a solution corresponding to a linear approximation. 
Accordingly in a tentative spirit we put 


Sap = OP aE Yap (142) 
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and treat y,g as small; further, we treat y,g and V, as small, so that we 


write V4 = — 1. Then (141) reduce to 
YBB.a — YPouB.B 2xpV x = 0, (143) 
7A VY aBsaB + 2k = 0, (144) 


where A is the Euclidean Laplace operator. We have separated pyg 
and y,g. Putting 





Yap = 2(V..,8 ae UB.) cae Oo.8V y,3 (145) 
we satisfy (143) by taking (remember « = 87) 
V 
Vy =| fe ap, (146) 
v 
and putting 
Yop = 2ypH, (147) 


we satisfy (144) by taking 


_ [ne 
z= | oA (148) 


In (146) and (148), 7 is distance (in Euclidean metric) between the 
volume element dv and the point at which v, or x is computed. In this 
way we obtain solutions of the linearized consistency conditions (143), 
(144), with V,, p, # chosen arbitrarily. 

It would not be wise to attach much importance to this result in 
itself. We should use it only as a basis for obtaining exact solutions of 
the exact consistency conditions (141), and that we shall now do. But 
since, as already mentioned, we are attacking the central problem of 
celestial mechanics, it will be well to restate the case. 

We have four coordinates x* with x4 timelike. In terms of the 
Cauchy data (134), the equations (131), (137), (139), (136), with their 
derivatives with respect to x4, yield the coefficients in the power series 


up = (up)o + X8(Sug,4)0 + 2(%4)?(Lag,aa)o + ---, 
Vy = (Valo + *4(Va,a)o + 3(%4)2(Vn,aa)o + + (149) 
p = (p)o + *4(p,4)0 + 3(%4)2(p,44)0 + +.) 


P= (A)o + *4(P,4)0 + 3(%4)*(P,4a)o + --- 


But we cannot use these power series until we have solved (141). To 
the creator of universes (cf. Iv-§ 6) this presents no problem: he can 
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choose yg, &4g and p arbitrarily and solve for p and V.,, remembering 
(126). But he has no assurance that p will come out positive, and uni- 
verses created in this way without guidance are likely to be quite 
unnatural. The realist starts with a Newtonian picture of the solar 
system (if that is what he is interested in) and chooses reasonable 
pilot-values of V,, p and #. Using thes¢ pilot-values, he calculates 
Yog and gyg from (142) and (145)-(148). Then, using the feed-back 
method of 1v-§ 6, he substitutes these values of y,g and gyg in (141), 
and also the pilot-value of #. He obtains an exact solution of (141) 
by solving for V, and p. Since # is always under control, it can be 
made zero outside the sun and the planets, and the Cauchy data can 
fail to be realistic only through the existence of a density outside the 
sun and the planets, which density might come out negative. A rough 
numerical calculation shows that this artificial density has its greatest 
absolute value near the sun, where it is about 10-14 sec~? or 10-? g cm73. 

For what range of x* can we expect the power series (149) to be 
valid? We are using normal Gaussian coordinates, constructed by 
drawing geodesics normal to x4 = 0. These coordinates fail and render 
(149) invalid as soon as two adjacent geodesics intersect. The question 
of intersection can be treated by geodesic deviation, but we arrive 
more quickly at an estimate by using Newtonian ideas, treating the 
geodesics as the histories of particles which start from rest at time 
x4 = 0 and fall freely through matter, without resistance. In a homo- 
geneous sphere of density p, a particle, starting from rest in any 
position, falls in to the centre in time 


1l/ 3a 


x4 = VY —. 
16p 


(150) 


If we accept 100 g cm~3 as the density at the centre of the sun, this 
is certainly the greatest density in the solar system, and if we insert 
this value in (150) we get a rough upper bound for the valid range of 
x4 in the power series (149), when applied to the solar system. The 
range comes out about 300 sec. Before this time has elapsed, one must 
select a new 3-space to act as basis for new Gaussian coordinates. 


§ 7. CHARACTERISTICS AND SHOCK WAVES 


The word characteristic is so overworked in mathematics that it 
is liable to cause confusion of thought, even in the domain with which 
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we are here concerned, viz. partial differential equations in space- 
time. 

Let us first deal briefly with characteristic curves. Consider a partial 
differential equation of the first order, 


. F(x, y) = 0, (151) 


to be satisfied by a function S(x); here y stands for the partial deri- 
vatives 


v= Su. (152) 


The characteristic curves of (151) are those curves which satisfy the 
differential equations 
Cee, i (153) 
du OVE du Oxt 
The importance of these equations lies in the fact that, by solving a set 
of ordinary differential equations, we 
can obtain all solutions of the partial 
characteristic differential equation (151). This is done 
curve as follows. We seek the solution S of 
(151) such that S = 0 on some 3-space 
» (Fig. 3). At each point of ' we choose 
quantities y; such that (151) is satisfied, 
and we draw the congruence of charac- 
teristic curves out from 2’, treating y; 
as a set of four quantities, without 
regard to (152). Taking any point P(x), 
we draw through it a characteristic curve of this congruence; let it 
meet X at P’. Then the equation 


P 


Fig. 3 — Characteristic curves 


P 
Stx) = y:de (154) 


with integration along the characteristic curve, defines S(x) as a 
function of position. It is easy to see that S(x) satisfies the partial 
differential equation (151) and the condition S = 0 on &. The argu- 
ment is that already given at I1-(180) and need not be repeated here. 
Also, as in I-§ 7, we can generalize the condition on 2, giving arbitrary 
values to S instead of the value zero. 
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In particular, if the partial differential equation is 





F(x, y) = de yiyy = 0, (155) 
the equations for the characteristic curves are 
dxt ; dy; 
ar Ta One (156) 


and from them we obtain 


6 dx! dxt dxi 
du du : Si du du 1o7) 








These are the equations of a null geodesic and (155) is the equation 
ofanull surface (cf. 1-§ 7). In fact, the characteristic curves associated with 
null surfaces are null geodesics. In stating this, we are really repeating 
what has been said in I-§ 7. 

To sum up, characteristic curves are curyes associated with a partial 
differential equation of the first order, and, once we have found those 
curves, we have all solutions of the partial differential equation. 

We pass now to a different use of the word characteristic, and to 
avoid confusion we shall introduce it by reference to shock waves. We 
sometimes have occasion to think of quantities which are continuous 
but which have discontinuous derivatives. For example, in Newtonian 
attractions, the potential and its first derivatives are continuous across 
the surface of a sphere of matter, but there are discontinuities in the 
second derivatives (Poisson’s equation inside, Laplace’s outside). In 
space-time we may likewise have continuous quantities with deriva- 
tives discontinuous across a 3-space 2. Following the terminology of 
hydrodynamics, we say then that 2 is a shock wave; the equivalent 
mathematical term is characteristic, but we shall not use it. 

We shall discuss shock waves in space-time relative to scalar partial 
differential equations of the second order and also relative to the 
vacuum field equations. Electromagnetic shock waves will be treated 
in x-§2. It may be remarked that the type of argument used 
below is a modern equivalent of an old dodge in optics, viz, the 
passage from ‘physical optics’ to ‘geometrical optics’ by considering 
periodic waves of high frequency. 

Consider a partial differential equation of the second order, 


F 20: (158) 
Synge 15 


226 EINSTEIN FIELDS [CH. Vv, §7 


where F is an invariant involving an invariant S and its partial deri- 
vatives Sy, Siz. A shock wave 2’ is a 3-space across which S and S; are 
continuous, but there are some discontinuities in the second derivatives 
S,iz. To investigate shock waves, we change to new coordinates ## 
such that 2 has the equation «4 = 0. Then the following quantities are 
continuous across 2: 


B, Be Ba Soap Sut (159) 

Thus the only second derivative which can be discontinuous is S44. 

We now look on the equation (158) as an algebraic equation for 

S 44. If it possesses a unique solution, then S 44 is continuous across 2. 

Thus a shock wave has a negative definition: »' 1s a shock wave if 
F = 0 does not give a unique value for 8,44. 

As an example, consider, in a given space-time, the generalized 


wave equation 
gS ig = 0. (160) 


Since the argument actually involves only the second derivatives, it 
applies equally to a more general equation of the form 
giS\y + B= 0, (161) 
where B involves S and Sy. But let us for simplicity think of (160). 
In coordinates *%¢ for which 2 is #4 = 0, it reads 
e448 a4 +... =O, (162) 


the dots standing for terms involving the quantities (159). Obviously 
the condition for a shock wave is 


g44 — 0, (163) 


since, if this does not hold, we get 8,44 uniquely from (162). We now 
pass back to general coordinates x?, writing 


x4 = f(x), (164) 
so that 2’ is /(x) = 0. We have 
gt = gf ads (165) 


and so we see that the shock waves for the wave equation (160), or more 
generally for (161), ave the 3-spaces f(x) = const. where f satisfies 


staf = 0. (166) 
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These are null surfaces and the associated characteristic curves are 
null geodesics. Since the null surfaces are themselves (in mathematical 
language) the characteristic surfaces of the wave equation, one says 
that the dicharacteristics of the wave equation are null geodesics. 

Let us now consider gravitational shock waves associated with the 
vacuum field equations 


Gy=—O; (167) 
which are equivalent to 
Ry = 0. (168) 


By shock wave here we understand a 3-space 2 across which gy and 
2ij,¢ are continuous (as indeed is demanded by the condition for 
admissible coordinates), but there are essential discontinuities in some 
of the second derivatives gij,nm; by essential we mean that they cannot 
be transformed away by the use of other admissible coordinates. 

We attack the problem of gravitational shock waves in the same 
manner as before, taking coordinates #* for which the equation of 2 
is #4 = 0. We have then continuity of the quantities 


Bij, Stik Stiapr Bis, 40 (169) 
and the only quantities in which discontinuities can occur are 
£1j,44. (170) 


By 1-(86) and 1-(104), we find 


Rug = 48448 0p.04 + Fog, 
Roya re i 404P 26 44 4 FA; (171) 
Raa = 48°? Z46,44 + Pa, 


where the F’s involve the quantities (169). 
We see at once that the field equations 


Ri = 0 (172) 


do not determine all the second derivatives (170) uniquely, because 
four of them (gja,44) do not occur in (171) at all. Thus discontinuities 
in second derivatives may occur across any 3-space. However, we 
must remember the word essential in the definition of shock waves. 
It is possible, without going outside the class of admissible coordinates, 
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to eliminate certain discontinuities in second derivatives, and the best 
plan is to use Gaussian coordinates ## (in general, skew) such that, as 
above, »' has the equation *4 = 0 and we have, as in I-(212), 


Fu4.4 = 0, £4A =e=tl. (173) 


Then 4,44 = 0, and out of the ten second derivatives (170) we have 
only to consider the six ,g,44. Then it is clear that, unless 


744 = 0, (174) 


the field equations (172) determine these six derivatives uniquely, 
whereas, if (174) holds, they do not. Hence (174) is the equation which 
defines gravitational shock waves. But (174) is the same as (163), 
and we conclude that gravitational shock waves are null surfaces 1 with 
the equation (166). 

In ordinary parlance, we may say that ‘gravitational shock waves 
travel with the speed of light’, and we may think of the bicharacter- 
istics (null geodesics) as ‘gravitational rays’. But of course such 
statements must be taken cum grano salis. However, there is little 
doubt that if, at some time, we should think seriously of quantized 
elements of gravity (gravitons) as we now think of quantized elements 
of light (photons), then it would be natural to ascribe to the gravitons 
null geodesics for world-lines. 


1 Cf. Levi-Crvita [1930], Pastori [1939b], B. Finzi [1949], LicHnERowI1cz 
[1955a, p. 33]. 


CHAPTER VI 


INTEGRAL CONSERVATION LAWS AND 
EQUATIONS OF MOTION 


§ 1. THE CONCEPT OF INTEGRAL CONSERVATION LAWS 


Consider, in Newtonian mechanics, a closed system; by this we 
mean a system which is not subject to any external forces. Then, if p 
is the density and u, the velocity, we have the law of conservation of 
linear momentum in the form 


J pu,dgv = const., (1) 
and the law of conservation of angular momentum in the form 
J p(%ag — %gu,,)dgv = const., (2) 


where ‘const.’ means ‘independent of time’. There is also a conservation 

law for energy, simple in the case of a conservative system, but passing 

outside mechanics proper if mechanical energy is dissipated into heat. 
In attempting to construct the relativistic analogue of these integral 

conservation laws of Newtonian 

mechanics, the first and most obvious j 

difficulty lies in the fact that there N 

is no unique invariant way of 

slicing up space-time into a single 

infinity of spacelike sections. It is 

advisable to take at once a wider 

view, better suited to relativity, and 

regard an integral conservation law 

as a statement of the vanishing of 

an integral taken over a closed 3- 

space in space-time. To state this 

more precisely, let Vg be a closed 

3-space (Fig. 1), with an enclosed Ni 

4-dimensional region V4. Let N? Fig. 1 —- General scheme for a 

be the unit normal to V3, drawn conservation law 
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ni outwards. Then if there exists a 
vector field F; such that 


¢ e(N)F,Nidgu = 0 (3) 
Vy Vs 

PET ot for every closed V3, we call (3) an 
Y, : integral conservation law 1. 

The meaning of the word conser- 
vation is made clear if we split the 
closed Vg into two open parts 
(V3 = V3; + V3), both spanning the same closed Vz (Fig. 2). If we 
continue to denote by Né the outward normal on V3, but change the 
meaning of Né on Vs so that it becomes the inward normal, then (3) 
may be written 


Fig. 2 — Conservation law in open 
form 


[e(N)F;Nidgv = f e(N)FyNidgv. (4) 
Vs! Va" 
Either of these integrals may be called a flux, and the fact that the 
flux for V3 is the same as that for V3 is rightly referred to by the word 
conservation. Obviously the flux is the same for all open 3-spaces 
spanning the same closed V2, but in general it depends on the choice 
of Vz. With due caution, we may let V2 recede to infinity. 

In the discussion of integral conservation laws we may also appeal 
to the generalized Stokes’ theorems of 1-§ 10, taking a somewhat 
wider view than above. 

Let V1 be a closed curve in space-time and V2 an open 2-space 
spanning it. Let Ff; be an arbitrary vector field. By 1-(244) 


§ Fidxt = f Fy drt, (5) 
Vi V2 


Then the integral on the right has the same value for all 2-spaces 
spanning Vj, and this may be said to give an integral conservation law. 
Since this is a double integral, not a triple integral as in (4), this law 
resembles the classical law of Gauss in electrostatics. 

Let us now increase the dimensionality, taking a closed 2-space V2 
spanned by an open V3. Let Fy; be an arbitrary tensor field. Then by 
I-(245) 

§ Fyjgdrd = f Fygjndrd®, (6) 
Vo Vs 


1 The symbols dgv and d4gv denote invariant elements of 3-volume and 
4-volume, and the integrands occurring in §§ 1-4 are invariant under trans- 
formation of coordinates in the domain of integration. In §§ 5-7 the integrands 
are not invariant. 
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It is not necessary that Fy; should have any particular symmetry, but 
only its skew-symmetric part contributes in (6). Clearly the integral 
on the right has the same value for all 3-spaces spanning a given closed 
Ve, and so we have a conservation law rather like (4). But there is 
an important difference: in (4) the vector fy was not arbitrary — it 
had to satisfy (3) —, but in (6) the tensor Fy; is arbitrary. In fact, (6) 
may be regarded as a factory for making integral conservation laws: 
our task is to select an Fy; to yield a law of physical interest. 

It is sometimes necessary or desirable to confine our operations to a 
portion of space-time, say V4. Under this restriction, the use of (5) or 
(6) requires care, because the spanning of V; in the former case, and of 
Vein the latter, might possibly carry us out of V4. As an illustration, 
Fig. 3 shows a tube T in space-time which it is forbidden to enter. The 


wr 
Y, 


Fig. 3 — Conservation outside a forbidden region T 


closed 2-space Vj cannot be spanned without entering T, and so we 
cannot apply (6) to V3. But the closed V2 formed of V, and Vj can 
be spanned by an open V3 without entering 7, and a conservation law 
of the type (6) exists. 

It should be remarked that our spatial intuitions extend only to 
three dimensions, and a diagram like Fig. 3 which portrays space- 
time as if it were only of three dimensions, although useful, must be 
handled with some care. In all dubious cases, resort to formulae. 
Let (x, y, 2,4) be coordinates ranging from — oo to + oo in space- 
time. Then 


represents a domain T of space-time, and closed 2-spaces Vj, V3 are 
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defined by 
Vi: @+y24+ 2=— 0%, £=0, 
Voi x2 4 y2 + 22 = c2, t=0. 


Here a, 0, c are constants, and if a < b < c we have a situation as in 
Fig. 3. The formula 


x2 + y+ 22 <b, f= 0 
defines an open V3 which spans V, but cuts T. The formula 
62 < we? + y2t 22 < c?2, t#=0 


defines an open V3 which spans the V2 formed out of V, and V; 
without cutting 7. Another V3 which does this is given by 


b= (x2 + y2 + 22 — b2)(c2 — 42 — y? — 22), £0: 


§ 2. INTEGRAL CONSERVATION LAWS BASED ON THE EINSTEIN TENSOR 


As in Iv-(111), we have the field equations 
Gy = — «Ty, kK = 8x. (7) 


The left hand side is geometrical, the right hand side mechanical. 
Since the two sides are equal, it makes no mathematical difference 
which we work with. But it does make a considerable psychological 
difference, because geometry is a domain from which semantic contro- 
versies are happily absent, and as long as we stick to geometry we do 
not become involved in such metaphysical questions as the meaning of 
the word energy, for example. We shall therefore, in the interests of 
peace of mind, work with G,; and develop results which are geometrical- 
ly true — the physical meanings will then follow from the connection 
(7) between Gy and Ty. 

In the present section we are concerned primarily with only one 
property of Gy, the identity 


which is in fact the differential conservation law. To pass to integral 
form, we introduce an arbitary vector field 4; and integrate over 
any portion V4 of space-time, obtaining 


J Gi Adgv = 0. (9) 
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To turn this into an integral conservation law of the form (3), we 
integrate by parts and use Green’s theorem I-(257), obtaining 
¢ e(N) GAN jdgv = [ G4), ;dav, (10) 
3 Va 
where V3 is the closed 3-space bounding V4 and N? is its unit outward 
normal. 
If only the right hand side of (10) were to vanish, we would have an 
integral conservation law in the form 
$ e(N)GUA,;Njdgv = 0. (11) 
Vs 


To obtain this result, we may choose A; to satisfy the equation 
Gti; = 0, (12) 


and this can be done in a variety of ways, since we have only one 
equation for four unknowns. We may in fact choose an arbitrary vector 
field »; and put 

hi == YV%, (13) 
where y is some scalar. Then (12) is satisfied if y satisfies the partial 
differential equation 


Gyyyp,7 + Gry sy = 0. (14) 
The corresponding integral conservation law reads 
§ e(N)yGty,Njdgv = 0. (15) 
Vv 


This plan may be made more systematic by choosing » to be any one 
of the four unit eigenvectors of Gy, so that 


Guy, = dv, (16) 


where ¢ is the corresponding eigenvalue. Then the partial differential 
equation (14) for y becomes 


prip,g + (b, + driishy = 0. (17) 
This equation can be interpreted in terms of the geometry of the 
congruence of curves having »? for unit tangent. Measuring s from some 
3-space which cuts the »-lines, and denoting by Ao the 3-volume of the 
normal section of a thin tube of »-lines, we have 


. dy d¢ é 1 dAdo 
9 — ¥) = J = OC 18 
v Yi ds ? i ds ? ie \j Ao ds ? ( ) 
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and (17) becomes 


oo (4 gt Mey, | 
Cae © ce Ao ds ae he) 





which gives 
ppdo = Ak, (20) 


where Ak is constant along each y-line. The conservation law (15) then 

reads 

Pet) Bain dey a), (21) 

Ao 

Vs 
Let us now take for V4 a tube in space-time 
formed from the eigen y-lines and terminated 
by 3-dimensional caps V3, V3 (Fig. 4). Then 
vJN; = 0 on the sides of the tube, and (21) 
may be written 


Ak 
[ew Aa vIN ;dgv 
V3’ 


Ak 
= | e(N)— wiNydsv, (22) 


V3” 





the normal N* having the sense shown in 
Fig. 4 Tube of eigenlines Fig. 4. Now e(N)vIN; has one sign over Ve and 
"of Gy V3, and by the projection formula we have 


|e(N)vNj|dgv = Ao. (23) 


Hence the conservation law (21) may be exhibited in the very simple 
form 


[ypAc = fppdo. (24) 
V3’ V3" 


§ 3. SPACE-TIME ADMITTING A GROUP OF MOTIONS 


We have seen how the vector field A; may be chosen so as to make 
the right, hand side of (10) vanish, the integral conservation law (11) 
resulting. This may be done much more directly if space-time admits 
a group of motions. 
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The concept of a group of motions may 
be described as follows !. Consider in space- 
time (Fig. 5) a congruence of curves (C), 
each curve having on it an assigned 
parameter wu and hence a definite tangent 
vector 

dx 
i= —_. 25 
: du (29) 
Take any two events, P; and P;, and 
let the values of the parameter at Pigs Spacetime waniting 
these events be #1 and u,. Now displace a group of motions 
these two events along C to positions 
P2, P, with parameters ue, ug, where 





Uy = uy + Au, Ug = U, + Au. (26) 


In terms of the world-function 2, space-time is said to admit a group of 
motions if 

Q(PeP,) = Q(PiP;), (27) 
provided this holds for every pair of selected events P;, P; and for 


every value of the increment Aw. 
It is obvious that (27) is equivalent to 


Qf + QE" = 0, (28) 


where the left hand side is a 2-point invariant for an arbitrary pair of 
events P, P’. If v is a special parameter on the geodesic P’P and 
Vi = dxt/dv (so that 6V*/6v = 0), then, by 11-(17), (28) is equivalent to 
Vig, — Vey = 0. (29) 
Let us define Y by 

W = Vit, — VUE, (30) 
where é; stands for any vector field. Differentiating along the geodesic 

P’'P, we get 
dv 
dv 
1 See EISENHART [1926] for a more complete treatment. 


2 The definition of a group of motions may also be presented in infinitesimal 
form, the events P, P being adjacent and the increment Au being infinitesimal. 
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Since, obviously, Y¥ = 0 when P’ = P, it follows that the condition, 
necessary and sufficient, that &; should define a group of motions is 


big + &j4 = 0. (32) 
These ten equations are called the equations of Killing. We shall call 
&; the Killing vector and &;; the Killing tensor; note that this tensor is 
skew-symmetric. 
Here follow some properties of the Killing vector and tensor. By 
1-(94), 
Ege — Siang = RaigeE4, (33) 
and, applying two cyclic permutations to 7k, adding, and using (32) 
and 1-(90), we get 
Eige + Sgn + Faye = 0; (34) 
we say that the Killing tensor has a vanishing cyclic divergence. If we 
introduce the dual by 
grt) = Aptikmey my, (35) 
we have 
EF; = 0. (36) 
If we apply (32) to the first term in (34), we get 


— Ein + Syne + Ex = 9; (37) 


the first two terms may be combined as in (33), and hence the second- 
order covariant derivative of the Killing vector can be expressed in 
terms of the Riemann tensor and the Killing vector itself as follows: 


Exyag = Raging® = ReigaS*. (38) 


If we multiply this by g, we have (in terms of the generalized d’ Alem- 
bertian) 
Ley = g9En ag = Rra&*. 


Since the 3-dimensional element of extension dr‘/* is skew-symmetric 
in each pair of indices, it follows from (34) that 


E4j4ndr* = 0; (40) 
hence, by (6), for any closed V2 we have 
§ &4,4d74 = 0. (41) 
Va 
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If we insert &; for A; in (10), the right hand side vanishes by (32), 
and so, for space-time admitting a group of motions with Killing 
vector &;, we have the integral conservation law 


: e(N) GUE;N dgv ==, (42) 


§ 4. INTEGRAL CONSERVATION LAWS BASED ON THE RIEMANN TENSOR 


The conserved integrals in (11) and (42) receive no contributions from 
those parts of V3 which lie in empty space-time, since there Gi = 0. 
We would expect, however, that the gravitational field even in empty 
space-time should make its contribution, and so we turn to integral 
conservation laws based, not on Gy, but on Rixm. 

If Fi is any skew-symmetric tensor, then, as in (6), 

§ FUR ig emarhm = f FY, Rijnmdre™,; (43) 
Ve Vs 
the term arising from differentiating the Riemann tensor has dis- 
appeared, since, by the Bianchi identity 1-(98), 


Hence, no matter what £4 may be, we have the integral conservation 


law 
> FY Rigkmaromn =U); (45) 
V3 


Our task is to pick out some F% which is defined by the geometry of 
space-time and which yields a law which has some resemblance to 
Newtonian laws of conservation. 

We might, for example, take for fF“ an eigentensor of the Riemann 
tensor, by which we mean one which satisfies equations of the form 


FURiyem = oF km. (46) 


However, such a choice does not appear interesting in the present 
connection, and we shall not pursue it further. 

Instead, we shall make use of the world-function 2(PP’), where 
P is the current event of integration and P’ some base event, held fixed 
during the argument. We define 


Fu, =r diy tiPID pQa' a, K=>= 87. (47) 


This is a skew-symmetric tensor relative to transformations of co- 
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ordinates at P and a covariant vector with respect to transformations 
at P’. Taking any closed V2, let us define My, by 


Va 


This is a covariant vector for transformations at P’. The presence of 
the primed subscript does not interfere with (43) and so 


My = f Fe, Rijgemarkmn, (49) 
Vs 


where V3 is any open 3-space spanning V». This is a well defined 
geometrical quantity, and we need to give it a name. But that is a 
dangerous procedure, because the adoption of a suggestive name is 
likely to involve confusion with other uses of that name. For reasons 
to be discussed later, we shall call Mg: the flux of total 4-momentum 
across the open 3-space V3, relative to the base event P’. 

Likewise we define 


Pity = be ty FP Qa pQyQq — Qo pQa'Qq — QQa'pQv'q). (50) 
For transformations at P’ this is a skew-symmetric tensor. We define 
Hay = $ F%,Rijgnmdr™, (51) 

and so we have ° 


Hap’ = f FY yy Rigemaremn, (52) 
Vs 


We call Hay the flux of total angular momentum across the open 
3-space V3, relative to the base event P’. 

Whatever names we give to them, the fact is that My, and Hqy have 
values independent of the particular open V3 which spans any given 
closed Vz. Equivalently, we may state that, for any closed V3, we have 


Ma’ = 0, Hay = 0. (53) 


As regards the presence of the base event P’, we certainly expect 
(by Newtonian analogy) that a base event should appear in a defi- 
nition of angular momentum. It may seem out of place in the case of 
4-momentum, but we must remember that the existence of the New- 
tonian law of conservation of linear momentum is closely connected 
with the fact that Euclidean space admits translations, and this is not 
so for Riemannian space-time. 
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The presence of the closed V2 in the above work may seem to add an 
extraneous feature. But this is merely a frank acknowledgment of a 
possible non-convergence present in conservation theories. We might 
let Vz move out to spatial infinity, and then, if the Riemann tensor 
tends to zero at a suitable rate, the integrals (48) and (51) may tend to 
finite limits, and then (49) and (52) will be finite conserved integrals 
over the whole of “‘space’’. 

There is a possibility of using the above definitions to obtain an 
invariant definition of the history of the mass-centre of all the matter 
in the universe. This will become more realistic after we have made the 
approximations given below. But for the moment we remark that, 
given any closed V2, the equations 


Hap M® = 0, (54) 


although apparently four in number, are related by an identity on 
account of the skew-symmetry of H. They therefore form a set of three 
equations for the event P’, and so define a story of the mass-centre, a 
world-line 1. This history will in general depend on the choice of Vo, 
but, under the conditions of convergence stated above, it may be given 
absolute significance. 

We shall now put (49) and (52) into a different form, which indeed 
we might have adopted originally had we preferred to use Green's 
theorem rather than that of Stokes; but then the conservation would 
have been less evident. We make use of 1-(249), which gives 


drkmn — e(N)ntmarN,dgu, (55) 


where WN; is the unit normal to V3 and dgv an invariant element of 
volume. Then (49) reads 


Ma = — he} f 1'P4(QpQa'q) \nRijgume(N)nt™™ Nydgv 
Vs 


= — «1 f (QpQa'q)\nRemre(N)N,dgv, (56) 
Vs 


where R is the double dual as in 1-(115). Likewise 
Hay = «7 f (Qa pQyQq — Qo pQa'Qq 
. — 2Qq'pQy'q) nRPMre(N)Njdgv. (57) 
Let us now give some justification for the names assigned to Mg, 


1 Cf. SyNGE [1956a, p. 219] for the definition in flat space-time. 
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and Hq» by making an approximate calculation for a weak field, 
i.e. one for which the Riemann tensor is small. For such a field we 
know by 11-(95) that 


25 = 89 +01, Qy = — gi +01, (58) 


where gi is the parallel propagator and 0; means a small quantity 
of the order of the Riemann tensor. All the third derivatives of 2 are 
Oi [cf. u-§ 5}. In (56) Mg: is already Oi, and we have 


Ma’ = 1S gpnGa'ghPite(N)N,dgv + Oz, (59) 


and so, by 1-(124), 
Ma: — = KAS gqgGte(N)Nrdgu + Oz. (60) 
Va 


Let 4 be an arbitrary unit vector at P’ and let A be the result of 
parallel transport along the geodesic P’P, so that 


12 garg = ha (61) 
Multiplying (60) by A®’ we get 
M yh” = — kf AgGIe(N)Nrdgv + Oo, (62) 
Vs 
or in terms of the energy tensor (Gy = — xTi) 
M yd = f e(N)T271gNrdgv + Oz. (63) 
V3 


We are concentrating here on the principal part, displayed as an inte- 
gral; but we have in Chap. 11 the machinery to make the calculations 
explicit to Og inclusive. 

Now, turning back to Iv-(26), we recognize the integral in (63): it is 
the flux of 4-momentum, resolved in the direction of 4%, across the 
finite target V3. This integral does not satisfy a conservation law, 
whereas My does, and so the residue Og is important. To avoid 
confusion, we must distinguish between the accurate component of 
My and the integral in (63). If we call the former the flux of total 
4-momentum, we may fitly call the latter the flux of mechanical 
4-momentum. The difference (Og) may be described as the flux of 
gravitational 4-momentum — it exists in vacuo. 

Let us now carry out a similar approximation for angular momentum. 
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The integrand in (57) is 


(Sa p8o'nh2q — Sa'p2v'San — Sb’ pha'n82q + Bo p2a'San 
— Qnga’ pv'q) RPa"e(N) Ny + Oz 
= ga’ p&o'nQq(Reamr + Renra +. Rvran)e(N)N, 
+ (Qagon — Qygarn)ankPere(N)Ny + Oo. (64) 


The first part vanishes by 1-(120) and so, by I-(124), (57) gives 
Hay = K1 f (Qa8o'p — Qya'p)GPTe(N) Ny dgv + Ono. (65) 
Vs 


Let 4@) be an orthonormal tetrad at P’ and 4%, the result of parallel 
transport along the geodesic P’P, so that 


Moya" p = hep, (66) 


and, as in 11-(150), the quasi-Cartesian coordinates of P relative to P’ 
are 

X (¢) = — QadGy. (67) 
Then (65) gives the following values for the invariant components of 
Hay on the tetrad: 

Hea = Hawke hay 
= —K1f (XAG) — XMM )Gore(N)Ntdgv + Oe 
Vs 


| 


SE(N)(X AG) — X@Moy)T prN*dgv + Ov. (68) 
Comparison with 1v—(26) and (2) shows this integral to be an appropri- 
ate expression for the flux of mechanical angular momentum, and we 
may repeat the same sort of remarks as those made above in the case 
of 4-momentum, emphasizing that Hq» is the flux of total angular 
momentum and that the difference (Og) may be regarded as a flux 
of gravitational angular momentum. 

So much for approximations. Let us return to the exact equations 
(56) and (57). In each we see an integral spread over an open V3 with 
an integrand depending on a base event P’. We may write 


v =f Mte(N)Nedgo, 
Vs 


(69) 
Hay = f H’,,6(N)Nrdgv, 
Va 


Synge 16 
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where 


M’, a K1(QpQa'q) new, 


a 
Z 

Hy = KU Qa pQo'Qg — Qy pQa'Qq — QQa' pQv'q)\ nRPM™. ae 
These quantities are 2-point tensors with the indicated character with 
respect to transformations at P and P’. In (70) all reference to V3 
has disappeared, and these quantities may be regarded as localized 
densities of 4-momentum and angular momentum, which however 
depend on the base event P’. We note in passing the following co- 
incidence limits as P’ tends to P: 


[My] = —«1G%,  [Hty] = 0. (71) 
For a weak field we have 
Mr, = — Ki 1ygqqGY + Oro, 


(72) 
Hoy = «(Qa Sop — QySa'p)GP" + Or. 


The essential conservation property consists in the vanishing of 
integrals over a closed V3, as in (53), and this property is preserved if 
we take, not one base event P’, but a set of them and add together the 
separate My, and the separate Hg-y. This suggests that we might be 
able to get rid of dependence on a base event statistically by inte- 
grating with respect to P’ over space-time. But we cannot integrate a 
vector or a tensor, and the best we can do (without introducing 
extraneous elements) is to write down the integrals 

[MaM" dav’, | Haw?’ da’, | Hay H*#' Oda’, (73) 
Va Va Va 


where the star indicates the dual, 
Head’ — Lya'd'e'd Hyg, (74) 


and the integration is in each case over a domain V4 of space-time. 
These integrals depend on nothing but the closed V2 which occurs in 
(48) and (51) and on the domain V4. As remarked earlier, we may be 
able to get rid of V2 by letting it recede to spatial infinity. Then we 
might obtain three absolute invariants by dividing the integrals in 
(73) by the 4-volume of V4, or a power of that 4-volume, and proceeding 
to a limit in which V4 embraces the whole of space-time. But the issue 
is dubious, without investigation of convergence in special cases, and 
we shall leave the matter there. 
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§ 5. SPACE-TIME VIEWED FROM THE EUCLIDEAN STANDPOINT 


The formulae of analysis have a universal validity. They express 
for the most part relations between numbers. But every mathematician 
turns to geometry from time to time, because our powerful intuitions 
about the space we seem to live in throw light on complicated ana- 
lytical situations. Even in elementary algebra, we appreciate the 
classification of the roots of a quadratic equation best by drawing a 
parabolic graph. 

In making graphs (to use the word in a general sense) we intuitively 
use Euclidean space, usually of two or three dimensions. Aided by 
analogy, our intuition extends, perhaps a little hazily, to Euclidean 
space of higher dimensionality. Thus, whatever the physical properties 
of the universe — whether physical space exist or not —, the concept 
of Euclidean space is one of those things we would hate to do without. 

In relativity we are concerned with events and each event is a 
number-tetrad x‘. It would be possible to develop relativity without 
the language of geometry, for we might regard gy; from a purely ana- 
lytical standpoint, and work entirely in formulae. That is not the 
method of this book. We have laboured to depict nature in terms of 
pictures in a 4-dimensional curved space-time, and there is no reason 
to apologize for the use of such a powerful way of looking at things. 
But some people do not like it. They would prefer to illuminate formu- 
lae where they require illumination by reference, not to Riemannian 
geometry, but to that Euclidean geometry customarily employed, as 
indicated above, to aid the mind when formulae become oppressive. 

Let us then look at relativity from the Euclidean standpoint. In 
doing this, we are not implying in any remote sense that space-time 
is Euclidean; the Euclidean scaffolding which we put in is of our own 
making, and we put it in for our intellectual comfort and for that 
alone. 

Let V4 be a domain of space-time, or possibly the whole of space- 
time. Let x4 be any system of coordinates in V4, with a 1 : | corre- 
spondence between events and number-tetrads x?. Let gy be a set of 
(ten) symmetric functions of the coordinates with continuous first 
derivatives. These functions are however subject to certain algebraic 
conditions. We take the first three coordinates x* spacelike and x4 
timelike; this means that we impose on gy the conditions 


Gu > 0, goaa>O0, gas>0, gas <0. (75) 
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x4 To view V4 in the Euclidean manner, 

F we set up a 4-dimensional Euclidean 

Sl space with rectangular Cartesian coordi- 

nates x?, a domain of this space corre- 
sponding point by point with V4. 

Let us see, in Euclidean terms, what 
conditions must be satisfied by gy in 
order that the form g,jdx‘dxJ may have 
the correct signature. Take any point A 
with x? = ai, and write the coordinates 
x of a current point P in the form 


) xi =ait Xi, (76) 
mies —heutl oa@eanaate: “2° that are xX? the coordinates of P 


ellipsoidal section, viewed in the relative to A. The null cone at A is 
Euclidean manner tangent to the cone with equation 


gig Xt XI = 0, (77) 


Ala) Zz 


eee 


with gy evaluated at A (Fig. 6). The section of this cone by the plane 
X4 = | is the quadric surface 


SapX%XP ae 284” + 844 = 0. (78) 
The basic requirement about the form g,jdx‘dxJ is essentially that (78) 


should represent a veal ellipsoid. If (78) is an ellipsoid, it has a 
unique centre X* = Y%, say, where 


Bye YP + 8a = 0. (79) 
Hence 
det gag 4 0; (80) 
we may then define y*? by 
Yay = Ob, (81) 
and write the solution of (79) in the form 
Yo = — yoga. (82) 


We now transform to the centre, writing 
Le Kee Yo. (83) 
and (78) becomes 


ypl>ZB = yPe, seq — Raa. (84) 
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If this is an ellipsoid, the quadratic form on the left must be definite, 
and by (75) it must be positive-definite. To sum up, given gaa < 0, 
the condition (necessary, and also sufficient) that (78) should be a real 
ellipsoid is simply 


gypZ°ZP positive-definite, (85) 
or, equivalently, the three roots of 
det(gag — 96yg) = 0 (86) 
are all positive; note that (85), with gaa < 0, implies 
yPevakea — £44 > 0. (87) 


The condition imposed on gi by signature is (85) with gaa < 0. 

This elementary argument has been given at length as an illus- 
tration of the interplay of algebra with Euclidean intuitions. We 
have been talking about Riemannian space-time, but the invariance of 
the metric form under general coordinate transformation has been 
completely suppressed. 

When we think about space-time in this Euclidean way, we are 
inclined to attach some importance to ‘straight lines’ with equations 


xt = uat + Ot, (88) 


where ~ is a parameter and the a’s and 0’s constants. But these lines 
must be carefully distinguished from the geodesics, which satisfy 


d2xt ri dxi dxk : 89 
ae tae aa ee 
where uw is a special parameter. 

Let us now take a look at Green’s theorem from the Euclidean 
standpoint. The formula I-(257) is pleasing to the tensorialist, for he 
sees in it invariant integrands and invariant elements of volume. It 
applies however only to the integration of the divergence of a vector 
field. We might do better to go back to the elementary formula 
I-(233) and extend it to space-time, regarded as Euclidean in the sense 
explained above. Indeed, the usual method extended to Euclidean 
4-space leads at once to 


[Uydxidax2da8dxt = § Und; (90) 
Va Vs 
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here V4 is a domain of space-time bounded by the closed V3, and 4 and 
dS are respectively the outward unit normal and the 3-element of V3, 
both calculated for the assumed Euclidean metric. There is no reason 
to think of only one function U; we have likewise 


[Ut Aaldxtdatdat = § Ulin dS. (91) 
Va Vs 


Let the equation of V3 be 
{(x) = 9, (92) 
with / increasing outwards. Then 


mi = felt ala)—*, (93) 


and, by orthogonal projection, 
nadS = vdxidx2dx3, (94) 


where y = + 1 or — 1 according as m4 is positive or negative. Thus 
(91) may be written 


[ US pdxtdxtdx8dxt = ¢ Usk f i/f 4)dxidxtdxs. (95) 
Va Vs 
If Uskn;, vanishes on V3, then Us*? , = 0, and (95) with 7 = R gives 
f US pdxidxdx8dxt = 0. (96) 
Va 
§ 6. EQUATIONS OF MOTION FOR AN ISOLATED BODY 
We return to the case of an isolated body, as considered in Iv-§ 7. 
Its history is a world-tube with 
TUN; =0 (97) 


on the wall » of the tube, and 


inside the tube. In view of the field equations, it is obviously a matter 

of indifference whether we work with the Einstein tensor Gi (geome- 

try) or with the energy tensor 74; (physics). We shall use Ty. 
Proceeding in the Euclidean manner of the preceding section, we 
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write out explicitly the tensorial equation (98): 


TH, + Fi,Tia + Pi,Tad = 0. (99) 
Since 
l cee 
Pa = SEs (WV — 8) (100) 
te ° 
(99) may be written 
FUG 1", (101) 
where 
TU = /— g Ti, (102) 
and 
i= — 7%. (103) 


Although we are deliberately abandon- 
ing tensorial ideas, we remark in passing Aw sa 
that Z4 is a tensor density or relative ta = Y 
tensor of weight unity (cf. SyNGE and 
SCHILD [1956, pp. 198, 241]). 

We now slice the world-tube across by 
two planes, x4 = a and x4=60 (Fig. 7), 
and denote by V4 the domain of space- 
time enclosed by them and X. By Green’s 
theorem in the form (95), we have 


| TF A4% = § T*v(f y/f,4)d3x, (104) Fig. 7 — World-tube sliced in 
Ve” Vs al Euclidean manner 





where we have written for brevity 
d4x = dxidxtdxtdx4, d3x = dxldx2dx3; (105) 
f(x) = 0 is the equation of the closed V3, made up of 2 and the two 
plane sections. Now, in view of (97), we have 
Tif y= 00n 2, 
falfa = 6, on x4 = a and x4 = 8, (106) 


y=lonxt=8, y=—lonxt'=—a. 


Therefore (104) gives 
[T5 yd4x = f TAdsx — f T4d3x, (107) 
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or, by (101), 
[TA3x — [ THd8x = f Piddy, (108) 
x4=b rt=a Va 


Dividing by (b — a) and proceeding to the limit 6 > a, we get 


d 
at | 4q38~ — | ria, (109) 
the integrals being taken on any section ** = const. 
In like manner we shall derive another formula. We have 


(XBT) 5 = Th 4 kT 5 = Teh 4. gk, (110) 
and hence 
[ uhT 4d8% — f xh TF tAd8y = f(T + xkI1)d4y. (111) 
z4=b w=a V4 


Giving & a value in the range 1, 2, 3 (indicated by Greek suffixes) and 
proceeding to a limit as above, we get 


d | es 
A, | a7 #e%= [ (we 4 ryan. (112) 


With z = 4 this gives 
d 
er | 4XF A4G3% = | (F ts ae sd Sx, (113) 


On the other hand, if we put £ for z in (112), interchange « and f, and 
subtract, remembering the symmetry of 7%, we get 
d 
ae (x%FP4 — xP. TA) q8y = | (xP — xPI~)d3%. (114) 
a 


In order to write the equations so far obtained more compactly 
we shall introduce new notation, and to enhance the physical interest 
we shall insert some names. Thus we define ! 


4-momentum of body = Mt = / 7 #4d3x, 

angular momentum of body = Hf = f (x*7P4 — xB =4)d3x, (115) 

mass-centre of body = %*, Mg = f x7 Mdex, 

1 We are following in the main, but not in all subsequent details, the method 
of Lanczos [1941b]. The verbal definitions of (115) are for present purposes 


only; it is contrary to the spirit of this book to attach physical names to quan- 
tities which are not invariantly defined. 
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We note that 
f (4% — £%).F 48% = 0. (116) 


This expression transforms like a 3-vector under rotation of axes, 
and if we make the natural assumption [cf. Iv—(146a)] 


T"%>0, (117) 


it follows that every plane through the mass-centre cuts the body; 
hence, if the body is convex, its mass-centre lies in it. 
If we now write x4 = /, the equations (109) and (114) give 


4 
aut _ {rate 

di 
(118) 


0B 
oe | (xeDP — xP TX) 8x. 
di 
Also, by (113), 
d 
=p =ue+ | rsa, (119) 


and this gives the following expression for the 3-velocity of the mass- 
centre: 
dz = M* l 
a ~ ue te 





| ox — eyrsase (120) 


The remarkable feature of the above work is that, by breaking away 
from the restriction of tensorial invariance, we are led to some very 
simple equations which are physically suggestive. For in (118) the 
rates of change of 44momentum and angular momentum are ex- 
pressed in terms of quantities which may be regarded as the gravi- 
tational 4-force and torque acting on the body, in the sense that, if 
there is no gravitational field and coordinates are chosen to make 
I, vanish, then this 4-force and torque vanish also. Further, if we 
neglect the last term in (120), this equation tells us that the 4-momen- 
tum M# points along the 4-velocity Vé of the mass-centre. 

But where do we stand in regard to invariance? We started with 
geometric objects — a world-tube, a metric tensor, and a symmetric 
tensor T4/ satisfying (97) and (98). But when we sliced the world-tube 
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across, we made all subsequent results dependent on the mode of 
slicing, and, further, we tied the coordinates into the work in a non- 
invariant manner. Since, subject only to certain general restrictions, 
all systems of coordinates are available, we must recognize that we 
have before us, not one world-line C for the mass-centre, but a multi- 
plicity of such world-lines. Likewise we have not one 4-momentum M? 
and one angular momentum H?, but a multiplicity of these. There 
opens up, then, an interesting prospect — to restore uniqueness and 
invariance to the results by some statistical process in which all possi- 
ble coordinate-choices are taken into consideration. But that is an 
ambitious programme, not to be attempted here. 

Instead we shall play with the exact equations as given above, 
seeking approximations by which we can force out a ‘proof’ of the geo- 
desic hypothesis by showing that the mass-centre of a very small body 
pursues a geodesic. 

In making approximations, it is well to examine the dimensionalities 
of the quantities involved !. Mass, length and time all have the same 
dimensions, say [#]. Let us use coordinates with dimensions [¢]. Then 


eygl=) UA=e. WQ=(7) =F, 
(j= 3], [fide] = (], [MM] = [A, (121) 
Lf (x* — #”)P4d8x] = [2]. 


The last term in (120) is dimensionless, and tends to zero as the 
size of the body tends to zero, other things being equal. Further, for a 
weak field, we may suppose Ij, to be small, in a loose manner of 
speaking. It is therefore reasonable, in the case of a very small body, to 
neglect this term, so that (120) reads 


dx M« 
ey sae (122) 
di M4 

The next step is a little more dubious. We want to treat I, as 
constant over the section ¢ = const. To justify this, we say that if 7% 
is small (relative to what?) the body has very little effect on the field, 
thought of as primarily due to other unspecified bodies, and so I}, will 
change little across a small section. Hence we write (note that this is a 


1 Cf. remarks about smallness in 11-§ 3. 
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dimensionless quantity) 
[Tid8x = — fT, Fmnd3sx = — Ft pmn, (123) 
where 
mn = [ Fmng3y, gi4 = Mi, (124) 
with I, evaluated at the mass-centre. Thus (118) gives 


dM 


— — ft gmn 
- ‘ni, (125) 





and, by differentiation of (122), 








dx 74 Tia 
aa = (M4)-2(04,,M* — F5,,Ma)gmn 
_, aK os 
= (M4)-1 (r ae > ad a. oun, (126) 
Or 
mit 1 Pe gmn — Pt mn 127) 
dz2 a eae — in? di : ( 


These are in a Sense equations of motion of the mass-centre. 
In terms of density, 4-velocity and stress, we have 


Fi =VV— e(uViVi — Sid). (128) 


Let us suppose that the following equations are so nearly satisfied 
that it is permissible to use them in (127): 


J pViVi" — gba = ViVi f uv — g d8x, (129) 
[ Sti — ¢ d3x = 0; (130) 
here V‘ denotes the 4-velocity of the mass-centre, so that 
dz OV is 
dé V4" e 
Then by (124) 
gnn — mYn fyur/— ge dx, M4 = 644. (132) 


If we define #4 = #, and write 4 instead of « in (127), we get an identity. 
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It is permissible then to change « to 7 in (127); with (131), this gives 
_.,d Vi vi 














A\Q [Tt Yuypn = [4 Yrypn_., 133 
This means that, in terms of the absolute derivative, 
_ 6Vi _ 6V4 
4 baa 134 
e ot es ot led) 
Multiplying by V;, we get 6V4/dt = 0, and hence we have 
6Vi 
= 0, (135) 
ot 


which tells us that, under the assumptions made, the world-line of the 
mass-centre 18 a geodesic. 

It is hard to see whether anything significant has been established 
here. We know that if we put S;; = 0 we have incoherent matter, and 
for incoherent matter the world-lines are geodesics (cf. Iv-§ 4). The 
condition (130) is somewhat weaker, but this assumption and (129) are 
too empirical for us to regard this argument as a proof that the world- 
line of a small isolated body is a geodesic !. 


§ 7. THE PSEUDO-TENSOR 


In space-time, viewed from the Euclidean standpoint as in § 5, 
let there be a symmetric array of quantities Wé* (= W*t) which 
satisfy the partial differential equations 


t 


Wik , = 0, (136) 


With regard to coordinate transformations, we can, -if we like, dis- 
regard them entirely, accepting (136) as true for some given coordinates 
x* and working entirely in those coordinates. But in the theory of the 
pseudo-tensor 2 to be developed below, the transformation law for W‘* 
is such that the equation (136) holds for all coordinates, although W** 
is not a tensor, nor is W. a vector in the tensorial sense. 


1 I find it difficult to enter into the spirit of the work of INFELD and ScHILD 
[1949], PAPAPETROU [1951b], CORINALDESI and PAPAPETROU [1951]. 

2 The pseudo-tensor was introduced by EINSTEIN [191l6a]; cf. BERGMANN 
[1942], Me@LLER [1952]. We follow here a different approach presented by 
LanbDau and Lirsuitz [1951, p. 316]. As its name implies, the pseudo-tensor is 
not a tensor and the conservation laws based on it are not tensorial. 
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Integrated over the infinite 3-space «4 = const., (136) gives 
f Wt® .d3x = 0, d3x = dxldx2dx3. (137) 
Supposing W#* to vanish sufficiently rapidly at spatial infinity, the 
contributions from k = 1, 2, 3 vanish, and (137) gives 


d 


so that, considering all the slices x4 = const., we have 

[W#*d8s = «Mt, (139) 
where M? are four constants, independent of x4. The constant « (=8z) 
is inserted merely to simplify later formulae. 


So far we have not used the symmetry of W**, By virtue of it, we 
have 


(xtWik — xiIWik) , = 0, (140) 
and an argument similar to the above leads to 
f (AW — xIWt4) 08x = KH, (141) 
where Hii (= — Hi) are six constants, independent of x4. 
We have now to choose W#* so that (139) and (141) may qualify for 
the title ‘conservation laws’ — (139) for 4-momentum and (141) for 


angular momentum. To make this choice, we use the following mathe- 
matical identity 1: 


eGik = — 3yitem 4 yim, (142) 
Here G** is the contravariant form of the Einstein tensor and 
Utfion = g(gitgin — gimgit, (143) 


As for V**, it is a complicated expression which however depends only 
on the metric tensor and its fzvst derivatives. We shall calculate it 
later, but first let us see how (142) is to be used. 

We observe that U*skm has the same symmetry properties as the 
Riemann tensor Rm; from this it is easy to see that V** is symmetric, 
and, further, that 

Ee = 0, (144) 


jmk 
This is an essential point. By virtue of it, W** defined by 
Wik = — gGtk + Vik — LUthm (145) 


1 This may be regarded as the definition of V‘*. 
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isnot only symmetric but satisfies (136), and hence (139) and (141) also 
(provided the required conditions at infinity are satisfied, as we shall 
suppose they are). Noting the field equations 


Gtk — — «Tk, Kk = 8, (146) 
we define the pseudo-tensor of energy t** by 
{tk — ,x-lg-1 ik, (147) 
so that (145) reads 
Wik = xge(Ttk + ft), (148) 
Now (139) and (141) give 
fe(T4 + 4)d34 = Mi, (149) 
S elxt(TH + 114) — xi(TH4 + 14)]d8x = Ht, (150) 


M‘ and H‘ being constants independent of x4. The form of these 
equations suggests that they should be regarded as equations of 
conservation of 4-momentum (M*) and angular momentum (H%), 
Under certain conditions at infinity which we have not troubled to 
specify in detail, they are mathematically correct. But it is a little 
difficult to accept the physical interpretation, since, although true for 
any chosen coordinate system, the constants M‘ and H% change with 
change of coordinates in no simple way. The sections x* = const. 
used in the integrations depend of course on the choice of coordinates. 
It remains to calculate V** in (142). For this we use the following 

identities [cf. 1-(88) and 1-(105)]: 
a abse 


TP 


pb,a 


ST Kip Ee! po 2 ae! oe (151) 
ae Eo = Rad == Le be + Die ae 
From (143) we have 
; (g-1Utikm) ,, — 0, (152) 
and hence, using I-(8), 
Uigkm = 27% ,Uiskm _ [% Yaskm — [i Yiakm 
— [k Utiam — [™ Utika, (153) 
Putting # = 7 and using the symmetry of U‘skm, we get 
Uiskm , — [%.Utikm _ Pk Ytjam _ Pmiska, (154) 
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and differentiation of this gives 


Utikm i, = Atk + Bik, (155) 
where 


— pa km _ [% jam _. pm Lj ke 
Atk — Dogg m Law LG m4 a 


Bik — [4 Utikm ,, — TE Uiiam ., — PU tiba yy, (156) 


Note that second derivatives of g,; are contained in A‘* but not in Bi, 
We may write 


Atk — Utjkmy?, — TP, .) + 4Uiiamrk, , — rk 


JM,a ree 


(157) 
and so, by (151), 
Atk — UtikmRy, + SUMOMRE on 

+ Utikmp? 72 — re Te) + £Uiiomere Pe — re r*.). (158) 


mj) pa mq” Ip ja” pm Im” pa 
But 
UtMRim = g(gttgim — gimeit) Rim = g(g'*R — R**), 159 
UtjamRe a ae g(giagim Ee gittgija) Race Bas 2gRik, ( ) 
and so (155) may be written 
Utjkm py = — 2gGik 4+ 2Vtk, (160) 
where 
2Vik — ee DT! fa — Peg 4p) +. Utiampe re ny + Bik, (161) 


It is clear that V#* does not involve the second derivatives of gi;. To 
complete the calculation, we evaluate the derivatives in B’* by means 
of (153) and (154), obtaining 


2Vik = UtakbDg, + UtadeRk,, + Ubabek',, + Useart Sy, 
Do = F204, + 12,04, — 202,04, (162) 
Dy SE yl per ee oe: 


.abe 


CHAPTER VII 
FIELDS WITH SPHERICAL SYMMETRY 


§ 1. SPACE-TIME OF CONSTANT CURVATURE (DE SITTER UNIVERSE) 


Of all Riemann space-times, the simplest is the flat space-time of 
Minkowski. It corresponds physically to the complete absence of 
gravitation, and is the domain in which the special theory of relativity 
is set. In the general theory of relativity we have little interest in flat 
space-time except in connection with conditions at infinity (we may 
suppose that a gravitational field tends to zero at infinity) and in 
connection with plane gravitational waves which will be discussed in 
Chapter 1x (space-time is flat outside the wave). . 

Next in order of simplicity comes space-time of constant curvature. 
If K denotes the constant curvature, we have by 1-(101) 


Rijnem = K(ginim — Sim8jx)s 


Ry = — 3Kgij, (1) 
R= — 12K, 
Gy = 3K giy. 


By the field equations 1Iv—(108) with the cosmological constant 
included, we have 


Gi = Agij =>=—_ KT 4j, kK= 8270, (2) 
and so the energy tensor in space-time of constant curvature K is 
Tig = YA — 3K) gig. (3) 


This tensor has all four eigenvalues equal and completely indeterminate 
eigenvectors. It corresponds to no reasonable type of matter, and we 
escape from this awkward situation only by assuming that the cos- 
mological constant A and the constant curvature K are related by the 
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equation 1 
A: = SK, (4) 


This makes 7;; = 0 and we have the empty universe of DE SITTER 
[1917a], satisfying the field equations 


Gy — Agy = 0. (5) 


It is hard to decide on the degree of seriousness with which we 
should contemplate, as physicists, the empty universe of de Sitter. 
Since we have thrown out matter, we are back in what is essentially 
a universe without gravitation, with Minkowskian space-time replaced 
by space-time of constant curvature. The success of the special theory 
of relativity (flat space-time) in dealing with those phenomena which 
do not involve gravitation suggests that, if we are to work instead with 
a de Sitter universe, the curvature must be very small indeed in 
comparison with significant physical quantities of like dimensions 
(K has the dimensions of sec-2). Without good reason one does not feel 
inclined to complicate the simplicity of Minkowskian space-time by 
introducing curvature. 

Nevertheless the de Sitter universe 
is interesting in itself. It opens 
up new vistas, introducing us to 
the idea that space (a slice of space- 
time) may be finite, and this seems 
to satisfy some mental need in us, 
for infinity is one of those things 
which we find difficulty in compre- 
hending. 

To explore the de Sitter universe, 
we choose some event P’ and draw 
through P’ all geodesics, timelike, 
spacelike and null (Fig. 1). On each 
geodesic we choose a special para- Fig. 1 — Exploring the 
meter u with u = 0 at P’ so that we de Sitter universe 





1 Tt is customary to regard the cosmological constant as positive, and hence K 
as positive also. However, the idea of a space-time of constant curvature of 
either sign is stimulating and worth exploring, and for simplicity we shall speak 
of a de Sitter universe no matter which sign K has. We shall see later that a 
negative K has a consequence so strange that we can hardly accept a universe 
of that type as a model of physical reality. 


Synge 17 
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have 

6Ut dxt 

Beg «eee, 6 

Ou du (©) 
and we set into correspondence the events on two neighbouring 
geodesics I’, I” by choosing them at equal values of wu. Then the 
deviation vector 7! satisfies the equation I-(131): 


d2n! . 
2 te Rem U Int U™ = 0, (7) 
with 
n' = 0 for u = 0. (8) 
Substituting from (1), we get 
62n! 
ja + KU! — UtKU gp! = 0. (9) 


To study the deviation of spacelike or timelike geodesics, we choose 
u = s, and then by 1-(133) and (8) we have 


U,Uiz= ¢, Ujni == 0, (10) 

where « is the indicator of I’; (9) reduces to 
d2nt 
ds? 





+ eKyi = 0. (11) 
Introducing any vector J! undergoing parallel transport on J’, we get 


ae (nk) + eKntdA; = 0, (12) 


and the solution of this elementary equation can be written down at 
once. For example, if K > 0 and ¢« = 1, we have 

nth, = A sin(sK?), (13) 
where A is a constant. If we define ¢¢ by 


_ on! 


ae On 


and use primes to refer to P’, then, in terms of the parallel propagator, 
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(13) may be written 
nt = K-tgti’l; sin(sK?*). (15) 
Thus, taking all cases into consideration, the deviations of spacelike 


and timelike geodesics are as follows: 
Space-time of positive curvature (K > 0): 


Spacelike geodesics (¢ = 1): 9¢ = K-#gti’C,- sin(sK?). (16) 
Timelike geodesics (« = —1): yf = K-#g4J’Cy sinh(sK+). (17) 
Space-time of negative curvature (K < 0): 
Spacelike geodesics (ec = 1): xf = (—K)~*g‘i’¢, sinh[s(—K)#]. (18) 
Timelike geodesics (e = —1): 4! = (—K)~#g/"Cy sin{s(—K)#]. (19) 
It remains to consider deviation when one (or both) of the curves 


I’, I’ is (or are) null. Taking first the case where both are null, we have, 
instead of (10), 


U,;Ui = 0, Oj) => O, (20) 
so that (9) becomes simply 
62n! 
Ee oa: 
due 2) 


and the deviation is given by 
nf = ugh Cy. (22) 


Now suppose J’ to be null but J” spacelike or timelike. We have the 
first of (20) but not the second. Multiplying (9) by U;, we get 





da 
“du? (7! U;) = 0, (23) 
and so 
itU;y = au, a= CVU;y. (24) 
Thus (9) reads 
d2n! 
ae uUiKa = 0, (25) 


and so, with a parallel vector 4#, 


d2 ; 
Aya (7*14) = uKau'),;. (26) 


260 SPHERICAL SYMMETRY [CH. VII, § 1 


The right hand side is constant, and we get for the deviation 
nt = ugly + 4u2B KUCH Uy. (27) 


The preceding calculations are based on one assumption only — 
space-time is of constant curvature K. This assumption does not 
determine space-time completely, since it does not include a topo- 
logical specification. To illustrate by a simple analogy, the fact that a 
2-space with positive-definite metric is flat does not imply that it 
isa plane: a cylinder is flat, and there exists a flat 2-space (the product 
of two circles) which has the topology of the torus. Nevertheless we 
can extract some interesting information from the formulae (16)-(19). 

Suppose K > 0. Then (16) tells us that two adjacent spacelike 
geodesics drawn from any event P’ meet again (7? = 0) at an event P 
where 


s = aK-?, (28) 


Indeed, passing from neighbour to neighbour, we see that all the 
spacelike geodesics drawn from P’ meet at the single event P (Fig. 2), 
the lengths of them all being the same, as in (28). If, having arrived at 


timelike geodesics 
mm 







spacelike 
‘y geodesics 


P 
Fig. 2 — Geodesics in de Sitter universe with K > 0 


P by one of these geodesics, we carry on through P, we shall get back 
to P’ after a further distance (28). Thus all spacelike geodesics are 
closed curves. However, two cases arise. In the first case P is distinct 
from P’ (think of the poles of the earth), and the length of a closed 
geodesic is 2xK?; this is called the antipodal or spherical case. In the 
second case, P is P’, so that P’P is itself a closed geodesic of length 
zK-*; this is called the folar or elliptic case. As for two adjacent 
timelike geodesics, (17) tells us that they open out exponentially and 
never intersect again, unless possibly by virtue of some topological 
condition which might be imposed. 
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If K <0, the roles of the spacelike and timelike geodesics are 
interchanged (Fig. 3). The spacelike geodesics open out exponentially, 
whereas the timelike geodesics from an event P’ meet again at an 
event P after a time 


s = 2(—K)-; (29) 


these results follow from (18) and (19). This meeting of the timelike 
geodesics is a strange matter, and it is best to say no more about it 


P » timelike geodesics 





spacelike 
geodesics 
Fig. 3 — Geodesics in de Sitter universe with K < 0 


just at present because the deviation method is really not adequate to 
deal with it properly. 

There are various ways of discussing the de Sitter universe !, each 
with its own particular interest, but, in order to clarify questions of 
topology, it is best to construct a de Sitter universe as a 4-space V4 
embedded in a flat 5-space Vs which has Euclidean topology. Let 
capital suffixes take the values 1, 2, 3, 4, 5. Consider a flat Vs with 
coordinates x4, each of which runs from — co to + co and a metric 
form 


WY = ynapdxAdx®, (30) 
where 74g is a diagonal 5 x 5 matrix with elements + 1 — we do not 
specify them further yet. When we say that V5 has Euclidean topology 
we mean simply that there is a 1 : 1 correspondence between the 


points of Vs and the pentads x4 (in fact, a point 7s a pentad). We 
define V4 by the equation 


NABXAXB = C, (31) 


1 Cf. SCHRODINGER [1956], 
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where C is a constant. This may also be written 

(x°)? = Nss(C — niyxtx), (32) 
and so, for any displacement in V4, we have 

x5dx5 = — n5sniyxtdxd. (33) 


The next step is to calculate the curvature of V4. This is a local 
matter, and we shall use x? as coordinates without being troubled 
by the fact that (32) gives two values to x5. The metric induced in 
V4 by the metric (30) is 


@O = nydxidxi + (C — S)l(nyxtdx)? = giydxtdxs, (34) 
where 
Gig = Nig + Yivs(C — S)4, 


k ty 4 (35) 
Vi = Ninx*, S = niyxtad = yixt = nagviyy. 


In giz we have the metric tensor of V4, and it is easy to prove by matrices 
(or to verify directly) that the conjugate tensor is 


gl = iy — xtxIC-1, (36) 


The 4-space V4 may, or may not, contain a point of V5 for which 
x' — 0. If it does, we see from (35) that we should choose 


ny = diag(1, 1, 1, — 1) (37) 


in order that the metric of V4 may have the correct signature for space- 
time. 

It is now easy to calculate the Christoffel symbols and hence, by 
I-(88), the Riemann tensor for V4. We obtain 


Dy = C1x8lny + (C — S) yyy, (38) 
Rijem = C7\(gixgim — Sim8in)- 
Hence, by 1-(101), V4 is a de Sitter universe in the sense that it is 
4-space of constant curvature 
= G (39) 


Having settled, as above, the question of topology, we can explore 
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this embedded de Sitter universe without confusion !. We shall here 
accept, without giving a formal proof, that the geodesics of V4 are 
(like the great circles on an ordinary sphere) the intersections of V4 
with 2-flats passing through the origin of V5. This makes their dis- 
cussion very simple if we use a vector notation, writing P4 = P, 
x4 = x, and using the scalar product 


P-Q = napP4Q2. (40) 
By (31) and (89), the equation of V4 is 
xx = Kl, (41) 


Then, for an infinitesimal displacement in V4 we have 
x dx 2.0. (42) 


Let x = P be any point on V4 and L'a geodesic of V4 drawn in the 
direction of a vector Q. We have then 


PoP = Ko), P-Q-2 0: (43) 
The 2-flat through P and Q has the parametric equation 
x = pP + qQ, (44) 


with # and g running through all values. Now I is the intersection of 
(41) and (44). In fact, (44) is the parametric equation of I’ with # and g 
satisfying 


(PP + 7Q)-(pP + 7Q) = K%, (45) 
with = 1,g = Oat P. We have 
p2 + KQ:Qq = 1. (46) 


Suppose that J"is a null geodesic (null, that is, in Vs and hence in V4 
too in terms of the induced metric). Then 


Q-Q=0, p=1, (47) 
and the parametric equation of J" reads 
x=P+ 9qQ (—w<g¢< o). (48) 


1 In order not to burden the argument, we restrict the discussion to antipodal 
cases; to get a polar case, we would identify diametrically opposed points on V4, 
i.e. points lying on a straight line of Vs passing through the origin of V5. 
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The null geodesics of V4 are in fact straight lines in V5 (analogous to 
the generators on an ordinary hyperboloid of one sheet). 
Now suppose that J’ is not null. We can normalize Q so that 


KQ:Q=o0=41, (49) 
and (46) reads 
pb? + wq? = 1. (50) 
The sign of w is most important. If wm = 1, then we can define u by 
COS uU = 4p, sin u = q, (51) 
and (44) gives as parametric equation of I’ 
x = Pcosu + Qsin wu. (52) 
This is in fact a circle in V5. When u = xz, we get x = — P; when 


u = 20, we get x = P. These geodesics are closed curves. All geodesics 
of this type which start from P meet at the antipode — P and again at 
P itself. On the other hand, if w = — 1, we can define u by 


cosh u = 4, sinh u = q, (53) 
and the equation of J’ reads 


x = Pcosh uw + Q sinh wu. (54) 


This is a hyperbola in V5. It is not a closed curve, and two geodesics 
of this type starting from P never meet again. 
We note that 


kK > 0 and I’ spacelike, 
w = | for (55) 
K < Oand I timelike; 


kK > Oand I’ timelike, 
w = — | for ; (56) 
k <0Oand I’ spacelike. 


Comparing the results just obtained with those obtained from (16)- 
(19), we find agreement with regard to the meeting of geodesics. But 
our new results are stronger. For K < 0, the timelike geodesics not 
only meet as shown in Fig. 3, but they are closed curves, and we are 
compelled to redraw Fig. 3 as in Fig. 4. This depicts what can only be 
described as a fantastic situation. We see a test particle repeating its 
history over and over again! This is at variance with our basic ideas 
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of causality, and we conclude that 
a de Sitter universe with K negative 
involves ideas of altogether too 
revolutionary a character for physics 
as it exists today. 


§ 2. METRIC FORMS FOR SPHERICAL 
SYMMETRY 


To quote WEYL [1952]: ‘Symme- 
try, as wide or as narrow as you 
may define its meaning, is one idea 
by which man through the ages has 
tried to comprehend and Cigale Fig. 4 — Closed timelike geodesics in 
order, beauty, and perfection.’ embedded de Sitter universe with 

The concept of symmetry is built K<0 
into us so deeply that it is hard to 
explain what it means in words which convey more than the word 
itself does. One appreciates immediately, for example, the symmetries 
possessed by the equilateral triangle, the square, or the circle. But 
intuition has its limitations, and any serious discussion of symmetry 
leads to the theory of groups. However there is a danger that, in the 
pursuit of a mathematical formalism, valuable intuitive perceptions 
may be obscured, and so, in accordance with the geometric spirit of 
this book, we shall try to preserve in discussing symmetric space-times 
some of the intuitive spirit of elementary geometry. 

It will be convenient to use the word equivalent in a sense which is 
best conveyed by a fantastic example. Suppose a man wishes to bury 
a box of treasure and leave instructions so that it may be recovered 
later. The instructions are to involve nothing but geodetic measure- 
ments without reference to recognized landmarks. If he lives on a 
perfect sphere, it is impossible for him to give satisfactory instructions, 
because every point on a perfect sphere is equivalent to every other point. 
If he lives on an ellipsoid of revolution, his best plan is to bury the box 
at one of the two poles; true, the two poles are equivalent and so his 
instructions cannot identify the place precisely, but the poles are 
better than elsewhere, since all points on a parallel of latitude are 
equivalent. If he lives on a pear-shaped planet, the two poles are indi- 
vidually identifiable by geodetic measurements carried out in their 
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neighbourhoods, and he might bury his treasure at the pole which has 
the smaller (or greater) Gaussian curvature. 

We now proceed to symmetric space-times, armed with the words 
equivalent and identifiable, to be used in the sense indicated above by 
analogy; it is of course understood that the ‘geodetic’ measurements 
to be made in space-time refer to the Riemannian metric. 

In the flat Minkowskian space-time of special relativity, all events 
are equivalent, all future-pointing timelike unit vectors are equivalent, 
all spacelike unit vectors are equivalent, all future-pointing null 
vectors are equivalent. No one of the elements just mentioned is 
identifiable. These statements are true also for the de Sitter universe 
discussed in the preceding section. In fact, the flat space-time of Min- 
kowski and the de Sitter universe are as symmetric as space-time can 
be; there remain always the distinctions between past and future, and 
between timelike, null, and spacelike. 

When, in Newtonian physics, we create a simple model for the 
discussion of the gravitational field of the sun or a pulsating star, 
we impose spherical symmetry in a sense well understood. Our present 
task is to transport this concept of spherical symmetry into general 
relativity in order to discuss the gravitational field of the sun or a 
pulsating star, the latter including the former as a special case. 

The specification of spherical symmetry is simple. We suppose that 
the world-line C of some particle of the star is an axis of symmetry in 
the sense that, at each event on C, all unit vectors orthogonal to C are 
equivalent. But we do not at present assume that all events on C are 
equivalent. 

It is evident that C must be a 
geodesic, since otherwise its first normal 
would be an identifiable vector ortho- 
gonal to C. 

Our task is now to calculate the 
metric tensor gj; in the case of spherical 
symmetry, but this problem becomes 
meaningful only after we have specified 
the coordinates to be used. 

There are a number of different co- 
ordinate systems, each with its special 
Fig. 5 — Construction for polar Virtue. We shall start with what we shall 

Gaussian coordinates call polar Gaussian coordinates, defined 
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as follows. In Fig. 5 we see the central geodesic C with some event 
O chosen on it. Let A/,) be an orthonormal triad chosen orthogonal 
to C at O, and then carried by parallel transport along C. Let E be 
any event and EN the geodesic drawn from E to cut C orthogonally. 
The tangent to NE at N lies in the 3-element of 4/,, and its direction 
may be described by the usual polar angles (0, ¢). We write NE = p, 
ON =. Then (p, 6, ¢, 7) are our polar Gaussian coordinates. They 
differ from the Gaussian coordinates of 1-§ 8 only in that they are 
based on the geodesic C instead of on a 2-space. But this difference is 
rather trivial, and they possess an important property of Gaussian 
coordinates — they are admissible (except on C). The metric form 
of space-time is 

@® = dp? + Gy, (57) 


where @, is a quadratic form in dé, d¢, dr. 

By the assumed equivalence of all unit vectors orthogonal to C, ® 
must not change if we change the triad Nex A change of this triad is 
precisely a rotation of axes in Euclidean 3-space, and under such 
rotation the only invariant differential form in d6, d¢ is 


do? = dé? + sin? 6d¢?. (58) 

Accordingly we have, as a general expression for the metric in space- 
time with spherical symmetry, in terms of polar Gaussian coordinates, 
B = dp? + p°f(p, 7)do? — h(p, 7)dr?, (59) 

where / and / possess continuous first derivatives. The factor p? is 
pulled out of the coefficient of do? for purely notational reasons. From 
the elementary flatness of space-time (the ratio of the circumference 


of a small circle to its radius is 2m), and from the definition of 7, we 
have on C 


(0,4) S41; h(0, 7) = 1. (60) 


We can pass from polar Gaussian coordinates to the Fermi coordt- 
nates of 1I-§ 10 (here denoted by x*) by writing 


x1 =psinOcos¢, x2 =psinésingd, x®=pcosé, 4=7. (61) 
Then (remember that Greek suffixes take the values 1, 2, 3) we have 


Ol — pe, dx = pdp, dxda* = dp? + p2do?, = (62) 
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and (59) gives 
@O = gydxidx), 
Bap = fxg + p-2(1 — fyx*x?, ogy = 90, 39g = — A, 


f and / being functions of p and x4. 

For some curious reason, neither of the above systems of coordinates 
gives maximum simplicity in the field equations, and we now construct 
a third system which we call curvature coordinates. Consider the 2-space 
for which (p, 7) have fixed values and (6, ¢) are current coordinates. 
By virtue of the assumed spherical symmetry, all points of this 2-space 
are equivalent. It is therefore a 2-space of constant intrinsic Gaussian 
curvature, say 1/r?, 7 being a function of (p, 7). This 2-space is in fact 
intrinsically indistinguishable from an ordinary sphere of radius 7: it 
has an invariant area 4zr2 (this is perhaps the easiest way of remember- 

ing what 7 is), and the metric on it is 


ds? = r2do?. (64) 


(63) 


Comparison with (59) gives 
y? = pF, (65) 


It is evident that ry = 0 on C. 

We now consider the other type of 2- 
space, on which (6,4) have fixed values 
and (p, 7) are current coordinates. In it we 
draw the curves vy = const. (Fig. 6), and 

0 their orthogonal trajectories, such as EM. 

Fig. 6 — Construction for Then any event FE defines an event M on 
curvature coordinates (y,7) C, and, if we write OM = 1, then we have 

in (7, t) a system of orthogonal coordinates 
in the 2-space in question. Thus, in terms of these curvature coordinates, 
we have 





@ = A(r, t)dr? + r2do? — Bir, t)dé?, (66) 

with 
A(0, #) = 1, B(O, ¢) = 1. (67) 
We use the word curvature on account of the way in which + is defined. 
But, although these curvature coordinates simplify the field equa- 


tions as we shall see later, they have a certain disadvantage. The 
Gaussian coordinates (p, 6, ¢, 7) are admissible, but, in the process of 
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obtaining the orthogonal trajectories of the lines 
y = const. a degree of smoothness is lost, and we 
must be prepared for discontinuities in the first 
derivatives of A and B, although these functions 
themselves are continuous. This question of 
smoothness, which has caused considerable con- 
fusion, has been carefully examined by ISRAEL 
[1958]; we shall not discuss it further here. 

We pass now to a fourth system of coordinates, 
null coordinates. Taking (0, ¢) as before, we define 
coordinates x!, x4 ofan event E (Fig.7) by drawing 
through E the complete null cone, cutting C at P 
and Q, say. We write OP = x!, OQ = x4. Then the 
null coordinates of E are (x1, 0, ¢, x4) and the metric 





form is (as is easy to see from the null character Fig. 7 — Con- 
of PE and EQ). struction for null 
coordinates 


@ = — 2F (x1, x4)dxidx4 + A(x}, x4)do?. (68) 


Here F and # are arbitrary functions !, H being the same as 7?. 

We have now obtained in (59), (63), (66) and (68) four different (but 
of course equivalent) ways of writing the metric form in space-time 
with spherical symmetry. In each case there are two unknown functions 
of two independent variables. Thus the imposition of spherical sym- 
metry gives a great simplification; in a general field, with Gaussian 
coordinates, there are szx unknown functions of four independent 
variables. It is because of this simplification that we can really get 
something done in the case of spherical symmetry. 

There are of course other ways of writing the metric form for 
spherical symmetry. There are isothermal coordinates for which 


Db = C(x!, x4)[(dx1)?2 — (dx4)?] + A(x!, x4)do?, (69) 
and isotropic coordinates for which 
D = M(xP x8, x4\dxxdx~ — N(xPx8, x4) (dx4)2. (69a) 


However there is always a danger in losing sight of the geometrical 
meaning of the coordinates employed. 


1 For conditions on the axis C, see SYNGE [1957b]. 
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§ 3. VARIOUS FORMULAE FOR SPHERICAL SYMMETRY 


Spherical symmetry is so interesting by virtue of its comparative 
simplicity, and the physical problems associated with it are so far from 
being exhausted, that it seems wise to develop in some detail a variety 
of formulae. If we make our calculations for the form 1 


@ = e%(dxl)2 + eP[(dx2)2 +. sin? %2(dx3)2] — ev(dx4)2, (70) 


where «, 8, y are three functions of (x1, x4), we can specialize our results 
by the following special demands: 


Polar Gaussian coordinates: « = 0. 


Curvature coordinates: 6 = 2log x1 (x1 = 7). (71) 
Isothermal coordinates: a = y. 


Isotropic coordinates: « = . 


This will not cover Fermi coordinates or null coordinates; they must 
be dealt with separately, if we are to avoid the tedium of transforming 
from one coordinate system to another. 

In working with (70), we shall use the following notation: 


sin x2 = s, cos x7 =. (72) 


We shall indicate the partial derivatives of «, 6, y with respect to 
(x1, x4) by subscripts without commas, so that, for example, 


do ey 
go ees, eo A, 73 
ot ex vee Oxlent a 
For the form (70) we have 
G11 = e*, goo =e, gag = ePs?, gag = — eY, giz =O (¢ FJ), 
gil — e-%, 922 — eB | g33 — e-Bs—2. g44 = —e, pi =0 (1 49), (74) 
g = det gy = — s2 exp(a + 26 + y), 


log V— g = fa + B+ dy t+ logs. 


1 For a general orthogonal metric, the Christoffel symbols and the Einstein 
tensor were calculated explicitly by DINGLE [1933a] and will be found in ToL- 
MAN [1934b, p. 254] and McVit1TIE [1956, p. 69], but they are naturally rather 
formidable. 
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The surviving components of the Christoffel symbol I’}, are as follows: 
ry aa ZO, Ei; aaa dager-7, 
Thy, = I'}s = $61, 


1 4 
Vv4 aaa ZO, Wy, = $Y1; 


a = 4 Be 
22 = — BBreP*,  P5q = EBaeP-?, (75) 
Bo 2 Ae 2 _ 73 1 
D5, = est, Do, = 3, = 364, 
l = — = Di os 4 ae 
33 4ByeP “32, 35 = sc, I'33 = $Bac?-1s?2, 


Tee eed —o 4: Ab 
Vyg = 3y1e”™™, dy = 374. 


Hence, by direct calculation from 1-(88), the surviving components of 
the Riemann tensor are found to be as follows: 


Reges == seP(1 — ¢Bje%-* + ZBje%7), 

R212 = e8(— $811 — £8} + $181) + foaBse*tP-7, 

R3131 = S?R1212, 

Ry224 = €( $814 + $818 4 — foaf1 — $84y1), 

R3134 = — S*Ri224, 

Ryara = e*(— $oaa — fog + docaya) + e%(dy11 + 71 — 47101). 
Reaga = €8(— £844 — $64 + Baya) + tB1yi0e®-*”. 

R334 = S*Reaea. 


(76) 


We note that those components vanish in which there is just one 
subscript 2 or just one subscript 3, a fact which is easy to verify 
without calculation on the basis of the symmetry alone. Likewise 
for the Ricci tensor, a component vanishes if it has just one subscript 2 
or one subscript 3, and calculation gives for the surviving components 
the following values: 


Riu = Bir + $61 + yi + ty1 — geabi — deay1 
+ e%"(— Saag — fo — $ogBa + faxaya), 
Roe = — 1 + ef “($611 + 467 + 48171 — de1f1) 
+ e&-1(— 4844 — 48% — toaha + EBaya), 
R33 = s?Ree, 
Raa = Baa + 484 + $oeaa + taf — foaya — Baya 
+ ev—*(— dyia — dyt + dorys — $6171), 
Rig = Ray = Bia + $6184 — 40481 — $6471. 
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Hence, as the culmination of this calculation, we obtain the following 
expressions for the surviving components of the mixed Einstein tensor 
for the form (70): 


Gy = e™(— 48T — B11) + eP + e-7(Baa + BB — 4B aya), 
G5=G3=e(— 36 11— 26-1 — 1 — 301+ 401814 p21) 

+ e-7(4B aa + E64 + foeaa + tag + docaBa — 4Baya — foaya), (78) 
Gi = e~*(— Bir — 367 + $o1B1) + e-P + e-V(487 + foaBa), 
e"Gy = — eYG] = Bia + $8184 — doah1 — $8471. 


For polar Gaussian coordinates we are to put « = 0 in the above 
formulae, for isothermal coordinates « = y, and for isotropic coordi- 
nates a = f#. These substitutions produce some simplifications, but 
we shall not trouble to write out the resulting formulae. For curvature 
coordinates, however, the simplifications are greater. We have 


Cae, $2, CHa, Lae 

@ — edr2 + r2do2 — evdi?, 

do? = dé? + sin? 6d¢?, (79) 
e&— 72, B=2logr, Bi =2r1, Bu = — 2r-, 

Pu + $Bi =90, Ba =0. 


Then (76) gives (s = sin 6) 


Rogeg = s27-2(1 —e-%), Rioig = 4701, Rigi = s*R1212, 
Rives = — $rea, R3iga = — S71 22<, 

Raia = €%(— $oeaa — dart + docaya) + eY(4yi1 + byt — fory1), 
Roaca = $ryi1e’, Raga = S*Reaga, 


(80) 


and (78) gives 


Gi =r? — r-%e-%(1 + ry), 
Gy = G3 =e ™(— yur — dvi — ty + Ate + doer) 
+ e-Y(foaa + fai — foaya), (81) 
Gi = 7-2 — r-2e(1 — ra), 
eG, = — e’Gt = — r lag. 
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Note that no mention has been made here of field equations. The 
formulae result from the imposition of spherical symmetry on Rie- 
mannian space-time, and nothing else. Let us push the work a little 
further in this purely geometrical spirit. 

Except for the conditions (67) for elementary flatness, which now 
read 

ey = 0 for 7.0, (82) 
w and y are arbitrary functions of (r, ¢) or (x1, x4), and (81) gives the 
corresponding Einstein tensor by differentiation. However these 
formulae have a remarkable property — we can solve for («, y) in 
terms of G} and G{ quite simply. From the third equation, with (82), 
we get 
r 
1 
emt = | — — | r2Gidr. (83) 
v 
0 
With « thus obtained, the first of (81) with (82) gives 


wee] 
y= (S—+ — resci}) dr. (84) 
7 
0 


We can then use the other equations of (81) to express the other 
components of G} in terms of Gj and Gj. By the last of (81) we have 


r 
] 
Gi = — e’°Gi = — a i r2Gy 4dr. (85) 
0 
But to evaluate G? we can use, instead of (81), the identity 
with 7 = 1; this gives 
Ga = G3 = WG}, + Gig + (1 + arG + area + 7) 
— 4ryiG{. (87) 
The significance of all this is that we have essentially two arbitrary 
functions, («, y) or (Gj, Gj), and in terms of these the other G} are 
determined by differentiation or integration. 


As indicated earlier, curvature coordinates are not admissible in the 


Synge 18 
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technical sense. Thus across a 3-space of discontinuity with equation 
{r,t} =0 (88) 


we are to assume the continuity of a and y, but not necessarily the 
continuity of their first derivatives. The junction conditions are in 
fact, as in I-(229), 


Gia Gia=(C),. Cit Gia= 1), (89) 


where [C] means continuous. In the particular case where the dis- 
continuity is y = const., these conditions reduce to 


Gi=[(C], Gl=[cl. (90) 


§ 4. THE EXTERIOR SCHWARZSCHILD FIELD 


Consider a star or other spherically symmetric distribution of 
matter. At present we are not interested in its interior, but only in 
a domain 7 > @ (we use curvature coordinates) in which there is no 
matter. In that domain we have Tz = 0, and so the field equations read 


Gi — Adi = 0; (91) 


we include the cosmological constant for the sake of generality. But in 
view of the spherical symmetry we have to consider only the equations 


Gi = A, 
Gi = A, (92) 
GS20. 
The other equations 
G2 = A, G3 = A, (93) 


will then be satisfied by virtue of the identity (87). 
Substituting in (92) from (81), we have the three equations 
e—*(1 + ry1) = 1 — Ar’, 
e-(1 — voi) = 1 — Ar?, (94) 


a4 = 0. 
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From the last of these we have 
a= alr), (95) 


and then from the second 


A 
ee = | — oe —? sAr2, (96) 


where A is an arbitrary constant. (We must not apply (82) here, 
because the domain v > a@ under discussion does not include the axis of 
symmetry ry = 0). Subtracting the second of (94) from the first, we get 


and so 


y=—a+t Fii), (98) 


where F is an arbitrary function. Hence the metric for the domain 
y>ais 


A 
OS dg (: Sec 147?) eFdt2, (99) 
Y 


If we change from / to ?’ by the transformation 


t’ = fexp[sF (dd, (100) 
we get 
dr2 A 
Pipe a (: a 147?) dt’2, (101) 
A Y 
] — — — #Ar? 
Y 


This may be referred to as the Schwarzschild exterior field [SCHWARZ- 
SCHILD, 1916a], although the term is properly used only if we put 
AO, 

A space-time is called stationary if coordinates exist so that 


A stationary space-time admits a group of motions (cf. vi-§ 3). If in 
addition to (102) we have 


bus = 9, (103) 
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so that the metric form is 
@ = gpdxrdx8 + gaa(dx4)2, (104) 


the space-time is said to be staizc. 

It is clear that space-time with the metric form (101) is static. In 
fact, any spherically symmetric freld in vacuo ts static. This remarkable 
result is often referred to as “Birkhoff’s theorem’ !. 

Some critical remarks may be made about the formula (101). 

First, in § 2 the coordinate ¢ was given a precise definition as proper 
time on the axis y = 0. In passing to #’ by (100) this meaning is lost. 
However, if we drop the embarrassing constant A (see below), so that 
(101) becomes 


dr? A 
© = —— + de® — (: is “) dt’2, (105) 


Y 


and let 7 tend to infinity, we see that di’ is the element of proper time 
for a particle which is fixed in the sense that (7, 6, ¢) are constant. 
Secondly, to preserve the signature of ® in (101), we must have 


A 
bec es gs eo (106) 
Y 


If we assume / positive, as is usually done, it is clear that this in- 
equality will be broken for sufficiently large values of r. However, this 
disaster is forestalled by another. As will be shown below, 7 attains a 
maximum as we go out along the geodesics NE of Fig. 5, and then 
decreases. This means that, beyond the maximum, the curvature 
coordinates cannot be used because there is not a | : 1 correspondence 
between events and coordinate tetrads (7, 6, 4, 4). 

To examine the behaviour of 7, we use polar Gaussian coordinates, 
so that the metric form reads 2 


@ = dp? + r2do2 — e”dz?. (107) 
To agree with the notation of § 3, we write 
— xi, — x4, y2 — eB (108) 


and remember that now 7 is not an independent variable but a function 


1 Cf. JEBSEN [1921], ALEXANDROW [1923], BiRKHOFF [1923]. 
2 It is assumed that there is no intersection for p > 0 of neighbouring 
geodesics NE of Fig. 5; equivalently, 7 > 0, e” > 0 for p> 0. 


CH. VII, § 4] EXTERIOR SCHWARZSCHILD FIELD 277 


of (x1, x4). Of the field equations in vacuo, we shall use only 
Gi = A, Gi = 0. (109) 


Since we are using polar Gaussian coordinates, we put « = 0 in (78), 
and the equations (109) read 


— Bir — 363 + e 8 + fest = A, 


110 
Pappy oO wae) 


Now 
271 274 
6 = 2 logy, fi =—-, b4 = —., 
Y Y 
(111) 
ni 2r? Qria Wwivs 
fu =—— —-—, hs SS 
7 v2 Y y2 


and so (110) become 


1— 277, — 7? + evr? = Ar2, 
> ; (112) 
214 — my. = 0. 


The second of these gives 


vyae—ty = B(x), (113) 
where the function B is arbitrary. The first of (112) then gives 
1 — 2yryy — 7? + B2 = Ar?, (114) 
which may be written 
(rr?) = (1 — Ar? + B2)ry, (115) 
and hence 
falta y Ba, (116) 


where C is another arbitrary function of x4. This last equation may, 
for fixed x4, be integrated by a quadrature, and inversion will then give 
the function (x1, x4). However it is evident from (116) that, if A is 
positive, y cannot increase indefinitely as x1! increases; it will have a 
maximum, and then decrease, as indicated above !. 


1 Questions of this nature have been studied in some detail by O’ RAIFEAR- 
TAIGH [1958a]. 
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§ 5. THE COMPLETE FIELD OF A SPHERICALLY SYMMETRIC DISTRIBUTION 
OF MATTER 


In the preceding section we considered the exterior field of a spheri- 
cally symmetric distribution of matter; it seemed desirable to deal 
separately with the exterior field in order to bring out the fact that 
Birkhoff’s theorem is independent of the structure of the matter, 
provided of course that it is spherically symmetric. Now we turn to 
the general problem of the total field, exterior and interior. 

To fix our ideas, we think of a star, which may pulsate radially !. 
For the sake of formal simplicity, we shall use curvature coordinates, 
so that the metric form is 


@ = e%dy2 + rv2do2 — evd??, 






do? = d62 +- sin? 6d¢?, (117) 
six ¥, x2 = @, x3 = ¢, Rae, 
t For generality we shall include the cos- 
mological constant A, so that the field 
t(rt)=0 equations read 


Gi — A6; = — xT 


i k= 8n. (118) 
But, in view of the embarrassments indi- 
cated in the preceding section, we shall put 
A = 0 on occasion. 

It is really a matter of indifference 
whether we suppose the star terminated 
by a sharp boundary, or extending dif- 
fusely to infinity. We can regard the former 
as a limiting case of the latter. If we prefer 
the sharp boundary, we represent it by 
Fig. 8 — Space-time picture of @n equation 


pulsating star Hr, 2) = 0, (119) 


and show it diagrammatically as in Fig. 8. Across the sharp boundary 
we have to satisfy the junction conditions (89). 


1 A superficial interpretation of Birkhoff’s theorem might suggest that, since 
the exterior field is static, a star cannot pulsate! That would be quite a false 
conclusion. A star can indeed pulsate with spherical symmetry, but in relativity, 
as in Newtonian theory, these pulsations do not affect the exterior gravitational 
field. There is, in fact, no gravitational ‘monopole radiation’. 
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Spherical symmetry imposes restrictions on the energy tensor. Its 
eigenvectors 4¢ and eigenvalues k are such that, at any event, two 
eigenvectors lie in the 2-element for which dx? = dx? = 0 and the 
other two in the 2-element for which dx! = dx4 = 0. In the latter 
case the two eigenvalues are equal and the two eigenvectors inde- 
terminate. The equations for the eigenvectors and eigenvalues are 


Tijd = keaas - (120) 


Remembering that gj; is diagonal, we see that the equations pertaining 
to dx! = dx4 = 0 read 


T1242 + T1343 = 0, 
To2d?2 + To3d3 = Read, 
T 32d? + T3343 = kgg3d, 
Tag? + Ta3A3 = 0. 


(121) 


These are to be satisfied by some # with the ratio A? : 43 arbitrary. 
Hence 


Tyg = T13 = Tag = Ta3 = T23 = 0, 


(122) 
T22/g22 = T33/g8, 


and so the only surviving components of T? are 
to eT, ae a a (123) 
with 
eT] = — e’Tt. (124) 


Of the field equations (118) there are just four to satisfy: 


Gi = A — kL 
G2 = A — KT?, 
Gt =A — Tt, 
Gi = — KT}. 


(125) 


When we substitute for the left hand sides from (81), we have before 
us four equations connecting the six quantities 


Os Ti fae T. Tp (126) 
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Our plan of campaign is to regard Tj and Tj as assigned functions 
of (v, t). Instead of solving (125) afresh, we turn to results established 
in §3. Substitution from (125) in (83) and (84) gives 


r 
e—* = 1 — 4Ar? + — | rT 4dr, 


0 


: : (127) 
ex — | i 
y= —A ] re“dry + = + x«re°T; } dr. 
0 0 
From the first and third of (81) we have 
Gi — GE = —rte(a1 + 1), (128) 
and hence by (125) 
“orvy= xreX(T} _— Ti). (129) 
Thus we can write the second of (127) in the alternative form 
r 
y= —atnfre(Ti — Tid. (130) 
0 


Having thus expressed « and y in terms of T} and Ti, we get the 
following expressions for the other members of (126) by substituting 
from (125) in (85) and (87): 


r 
Dip = 9 a7 4 
LSS 7 Jf Ty 4dr, 


131 
pT, fy, £0 Sino ney 


— fre (xa + ya)Ty — ri Th. 
If we put 
Ti=0, Tt=0, (132) 


we destroy all the components 7} and, in fact, annihilate the star. Then 
(127) and (130) give 


e == ey = 1 — $Ar?, (133) 
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and the metric form becomes 


dr2 
@ — To ie + r2do2 — (1 — 4Ar?)d?2. (134) 


If A =O, this is the metric of flat space-time. If A 4 0, it is the 
metric of space-time of constant curvature, K = 4/1. We have in fact 
rediscovered the de Sitter universe of § 1! 

Leaving this very special case, let us put A = 0 and summarize the 
situation as follows: Given T} and T{ arbitrarily as functions of (r, t), 
the metric form (117) ts consistent with the freld equations provided « and 
y are given by 


r 
ean | r2Tidr, 
r 


0 


yo J (“—* + eT}) dr h9) 


=—atx«fre(Ti — Tid, 
0 


the remaining components of T; being given by (131). 


§ 6. THE MASS OF A BOUNDED STAR AND THE THEOREM OF GAUSS 


Let us now considér the case where the star has a sharp boundary as 
in Fig. 8, with vacuum outside. All that has been said above holds 
good, but we have to take into account the junction conditions (89), 
which are equivalent to 


Titit+ Tifa=0, Thhit Téif4=0 for f=0. (136) 
These imply 
TiT{ — TiIT{ = 0 for fj =0, (137) 
or, by (124) and (131), 


r 
TiT§ + er f2T7 dr)? = 0 for f = 0. (138) 
0 ~ 
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In attempting to construct a model of a star with a sharp boundary, 
we cannot simply assign Tj and T{ smoothly and then wipe them out 
beyond some chosen curve f(r, ?) = 0. The only possible curve is 
that given by (138), and there is a condition which restricts the 
original choice of T} and Tj: if the expression in (138) is denoted by 
/, then / must satisfy one of (136) on / = 0. 

Pursuing the case of a bounded spherical star, in general pulsating, 
and taking A = 0, outside the star we have as in (96) 


A 
Ce eee 
Y 


(139) 


’ 


where A is a constant. On the other hand, if the equation of the boun- 
dary of the star is y = y(t), (135) gives at any event outside the star 
x(t) 
em == | + “| artar (140) 
[ 0 
It follows that 


x(t) 
A= —xkfrTidr. (141) 
0 


Thus the right hand side, which we might expect to be a function of #, 
is actually a constant. This rather surprising fact may be verified as 
follows. With the aid of (131) we have 


x(t) x(t) 
d 
<, | arta = | erie + PT) = ATL — Ti), (049 


0 0 


where Tj and 77 in this last expression are evaluated on the boundary. 
This vanishes on account of the second junction condition (136), and so 
the result is verified. 

Introducing a numerical factor in order to obtain later an approxi- 
mate agreement with Newtonian theory [cf. (154) and § 8], we define 
the mass m of a bounded star by 


x(t) 
m= 4A = — kk frTidr, « = 8a. (143) 
0 
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Then for the exterior field we have 





2m 
e* = | ———, 
x 
es i) a [45 Tt pay], 
° ( = exp | « aa am” (144) 
2 
P= ae + r2do2 — evdi?. 
2m 
Y 


In this work ¢ is a well-defined coordinate — it is proper time measured 
at the star’s centre. We already know it is always possible to make the 
exterior form static. Now we see what the ‘time’ /’ of (105) means. For 
we get 











dy? 2 
oss — + rd0— (1) ar (145) 

mM Y 

Y 
by putting 
"Th — Tt 

f= h ie ved ) at 146 
= | exp(46 vy — 2m J ee) 


0 


In the history of relativity, the exterior form (145) has been given 
priority over the internal form, being regarded as in some way more 
fundamental. Now it is clear that something goes wrong if 7 = 2m. 
This is the so-called “Schwarzschild singularity’, and a good deal of 
consideration has been given to it. However, if we escape from mere 
formalism and inquire into what we are really doing, we shall find that 
our work has actually involved some tacit assumptions in the nature of 
inequalities. It is in fact assumed that the magnitude of T{ is such that 
exp(— «) as in (135) is positive everywhere, and this means that events 
where y = 2m occur inside the star. Now (145) applies only outside the 
star, and there is no singularity of (145) an the domain of tts validity. 

We now pass to the theorem of Gauss for a bounded star with 
spherical symmetry. We recall that, in Newtonian theory, this 
theorem reads 

[NdS = 4am, (147) 
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where N is the inward normal component of gravitational intensity 
on a surface S enclosing a total mass m. 

To carry this over into relativity, we have to find a suitable analogue 
for Newtonian gravitational intensity. Now if an observer pursuing a 
t-line (with 7, 6, @ constant) lets fall a test particle, its geodesic path will 
deviate from the /-line, and this deviation may be regarded as a measure 
of gravitational intensity. According to the investigation of the falling 
apple in 111-§ 9 it would seem that we should measure the gravitational 
intensity by the magnitude 0 of the first curvature of the ¢-line, but, 
as we shall see, the theorem of Gauss comes out best if we use, not the 
magnitude 8, but the first component 5! of the first curvature vector }. 
Since the coordinate system is well-defined geometrically, there is no 
objection to using the component of a vector, because this component 
is really an invariant. 

The first curvature vector of any curve is 

d2xt . dx dark 


ONE aga cae: ag ve) 


and for a ¢-line we have 


. ,_{(a#\ aia 
b a Pua ae. =e Pia (149) 
or by (75) 
bl = dyje™. (150) 


At an event outside the star, (135) gives 
r x(t) 
ex — | ; 
i as dr + « | re*T;dr, 
0 0 (151) 





e% — | : l x) 2m 
= 7 e| = — e@- Se 
re Y Y v2 





and so the gravitational intensity is 


m 
LL . 
a a (152) 
we recognize the inverse square law. 


1 This is the y-component of bt, We recall the invariant definition of y given 
in § 2. 
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Now integrate this intensity over the 2-sphere for which ry = const., 
¢ = const. The element of area is 
dS = 72 sin? 6dédd, (153) 
and so we get 
fbldS = 4am, (154) 


which, on comparison with (147), we recognize as the theorem of Gauss. 


§ 7. THE FIELD OF A FLUID WITH SPHERICAL SYMMETRY AND THE COM- 
PLETE SCHWARZSCHILD FIELD 


In the preceding work we have regarded T} and T{ as basic func- 
tions, arbitrarily assigned except for the condition stated after (138). 
But this is hardly realistic physically, for matter has some structure, 
solid or fluid. We shall now find the field of a spherically symmetric 
distribution of perfect fluid, and in particular the field of a sphere 
composed of perfect fluid. We shall take A = 0 and consider only the 
static problem. 

As in 1v—(84) the energy tensor for a perfect fluid is 


Lig = (u + PV iV + bgis, (155) 
where yw is density, # is pressure, and V# is 4-velocity, satisfying 
gyViVI = — 1. (156) 


In the static problem we take V* pointing in the #-direction, so that 
with the metric (117) 


Vo = 0, Vg= 0; Vi ery, Vag = —- ee”, (157) 
Thus 

Ti=T}=T}=, TL=T{=0, Ti=—p (158) 
wand # being functions of 7 only. 

The field equations are equivalent to (135) with (131). Instead of 
the second of (135) it is convenient to use (129). Thus, since the first 
of (131) is identically satisfied, we have to satisfy the following three 
equations: 


esta. { v2udr, 
’ 0 (159) 
a1 + yi = xre*(p + yp), 
bi + ayvi(P + we) = 0. 
We recall that the subscript 1 means d/dr. 
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The density ~ may be discontinuous, but «, y, p are continuous, the 
continuity of p being required by the junction conditions (90). If the 
fluid occupies a sphere of radius 7 = a, with vacuum outside, then 


w=0, p=0 fory>a, (160) 


and, as we approach v = a from inside, p > 0. 

Since we have only the three equations (159) for the four quantities 
a, y, &, p, it is clear that we have before us no determinate problem. 
Determinacy is sometimes introduced in fluid problems by assuming a 
density-pressure relationship, but we shall not do that here. Instead 
we shall regard the function (7) as assigned. This is of course only a 
psychological dodge to motivate the work, which consists of state- 
ments which are true on the basis of the equations (159) alone. 

We shall assume the function u(r) smooth to start with, and deal 
with the case of a sharp boundary later. 

The function (7) being given, the first of (159) gives «(7v). Eliminating 
y from the other two equations, we get the following differential 
equation for (f + yu): 


(p+ wi + 4p + w)lere*(p + we) — 1] —wi = 0. ~~ (161) 
If we define o by 
olt=pt+ ym, (162) 
this equation becomes 
01 + wio% + tayo — $xre* = 0. (163) 


We need not trouble to seek an explicit solution. For present purposes 
it is enough to note that, if the value of # is assigned for some value 
of 7, this equation determines the function o(v) and hence (7). Then 
the second of (159) gives y in the form 


y=—atx«fre%odr. (164) 
0 


The problem of the spherically symmetric fluid is thus solved, at least 
in principle, with the function y(v) arbitrarily assigned. 
The equation (163) may be written 
(ce?) = dtxre3/2 — pyo%e%, (165) 
and hence 


r r 
cet = og + dx fre®“2dr — fu 07e*dz, (166) 
0 0 
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where oo is the value of o for y = 0. This formula is not, of course, 
the solution of (163), for the unknown a is present in the last integral, 
but it may be useful for iterative processes. 

We now pass to the case of a homogeneous sphere of fluid, writing 


w= po forr<a, w=O forr>a, (167) 


fo being the constant density of the sphere. Taking # = 0 fory >a 
as in (160), we have here a determinate problem, as we shall see. 
We deal first with the interior (7 < a). By the first of (159), 


e* = | — gr2, = KUO = S70. (168) 
By (166) 


r 
oe?” = o9 + 4x fres/2dz; (169) 
0 


this integral is easy to evaluate, since by (168) 
eda = 2qrdr, (170) 
and so we get 
o = (P + po)-t = ope + deg — e-**), (171) 


The constant oo is evaluated by going to the surface of the sphere, 
where 7 = a, $ = 0. When this value is substituted in (171), we get 


3 l fT) 
Se 172 
nee 2 acer a2) 





and so the pressure in the sphere is 


(i gr)t (1 ==9a")s 


PS M30 = gat = (= ar ~ 


The interior solution is completed by finding y from (164). This gives 


avi — 9a — V1 3 \2 
eY = — ’ (174) 
3V1 — ga2— 1 
and the metric form inside the sphere is 
dr? 
@ = + r2do2 — evd??, g = 4kMo. (175) 





ee gr 
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We recall that ¢ is proper time at the centre of the sphere, and we check 
that y = 0 for y = 0, as should be the case. 

In accordance with the general definition (143) of the mass of any 
bounded spherically symmetric distribution of matter, the mass of the 
fluid sphere is 


a 
m = tf urrdr = dxuga? = Snpy0a. (176) 
0 


Thus, passing to the exterior domain (7 > a), (159) gives 


2. 
e-* = sje, y=—a+tlogC, (177) 
Y 


where C is a constant. By continuity at y = a, we have 


C= (eY**) p29, (178) 
with the interior values (168) and (174) inserted, and so 
C = 4(3V1 — ga? — 1)-2. (179) 
Thus the metric form outside the sphere is 
Z 
a ese 
@ = ——— + rdo2 — ——____—__, g = 4kuo (180) 
| _ 2m (3V1 — ga? — 1)2 : 
v 
We check this for continuity with (175) by noting that 
2m 
—— = 4xpyoa? = ga?. (181) 
a 


There is a great advantage in using coordinates which are simply 
defined, physically or geometrically, and ¢ has been used consistently 
to denote the proper time at the centre of spherical symmetry. How- 
ever the formulae for a fluid sphere become a little simpler if we 
change to the time-coordinate 


b= Ren t= ga% — 1)-1, (182) 
Then we get from (175) and (180) the complete Schwarzschild field 1 for 


1 SCHWARZSCHILD [1916a, b]. To transform the exterior form to Gaussian 
polars, put dp = dv(1 — 2m/r)~—+. See vi11-(179) for the exterior form in isotropic 
coordinates. 
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a fluid sphere of constant density: 


Interior (7 < a): 


dy2 ere nes ee 
0; = 5 4 pdo® — (8/1 — ga® — ¥V/1 — gr®)2ae?2; 
a (183) 
. dr2 
Exterior (7 > a): ®e = — 





ie pidgh== (: = ae dt’2. 
Y 


v 


It is clear that #’ is in fact the proper time for a particle fixed at roo. 


§ 8. ORBITS AND RAYS IN THE SOLAR FIELD 


The basic concepts of Einstein’s general theory of relativity are so 
different from those of Newton that one might well be surprised that 
the physical predictions of the two theories should agree closely 1. But 
they do, at least under the conditions encountered in nature, for we 
have to deal only with weak gravitational fields and small relative 
velocities (the terms ‘weak’ and ‘small’ are of course used in a techni- 
cal sense). This agreement, although it has been indicated earlier in the 
book, will be demonstrated in the work which follows. It represents a 
great triumph to have constructed, without using the obnoxious idea 
of absolute time, a theory of gravitation as successful as Newton’s 
theory has proved from the standpoint of astronomical prediction. 

However the two theories do not quite agree in their predictions. 
Great interest has attached to the small differences between them and 
doubt has been expressed as to whether observation does in fact 
completely confirm the predictions of Einstein’s theory. A sound 
judgment in these matters demands experience in observational 
techniques, and it would be foreign to the spirit of this book to include 
any dogmatic pronouncement as to whether the said predictions are 
verified or not 2. But one thing should be made clear. The issue is not 
between Newton and Einstein. The concept of absolute time is quite 


1 In this book we are concerned solely with Einstein’s theory, but it is 
necessary to bring in Newtonian theory because astronomers report their 
observations in Newtonian terms. We are not concerned with certain other 
gravitational theories set in flat space-time, notably those of NorpsTR6m 
[1913], [1914], Mre [1915], WHITEHEAD [1922] and BirKHOoFF [1943], [1950]. 
For remarks on the first two of these, see Paurt [1958, p. 144]. 

2 The reader will find a critical survey in McV1TTIE [1956]. 


Synge 19 


290 SPHERICAL SYMMETRY [CH. VII, § 8 


untenable in physics, as the many successes of the special theory of 
relativity make clear, and if Einstein’s theory of gravitation is actually 
at fault, then what we need is a modification of that theory, not a 
return to Newton. If modification be needed, the first desideratum 
is a clear and critical understanding of what precisely are the pre- 
dictions of general relativity. 

We speak here of the solar field, but the mathematics applies to any 
spherically symmetric field in vacuo. We take the metric form to be, 
as in (145), 


2 
6 = ——___ +. do? — (: Ss =) au, 
mM Y 
| — —- (184) 


do? = d6? + sin? 6d¢?. 


The coordinates are very nearly, but not quite, the curvature coordi- 
nates of § 2. For simplicity of notation we have dropped the prime from 
the ¢’ of (145), so that the ¢ of (184) is not proper time at the sun’s 
centre but for an observer in a fixed position at y = oo. The coordinate 
vy is not, of course, ‘spatial distance’ — it is, as earlier, defined by the 
statement that v—? is the intrinsic Gaussian curvature of the 2-space 
vy = const., / = const. As for m, it is the mass of the sun as given by 
(143) or, if the sun is regarded as a homogeneous fluid, by (176); but for 
present purposes, it is best to regard it merely as some constant. 

We are about to study the orbits of planets and photons on the 
basic of the geodesic hypothesis. The agonist (cf. Iv-§ 6) needs no 
encouragement to work out, as a mathematical problem, the geodesics 
of space-time with the metric (184). The realist, on the other hand, 
may have doubts. Though convinced of the validity of the geodesic 
hypothesis for very small bodies, he may wonder just what ‘very small’ 
means — are the Earth and Jupiter very small 1? This question cannot 
be answered until a rational theory of the 2-body problem has been 
developed, and the only thing to do is to go ahead with the geodesic 
hypothesis and see what it does predict with regard to planetary 
motion and light rays. 

The neatest way of treating geodesics is to use Lagrangian equations. 
If, for a general metric, we write as Lagrangian function 


F(x, x’) = tgijxt’xs’, (185) 


1 Cf. remarks on smallness in 11-§ 3. 
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the prime denoting d/dw, where w is a special parameter, the equations 
of geodesics read 


d oF oF 
= 0 





dio axl ext ee 
For null geodesics these equations possess the first integral 
| P= 0, (187) 
and for timelike geodesics (with w = s) the first integral 
DFS 1, (188) 


The Lagrangian for (184) is given by 


2 





+ 72(6'2 + sin? 66’2) — ¢ bes =) 2, (189) 


2F = — 
2m v 


fies 


v 


Since ¢ and # are ignorable coordinates, there are two first integrals, 





oF 
ra = 72 sin? A’ = at, 
* (190) 
oF 2m 
-=—(1-" |r =-8, 
ot Y 


where « and # are constants depending on the initial conditions. The 
6-equation reads 


d @F OF d 
Ap ee ae ae — r*sin 6 cos 662 = 0. (191) 


We have also the first integral (187) or (188), according to the case. 
It is clear from (191) that if we have initially 


§= 


rlK 


x, 6 =O, (192) 


then these equations remain true. But for any particular geodesic we can 
rotate the axes of reference (cf. Fig. 5, p. 266) so that (192) hold, and 
so there is no loss of generality, if we are discussing a single geodesic 
or indeed a set of ‘coplanar’ geodesics, in accepting (192). Then (190) 
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and the other first integral read 


2m 
apa, (1 )ras 





Y 
"2 | 2m, (193) 
om +ng2—(1- naa, 
ae 


where 7 = | for a timelike geodesic and 7 = 0 for a null geodesic. 
The plan is to obtain an orbital equation connecting 7 and 4, ¢ and 
w having been eliminated. We have 


2 
dw = ar2dd, (: = a) dt = pdw = afr2dd, (194) 
and the last of (193) gives, as an equation connecting 7 and 4, 
2 2 
dr? + E (1 = a — 02B%r4 + nacdr4 (: < a) dd? = 0. (195) 
7 r 


We now put 


—_— ) 196 
w= (196) 
and, on dividing (195) by v4d¢2, obtain 
du ): 
(Se) = 19 (197 


where 
f(u) = «262 — (w2 + na?)(1 — 2mu) 
= 2mu? — u2 4- 2na?mu + «2(82 — x) (198) 
= 2m(u — u1)(u — u2)(u — us), 
U1, “2, ug being the zeros of f(u), with u1 < ue < ug if they are all 
real; we have 


] 
= —_—, 199 
U1 + Ue + U3 Bi ( ) 


Uugu3 + Ug, + UU, = Ho. (200) 


The whole tale of planets and photons (according to the geodesic 
hypothesis) is contained in the orbital equation (197), which requires 
for its solution only a quadrature and an inversion; for, once (197) has 
been solved, w and ¢ are given as functions of ¢ by integrating (194). 
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An exhaustive study of these orbits was made by HAcruara [1931]. 
We shall make a slight restriction here, considering only orbits which 
possess perihelia (points of closest approach to the sun). At perihelion 
we have 

au 
d¢ 


and for the rest of the orbit is less than 
its perihelion value. By (197) f(u) >0O 
throughout the orbit, and by (198) f(x) is 
positive for large positive values of uw. It 
follows that the three zeros of /(w) are all 
real, with uz and ug positive, “2g corre- 
sponding to perihelion. The graph of f(z) 
is then of one of the two types shown in 
Fig. 9, with w; > Oin Fig. 9a and “1 <0 
in Fig. 9b. In the former case we get an 
orbit of elliptic type, with u oscillating 
in the range “1 <u“ < ug (uw corre- 
sponds to aphelion). In the latter case we 
get an orbit of hyperbolic type. There are Us 


f(u) = 0, (201) 





do 3 


of course other special cases: if 41 = Owe 0 u 
get an orbit of parabolic type, and if (b) 
uy = Ug we get a circular orbit. Fig 9 — Graphs of f(u): 


The general solution of (197) in terms (a) For orbit of elliptic type 
of Jacobian elliptic functionsis obtained _(b) For orbit of hyperbolic type 
by putting 


% = 46 V2m(ug — 1), pe ne ya) 24. (202) 


“U2 — Uy 
Then (197) becomes 


dy \’ 2 Qn 
ao a ee (203) 
and the general solution of this is 
y =sn(x + 9), (204) 


where 6 is an arbitrary constant. Thus ail geodesic orbits having peri- 
helra satisfy 


U— Uy = (ug — u)sn2(46V 2m(ug — uw) + 6), (205) 
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where u = |r and the modulus of the ellaptic function is k as in (202). 

Let us compare this result with Newtonian astronomy in the case of 
a planetary orbit. In making numerical estimates, we identify 7 with 
the distance from the sun’s centre in the Newtonian model. Thus, 
using for the mass of the sun the value quoted in 1v—(137) and for its 
radius 6.953 * 1019cm = 2.319 sec, we find that at the sun’s surface 


mu = ——- = 2.122 x 10-8, (206) 
Y 


a very small dimensionless quantity. For more distant points, mu is 
still smaller — in particular at perihelion and aphelion — so that 
(199) gives approximately 


2mugz = 1. (207) 


Thus the ratios “1/w3 and w2/ug are small, so that, by (202), k = 0 
approximately. But, when its modulus approaches zero, the elliptic 
function sn degenerates into the sine function, and so the orbital 
equation (205) becomes 


& — Uy = (ug — uy)sin2(d + 8). (208) 


This is a focal conic of eccentricity e = (ug — u1)/(ug + 1), and so 
an ellipse or hyperbola according as 4; > 0 or # < 0. Thus, on the 
basis of the geodesic hypothesis and reasonable approximations, we 
obtain to a high degree of approximation the outstanding fact of 
astronomy — the elliptical character of planetary orbits. From (194) 
we obtain the constancy of areal velocity. 

To examine the small difference between relativistic orbit and 
Newtonian ellipse, we return to the exact equation (205) for the 
relativistic orbit. The elliptic function sn has a period 4K, and its 
Square sn? a period 2K, where 


dy 


Sa os 





Therefore the increase in ¢ between successive perihelia is accurately 


4K 


- /2m(ug — u1) ms 


Ag 
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We have seen above that # is small. Neglecting k4, (209) gives 





7 «-[xe Foe wy) = a 


By (199) 
2m(ug — 44) = 1 — 2m(2u, + uz), (212) 
and, since the ratios “4/ug and ug/ug are small, (202) gives approxi- 
mately 
kh? = 2m(u2 — 1). (213) 
Thus, by (211), 
K = afl + $m(ug — 1)], (214) 
and (210) becomes 
Ad = 2x{1 + $m(ug — 11)][1 + m(2u1 + u2)] 
= 2n[1 + 8m(uz + U9)]. (215) 
Since this exceeds 2x slightly, the orbit is to be regarded as an ellipse 


which rotates slowly in the sense in which it is described, the advance of 
berthelion per revolution of the planet around the sun being 


é = Ad — 2n = 3am(u1 + ue) = 3am (— + , (216) 


71 i) 


where 7; and 72 correspond to the apsides (aphelion and perihelion). 
Since « is very small, it is permissible to change its form in accordance 
with classical mechanics. Thus, if 

@ = semi-axis major of orbit, 

e = eccentricity of orbit, 

T = period (the planet’s year), 





we have 
Amn2a 
=al+e), v=a(l—e, m= Te? (217) 
and (216) becomes 
= 243 a2 (218) 
i T2(1 — e?) © 


Here, as throughout the book, a and T are measured in the same units; 
otherwise we should substitute cT for T, c being the speed of light. 
EINSTEIN’S [1915c] formula (218) for the advance of perihelion per 
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revolution is one of the most famous formulae of general relativity !. 
As stated earlier, it is not within the scope of this book to make a 
pronouncement on its physical truth. The great difficulty is that the 
sun has not one planet, but many, and their mutual attractions are 
significant. The planet Mercury is the most suitable for testing pur- 
poses 2; for it, the formula (218) gives an advance of 43’7.03 + 0.03 
per terrestrial century 3. Newtonian perturbation theory and obser- 
vation both give an advance more than a hundred times that, but if 
the relativistic advance (218) is added to the calculated advance, there 
is good agreement with observation 4. 

This mixture of the theories of Newton and Einstein is intellectually 


1 The same formula is obtained also in the theories of WHITEHEAD [1922] and 
BIRKHOFF [1943], [1950]. Such is its prestige that no new gravitational theory is 
likely to prove acceptable if it does not yield this formula, or one practically 
indistinguishable from it. The traditional form (218) for e rather obscures its true 
connection with the metric (184). It is clear from (199) and (216) that « depends 
(in our approximation) only on the value of ug, which is a root of the cubic 
equation /(u) = 0, with f(u) as in (198). If we write 2mug = x, n = 1, this equa- 
tion reads 

48 — 42 + Am2%a2e + 4m%x2(B2 — 1) = 0. 


From (207) we know that * = 1 — &, where & is small; we find at once € = 
4m?o282, and (216) gives 
1 m2 
& = 3am(u1 + ue) = 3am (= — us] = an(1 —x*)= ang = Ona 

where h = (af)-1 = v2dd¢/dt, approximately. Thus advance of perihelion is to be 
described as an m*-effect, rather than an m-effect. This explains a well known fact 
that if we approximate the Schwarzschild form (184) with neglect of m2, we get 
the wrong advance of perihelion. I owe this elucidation to Mr. A. Das. 

2 GILVARRY [1953], [1959] has suggested the use of the asteroid Icarus, dis- 
covered in 1949, or an artificial satellite. 

3 CLEMENCE [1947]; McViTTIE [1956] has 43’’.15. 

4 Calculated advance = 5557’’.18 + 0.85; observed advance = 5599’.74-+ 
0.41; difference = 42’.56+0.94; cf. CLEMENCE [1947], McViTTIE [1956]. 

The complexity of the matter, and the difficulty of expressing everything in 
relativistic terms, is brought out by this quotation from CLEMENCE [1947]: ‘The 
observations cannot be made in a Newtonian frame of reference. They are 
referred to the moving equinox, that is, they are affected by the precession of 
the equinoxes, and the determination of the precessional motion is one of the 
most difficult problems of positional astronomy, if not the most difficult. In the 
light of all these hazards it is not surprising that a difference of opinion could 
exist regarding the closeness of agreement between the observed and theoretical 
motions.’ 
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repellent, since the two theories are based on such different funda- 
mental concepts. The situation will be made clear only when the many- 
body problem has been handled relativistically in a rational and 
mathematically satisfactory way. Moreover it must be explained 
relative to what the perihelion is rotating. In the above theory the 
rotation is relative to a triad of axes which undergo parallel transport 
along the world-line of the sun’s centre, but that is something which 
demands clarification from the observational standpoint. 

We turn to the study of light rays, understanding by light ray the 
(7, 6) orbit of a null geodesic. Now 7 = 0 in (200) and elimination of 
ug from (199) and (200) gives 


Amu, = 1 — 2mug + [(1 + 2mue)2? — 16m2u5]}. (219) 


Since “2 and wg are positive, (200) tells us that u is negative, and so, 
taking the minus sign in (219), we get approximately 


2mu, = — 2mug + 4m2u2, (220) 
and then (200) gives 
2mugz = 1 — 4m2ui. (221) 


If a light ray comes in from 7 = oo (u = 0), passes the sun, and goes 
out again to infinity, by (197) the total increment in azimuth is 


U2 


lee 


21 = 2m, 22 = 2mug, 23 = 2musg. (223) 


dz 


eS ,, 222 
| aE ea 





where 
Inserting the approximations (220), (221), expanding, and integrating, 
we get, to the first order in 22, 


dz 
Aé =? |e 
i J V (2g — 2)(z + 2g — 22)(1 — 2 — 22) 








=f peg (4p +H) 
dV tee 


= 2(4 + 429 + $29) = 1m + 4m. (224) 
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Here we have EINSTEIN’S [1916a] formula for the deflection of a light 
vay: it bends towards the sun through an angle 
Am 
Ad — x = —-, (225) 
v2 
where 72 is the minimum value of v as the ray passes the sun. With 
independent units of mass, length and time, this formula becomes 


4 
Ad —2 = ile 





, 226 
ny (226) 
where y is the gravitational constant and c the speed of light. 

For light grazing the sun, (225) gives [cf. (206)] a deflection of 


8.488 x 10-6 radians = 1’’.75. (227) 


The effect of such a deflection would be to deform the apparent 
pattern of a group of stars when the sun passes in front of them, the 
stars appearing to be pushed out through a small angle inversely 
proportional to the angular distance from the sun’s centre. The bright- 
ness of the sun prevents the observation of this effect, and it can be 
tested only at total eclipses of the sun. There seems to be no doubt 
that such an apparent deformation of the star-pattern is observed, 
agreeing fairly closely with (225). The reader is referred to McVITTIE 
[1956, p. 93] for the results of eclipse observation from 1919 to 1952, 
and a discussion of them. 

There are three critical phenomena in the solar field: 

(i) advance of perihelion, 

(ii) deflection of light ray, 

(iii) spectral red-shift. 
We have discussed the first two above; the third will be treated in the 
next section. 


§ 9. SPECTRAL SHIFTS AND THE WORLD-FUNCTION 


In 111-§ 7 the relativistic theory of spectral shifts was given, and it 
was shown that these should, in all cases, be regarded as Doppler 
effects, due to relative motion of source and observer. That is, how- 
ever, only a manner of speaking, and in some cases a spectral shift may 
usefully be split into a part due to relative motion and a part due to 
gravitation. 
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As shown in 11I-§ 7, there are two formulae for 
spectral shifts, which are of course equivalent 
mathematically but very different in form. 
Let us recall them. Fig. 10 shows the world-line 
C’ of asource and the world-line C of an observer, 
with adjacent null geodesics P’P, Q’Q joining 
them. Then, if P’O’ = ds’, PQ =ds, the shift 
is given by 1I-(49) as 

y —yY ds’ 
oo | ds (228) 

a shift towards the red (red-shift) being 
positive. On the other hand, by consideration 
of the energy of a photon as in I1I-(37), we have 

y—Y» biVi — pV? 
where #?’, #¢ are its 4-momenta, and V*’, V‘ the 4-velocities of source 
and observer, at P’ and P respectively. By u1-(17) and the hypothesis 
(already used in (229)) that #¢ is tangent to P’P and undergoes parallel 
transport along it, we can express (229) in terms of the world-function 
Q(P’P) as in 111-(53), 

yo —y DV" + QAV* 
yo DQyeV" 
The formulae (228) and (230) are the formulae for spectral shift which 
we Shall use in what follows. 

The case where source and observer are both at rest in a stationary 
universe is very easily dealt with by means of (228). In a stationary } 
universe the metric tensor g;; does not involve the time-coordinate 
(x4 or ¢), and space-time admits a group of motions along the /-lines. 
The null cone with vertex Q’ is obtained from the null cone with 
vertex P’ by simply pushing all its events up through the same 
increment in ¢. When we say that source and observer are ‘at rest’, we 
mean here that C’ and C are #-lines, and so, if dé’ refers to P’Q’ and dt 
to PQ, we have 








Fig. 10 — Diagram for 
spectral shifts 


(229) 











(230) 


dt’ = de. (231) 


1 For geometrical optics in a statical universe filled with a transparent 
medium, see x1-§ 4. 


300 SPHERICAL SYMMETRY [CH. VII, § 9 


This is the key-formula. We have 
ds’? — — g,,dt’2, ds? = — gagdi?, (232) 


and so the spectral shift is 











eae ee Le (233) 
v 844 
Let us apply this to the solar field, for which 
dr2 2 
@ = — id + 72do?2 — (: sees ) di?. (234) 
2m Y 
ar, 


With 7’ at source and ¢ at observer (both fixed), (233) gives accurately 











(235) 


Since m/r is small for all points outside the sun, we replace this by the 
approximation 








eee ets (236) 


If the source is an atom on the sun’s surface, and the observer is on the 
earth (supposed fixed), we write v’ = a (sun’s radius) and neglect the 
last term in (236). Thus we get EINSTEIN’S [1916a] red-shift, 


y —yY m 


a, (237) 


v a 





or, if we prefer to use independent units of mass, length, and time, 


yo —y ym 





(238) 


ne 
This dimensionless quantity is precisely one quarter of the deflection 
(225) for light grazing the sun, and its numerical value is 2.122 x 10-6. 


Spectral shifts are sometimes expressed in km sec™!, and since 
1 = 2.998 x 10°km secu}, (239) 
the red-shift (237) due to the sun’s field is 0.636 km sec71. 


McVITTIE [1956, p. 97] gives a table of red-shifts observed in the 
solar spectrum. There is some disagreement between theory and 
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observation, the theoretical value (237) being approached only near 
the limb of the sun, and the observed shift decreasing towards the 
centre of the disc; according to the theory given above, the position of 
the source on the sun’s surface should make no difference at all. For 
the very dense companion of Sirius, the red-shift should be about 
thirty times as great as for the sun; it has been widely stated that 
there is general agreement between observation and theory in that 
case 1. 

The simple formula (233) applies only to a stationary universe with 
source and observer fixed in it. Allowance for the motions of source 
and observer may be made crudely by adding the Doppler effect due to 
relative radial motion in flat space-time, but for a satisfactory 
treatment of red-shift it is better to start all over again without the 
stationary hypothesis, using (230) instead of (228). If only the world- 
function 2 were known, (230) would give the spectral shift accurately 
for any velocities of source and observer. 

We shall proceed on the assumption that the gravitational field is 
weak (space-time of small curvature), and start by calculating the 
world-function correct to the first order. This has nothing to do with 
the velocities of source and observer, and is of interest apart from 
problems of spectral shift. At a later stage we shall make a further 
approximation based on smallness of velocities. 

Let us use coordinates x for which 


8 = Ny + vip 


240 
ny = diag(1, 1,1, —1), oe) 


the y’s being small (Oi). To fix 
the ideas, we shall regard x! as rec- 
tangular Cartesians in Euclidean 
4-space (Fig. 11), so that we must 
distinguish between a geodesic with 
equations 

d2xt . dxi dxk 

Se ee a 

dw? “dw dw men Fig. 11 — A geodesic J’ and an 
adjacent straight line C 





and a_ straight lime with linear 


1 TOLMAN [1934b, p. 212], BERGMANN [1942, p. 222], M@LLER [1952, p. 348]. 
But McVitTTiz [1956, p. 98] finds the theoretical value more than twice too 
large. See also FINLAY-FREUNDLICH [1953] [1954a, b]. 
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equations. Let P; and P2 be two events, joined by a geodesic I" (perhaps 
null) anda straight line C. For I’ we have the equations (241), with w 
a special parameter, running from 0 at P; to 1 at P», and for C 


xt = (1 — w)xh + wate, (242) 


with w again running from 0 to 1; #% and x are the coordinates 
of P; and P2 respectively. We set up a correspondence between the 
events on J’ and C by associating events with the same values of w. 
On account of the near-flatness, J" lies close to C, and in fact C may 
be regarded as a variation of J’. From the definition of a geodesic as in 

1-§ 2 it follows that 

dxt dx dx? dx 
8a aw) ae awe TOR) 
r C 


Then by 11-(1) the world-function is 


1 dx! dx 
PE) =o | 8 ae aw 


r 
l dxt dx 
=5 fw —~— dw + Oz 
C 


dw 
= 4AxtAxd f gydw + Oo, (244) 
C 
where 
Axt = xh — xh, (245) 
We have in fact 
Q(P1P2) = niyjAxtAxd + fAxtAxi [f yydw + Oo, (246) 
C 


the first part being the world-function for flat space-time and the 
second part being 0}. 

We assume that yy are assigned functions of the x’s. In evaluating 
the integral in (246) we are to substitute from (242), so that we may 
write 

yii(*) = fy(P1, Pa, w), (246) 


and the world-function reads (we drop the second-order error) 


1 
Q(P1P2) = dnyAxtAxi + 4AxtAxd f fiy(P1, Po, w)dw. (247) 
0 
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All we have to do is to evaluate the integral along the straight line C. 
To calculate a spectral shift we need, not the world-function itself, 
but its partial derivatives. To differentiate (247), we note that 


(Ax) 3, = — dy, — (A*), 9, = du, (248) 
and, by (242) and (246), for fixed value of w, 
fie, = (1 — w)yis,e, fd ty = WV IG, Ke (249) 
Hence 
1 1 
Qx, = — j4Axi — Axi f yjxdw + 4AxtAX f yizjx(1 _— w\dw, 
: : (250) 


1 1 
Qe, = nyrAxd + Axd f yjyxdw + 44x'Axd f yy ,pwdw. 
0 0 


2 


Although we do not need them for spectral shifts, we might as well 
proceed to get the covariant second-order derivatives of 2, which 
(following the notation of Chap. 11) will be denoted by subscripts 
without strokes. We have 


7 a1 

Qiym, a Qr,m, = P82 ay» 

Qem, = Qqry ky = Qk, ,m, =— Qm,,ky> (251) 
— ae 

Qe, s Qk ,m, ~~ Pema 


where the secondary (numerical) suffixes on the I’’s indicate evaluation 
at P; or Pe, as the case may be, and so 


1 1 
Qem, = Nem + f vemdw — Ax f (yjx,m + Yim,e)(1 — w)dw 
0 0 
1 
+ 34x Ae fyij,em(1 — w)?dw + DemnaA, 
0 
1 ; 1 
Qhm, = Qk, = — Nem — f vemdw — Ax) f yjx,mwdw 
‘ : S ; (252) 
+ Ax f yimje(1 — w)dw + 44AxtAxi f viz emw(1 — w)dw, 
0 0 
1 1 
Qkym, = Nkm +f Vemdw + AxI f (yjnjm + vim,x)wdw 
0 0 


1 
+ 34x! Add f yij,nmo?dw — PemsnajAx!. 
0 
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In these formulae there is an Og error. We may compare (252) with 
11-(95), which were based on the same approximation (small curva- 
ture), but in which the coordinate system was general. 

For a weak static field, the y’s are independent of x4 (or ¢) and 
V4 = 0. This makes no great simplification if the expression (246) 
for 2, but it is worth while to write out the partial derivatives (250): 


1 1 
Q,, = — Axy — Bey Ypydw + oor Yopsy(1 — w)dw 


1 
+ 3(At)? f yaa,,(1 — w)dw, 
0 
1 1 
Q4, = At(1 — f[ yaadw) = — At f gaadv, (253) 
0 0 
1 1 
Q,, = Ax” + ae) ypydw + $Ax*AxB J Veep, ywodw 


1 
+ HAN? / yas, yodeo, 
Q4, = — Qa,. . 
The last equation tells us that the ¢-derivatives of Q at P; and Pg differ 
only in sign; on account of the existence of a group of motions this 
holds not only in the static case but also in the stationary case, 
and we might have used this fact to deduce (233) from (230). 
For the solar field the metric (234) may be written 


2m 


73 
@ = dx*da* + — 
(co 


Z 
(x%dx%)? — (: — *) di?, 72 = x%%%, (254) 
r 








Y 


so that, dropping an Og term, we have 


gig = Ny + Yi, 


2mxexP ‘ 
Yop = 98 = 2m(r—- Ong = Y sce) (255) 





2m 
Yous = 9, y44 = a : 
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By (246) the world-function for the solar field is 
Q(PiP2) = 4(Ax*Ax* — (At)2) 
1 8 1 
d 
4 mAxtAxt | = aw + m(aeye |<" +02. (256) 
v v 
0 0 


The values of these integrals are given on p. 308. The first derivatives of 
Q are given by (253), in which we are to substitute from (255). In making 
calculations it is well to have before one a diagram (Fig. 12) showing 
a Euclidean 3-space in which x* are rectangular Cartesians. 


3 Rix@e 
. wae? 


x2 





1 
x 
Fig. 12 — Space-diagram, for use with world-function 


So much for the calculation of 2 and its derivatives in a weak field, 
in particular a static one, and more particularly the solar field. When 
the derivatives have been found, the spectral shift is given by (230). 
But a complication arises. In any particular problem, the event of 
emission P; and the event of reception P2 (shown as P’, P in Fig. 10) 
cannot both be chosen arbitrarily, since PP: is a null geodesic. We 
start by specifying Pe, i.e. assigning the coordinates x2. With vertex 
P2, we draw the null cone into the past, cutting the world-line of the 
source at P,. It is clear that the independent quantities are 


xe, Ax”, (257) 
and that Ax4 (= A?) is determined by them in a given space-time. To 


find it, we remark that Q(PiP2) = 0 since P1P2 is a null geodesic, 
Synge 20 
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and so the basic partial differential equation 11-(20) gives 
ghey, Qn, = 0. (258) 


Since (240) gives, to the first order, 


g) = nig — Nayavnos, (259) 
(258) may be written, by (250), 
Him2x,2m, -— ViegmAxkAxm ==. (260) 


Using (250) again, we get 
nkmAxkAxm = Q, (261) 
where 


1 1 
= YrymAxkAx™ — 2AxIAx® f yi,dw — AxtAxIAx* [yy nwdw. (262 
Ykms ; YI ' v4, 


Hence 
At)? = Ax*Ax~ — O, 
At = aie = as ice>) 
The last term here is small, and in Q we may substitute 
At = (Ax*Ax*)?, (264) 


We omit throughout Oz error terms. 

All this is complicated, but one feels justified in pursuing the detail 
in view of the astronomical importance of spectral shifts. To clarify 
the procedure, let us sum it up, and then apply it to the case of small 
velocities of source and observer. 

The steps are as follows: 

(i) Assign the field, i.e. the small functions ;;(x). 
(ii) Choose an event of reception Po(x*). 
(1) Assign Ax, thus fixing the position of the emission, but not its 
time. 
(iv) Calculate 1 At from (263), thus getting the event P, of emission. 
(v) Calculate ! Q;, and Q, from (250) as functions of the seven 
quantities (257). 


1 In these calculations, the integrals are evaluated on the straight line of 
Fig. 12, with due allowance for the linear change in / in the case of non-stationary 
fields. 
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(vi) Assign two unit 4-vectors to represent the 4-velocities V%, 
V% of source and observer. 
(vii) Calculate the spectral shift from (230). 
Suppose that V% and V% are small (we neglect products) 1. Then for 
either 


gaa(V4)2= — 1, . (265) 
so that 
V4 = (1 — yaa) * = 1 + ayaa. (266) 
Accordingly 
QnVE = QV + Qal(l + 4yaa), (267) 


and so, by (250), 


24, Ve = Q4, +- $y 4,4, At — VuAx%, 


268 
Qy, Ve = Qa, — $74,4,4t + VeAx, eo) 


the first terms on the right being finite and the others small. Adding, 
and using (250), 


24 VE 4- Qn, Ve = (V% — V%)Ax® 4- $(ya,4, — ¥4,4,) At 
1 
ZAXAxI fyiy,adw, (269) 
0 
Q4,V% = At + 01. 


Then (230) gives for the small spectral shift (red-shift positive) 





Ze Ax 
a = (V% — Vx) + 3(74,4, — 4,49) 
; 1 1 1 
1 Ax*Ax 
+- eS mr | al | Yop 4dw +. Ax | V44,40w + ZAt | yaa,adw, (270) 
0 0 0 


1 In fact, we treat the velocity components as small of the first order (01), 
like the y’s, and omit Og terms. However, in the solar system, the speeds of 
the planets are of order (m/v) while the y’s are of order m/v (m = mass of sun, 
y = distance from its centre; m/y = 2 x 10-6 at sun’s surface). This suggests 
an approximation in which V™ and V%: are Oz and the y’s are O1. Such an 
approximation can be worked out without much additional labour. The result 
is to augment the right hand side of (270) with the following term: 

Ax*AxP 


= ee) VPs 4 4( Veron — onpon), (270a) 
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where Af is as in (264), the approximate ‘distance’ between source and 
observer. 

In (270) the first term on the right represents a Doppler effect due 
to relative radial motion, the second is a gravitational effect (as in the 
case of the solar spectrum), while the other terms are due to change of 
the field with time. These last terms disappear if we add a further 
assumption to the effect that the field changes very slowly with time. 
However, some care is needed here, on account of the factors which 
become large if At is large. In our approximation we have simply 
regarded A? as a finite quantity, but it will be large in the case of a 
distant star, and then we might not feel justified in dropping the last 
terms in (270). But indeed the whole question of approximations for 
weak fields in large domains is too complicated to discuss here!. The 
present chapter is devoted to space-times with spherical symmetry, 
and we have allowed ourselves to wander away from the solar field 
only in order to display the problem of spectral shifts in that field 
against a more general background. 

Returning to the formula (256) for the solar field, we note that 








1 
O&4-B t 16 
add | aw = P,P», (10g eo oe + cos 61 — cos os) : 
73 tan 46 
‘ : (271) 
dw tan 461 
—— = P,P, log ——*_., 
ee tan 462 


where P1P, is the Euclidean distance in Fig. 12 and 61, 02 are the 
angles which OP;, OP, make with P Po. 


1 See x1-§§ 5,6 for astronomical observations and stellar aberration. In 
XI-§ 9 spectral shift is discussed with an approximation based on the closeness 
of source and observer, and not on smallness of curvature of space-time. 


CHAPTER VIII 
SOME SPECIAL UNIVERSES 


§ 1. AXIAL SYMMETRY 


In Newtonian physics the axial symmetry of a gravitational field is 
easy to define: if we use cylindrical coordinates (r, ¢, z) with y = 0 on 
the axis of symmetry, then the gravitational potential is independent 
of the azimuthal angle ¢. 

In attempting to carry this idea over into relativity, we are led to 
consider a universe in which the metric tensor gj; is independent of one 
of the coordinates, that coordinate (¢) being cyclic in the sense that we 
regain the same event if we increase it by 27, the other three coordi- 
nates being held fixed. In fact, space-time admits a group of motions 
along the ¢-lines. 

It is impossible to obtain any results of interest in such a general 
situation, in which we have ten functions of three coordinates. If we 
introduce a stationary condition, we make gi; independent of both ¢ 
and ¢, but that is not enough, for we still have ten functions to deal 
with. 

We therefore go a step further and suppose ¢ and ¢ to be reversible 
in the sense that the metric is unchanged if we replace 4 by — ¢ or? 
by — ¢. In physical terms, this means that we are dealing with matter 
which is not rotating. ! Mathematically it means that the metric form 
contains d@ and dt only as squares, so that the form reads 


D = VY + gga(dx3)? + gaa(dx4)?, 


| 
W = gii(dxl)?2 + 2eiodaldx? + go0(dx2)2, 0) 

where the g’s are functions of (1, x2); we have written x8 for ¢ and 

x4 for t. We count now only five unknown functions. But we can at 


1 The field of a rotating body, in the linear approximation, was studied by 
LENSE and THIRRING [1918] and THirRRING [1918], [1921]. See also StockumM 
[1937], [1938], CrarK [1947a], [1948], [1949e], [1950a], [1950b], Das [1957a]. 
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once reduce them to three 1. In the ingenious argument 2 which follows, 
an essential step is to use coordinates (x1, x2) for which Y has the 
isothermal form: 


W = o2{(dat)? + (dx2)%I, (2) 
a being a function of (x1, x2). Thus, with a slight change in notation, (1) 
becomes 

D = o2[(dx¥)® + (dx)™] + H(dx¥)2 — ,A(ax42, 6) 
where («, 6, y) are functions of (x1, x?). 


By straightforward but tedious calculation using 1-(106), we find the 
surviving components of the Ricci tensor to have the following values: 


Ru =(“) +(“) 4 Po Ya 
a /l1 2 y 


0 B 
eta gt 
Foo =(“), (2),+ B+ 2 
EAB 2(ben). 
penta a(hen) (he) 
Ros = AB + — (Bur + Baral} 
Rag = — Ze [dy + 5 (Bara + Bara}. 


where the subscripts on the right indicate partial derivatives with 
respect to x1 and x?, and 


AB = Bir + fee, Ay = y11 + yee. (5) 


1 BERGMANN [1942], p. 206 states that, on the basis of symmetry alone, it is 
possible to obtain a form with only two unknown functions, but that is not 
correct; the reduction to two involves the use of some of the field equations in 
vacuo. 

2° Wey [1917], [1919c], Levi-Crvita [1917a]-[1919], Bac [1922], Cuazy 
[1923], [1924], Darmots [1927]. 
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We note that 


R3 + Ri = 6? R33 — y? Raa = iy AUP) (6) 


All this is true whether matter be present or not. We now examine a 
domain in which there is no matter, so that the field equations are 


Rij = 0, (7) 
and we obtain from (6) the remarkable result 
A(By) = 0. (8) 
This means that fy is a harmonic function of (x1, x2). Write 
By = r(x", x); (9) 
then there exists a conjugate harmonic function 2(%1, x2), such that 
y + 1z = f(x! + 1%), (10) 
where / is an analytic function. We now make a transformation 
(x1, 22) > (7, 2). (11) 


Since this transformation is conformal, it preserves the isothermal 
character of a quadratic form, and so 


o2{(dxt)2 + (dx?)2] = A(dv? + dz?), (12) 
where A is a function of (7, z). Further, by (9) we have 


b=r/y, (13) 
and so the @ of (3) becomes a form with only two arbitrary functions 
in it. 

To state the result compactly, let us forget the old meanings of 
(x1, 2) and write 
fhe 7, Re SS, x3 = @, Mey, (14) 


Let us also forget the old meanings of («, 6, y). Then we assert that, 
in any domain in which the conditions of axial symmetry (as here under- 
stood) are satisfied, and in which 1 


R3 + Ri = 0, (15) 


1 Although we wrote down the whole set of vacuum equations in (7), we used 
only the combination (15). 
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the metric form ts reducible to 
@D = a®(dr?2 + dz?) + 12y-2dg? — y2dZ2, (16) 
where (x, y) ave functions of (7, 2). 

Now (16) is really the same form as (3) except for the relation (13). 
We can therefore use (4) to evaluate the Ricci tensor, inserting (13) 
to eliminate 8. However, the formalism is important, and it is wise to 
change from the notation («, y) to (A, v), putting 


ao=-e’A B=reA, y=e, (17) 
so that the metric form reads 
@ — e2-A) (dy? + dz2) + pre Add? — e2Ad72. (18) 


From (4) we find 


A 
3(Rii + Roe) = Av — @ ss +) + At + A}, 


V1 


3(Rir — Ree) = 4p — 4g ——, 
Rig = 2Ajhg — =, 


2 Ai 
3 as 
Ri- R= (a+), 
R3 + Ry = 0, 


the last being of course known already. 
Imposing the complete set of vacuum equations (7), we get 


A 
Aj 2G; (20) 

tr 
Yyyr= (a2 —_ A3), vo = 2rAzro, (21) 
Avy + 2 + 28 = 0. (22) 


If (20) is satisfied, then (21) are integrable, and (22) is implied by the 
other equations. Thus, 7 any domain E in which the vacuum equations 
ave satisfied we obtain fields by the following prescription: For A choose 
any solution of (20) and define v by 

y = fri (ae — AB)dr + 2drAedz], (23) 
he path of integration lying in E. 


CH. VIII, § 1] AXIAL SYMMETRY 313 


We now come to the most amazing fact in this work: written out 
explicitly in the form 
02h 1 OA 024 
—— + —~— —_+-—~- = 0, (24) 
or? r or 022 


the equation (20) is recognized as Laplace’s equation in cylindrical 
coordinates (7, ¢,2) in Euclidean 3-space for a function which is 
independent of ¢. This gives an easy way of finding solutions of (20). 

The physical purpose of all this work is to study the gravitational 
field of a non-rotating body with axial symmetry. Taking (7, ¢, 2) as 






AUNT 
SA 





A’ 
Fig. 1 — Body with Fig. 2 - 
axial symmetry No static 
viewed in Euclidean solution for 
3-space two bodies! 


cylindrical coordinates in Euclidean 3-space, we sketch in Fig. 1 a 
body with interior domain J and exterior domain E. We expect the 
metric form in E to be as in (18) with A(r, z) some harmonic function 
and »(v, z) defined by (23). The metric in J is another matter alto- 
gether. 

But before thinking about J we must examine the question of 
elementary flatness in E. This demands that, for any infinitesimal 
spacelike circle, the ratio of circumference to radius shall be 2x. The 
dangerous place is the z-axis; if we take a small circle on which (7, z, ¢) 
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are constant, with 7 infinitesimal, it is easy to see from (18) that the 
requirement is 


y= O tory = 0, (25) 


Now (23) defines v only to within an additive constant — let us choose 
y=Oat A. Theny=Oon AA’, but at B 


=[lG)-G)let2e ea} 2 
or 0g oY Oz 
ADB 

the integral (which is independent of path in £) being taken along the 
boundary ADB, or any curve deformable into it. Since » receives no 
increment on BB’, the path ADB may be changed into an infinite 
semicircle. It is clear that the condition of elementary flatness is 
satisfied if A vanishes at infinity at least as fast as (7? + 2?)-. 

Let us now turn to Fig. 2, which shows two bodies. If A behaves as 
stated and »y = 0 at A, then v = O at C. But there is no reason to 
suppose that vy = 0 on BB’, and so the proposed solution of the two- 
body problem fails. It is well for the theory of relativity that it does 
fail, for if it succeeded we would see two massive bodies permanently 
at rest in spite of their mutual gravitational attraction! 

In Newtonian theory it is not possible for a system of free particles 
to be in equilibrium under their mutual attractions. But configura- 
tions of equilibrium are possible if we admit both positive and negative 
masses 1, with the inverse square law, like masses attracting and unlike 
masses repelling. This suggests the investigation of axially symmetric 
relativistic fields corresponding to ‘particles’ with constant ‘masses’ 
m,,m:,... (not necessarily positive) situated on the z-axis at 21, 22, .... 
Accordingly we take 


Pl pe (27) 
py = 7? + (z— 21)®, pg = 7? + (Z — 20)%, ... 


Then » can be calculated from (26). For two particles, we get (cf. 
CURZON [1924a, b]) 


mey2 my? 2myme i + (z — 21)(z — 22) 


2pi 2p) (21 — 22)? p1p2 


= i]. (28) 


1 Cf. Bonpi [1957b]. 
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For an arbitrary number of particles, v is given by a similar but more 
complicated formula. It is easy to see that (28) makes y = 0 forv = 0 
provided z lies outside the range (21, 22), but not if it lies in that range. 
Consequently we have what may be called ‘two particles connected by 
a strut’. In the general case, we may likewise speak of a strut holding 
the particles in position, but we may avoid this dubious expression by 
saying that (27) gives an axially symmetric vacuum field in a domain 
E which excludes the segment of the z-axis joining the two extreme 
particles. We are not concerned with the interior domain J in which 
this segment lies. But let us reduce J to a set of small spheres of radius a 
with centres at the particles, and work with the unattained limit in 
which a is very small. The domain F now includes the portions of the 
z-axis between these spheres, and we have a regular field in E provided 
v = 0 on those portions. The criterion for this is that the integral (26) 
should vanish when taken over each of the small semi-circles of radius 
a and centres at 21, z2, .... To investigate this integral for the semi- 
circle at 21, say, we write (27) in the form 4 = — my/pi1 + A,, where 
A, is finite for y = 0, z = 21. Then the integral (26) breaks into three 
parts. The first part appears to be large of order a~*, but actually 
vanishes; the second part in general is finite; and the third part 
vanishes with a. All we need then is the vanishing of the second part, 
and we find that the condition for this is 


on, 
oz 


Thus vy = 0 on the axis, and we have a regular field in F (te. ele- 
mentary flatness everywhere in £) provided conditions of the type (29) 
are satisfied, one for each particle. The remarkable thing is that, since 
A is formally the sum of the Newtonian potentials of the particles, 
these conditions are identical with the Newtonian conditions of 
equilibrium — the resultant force on each particle must vanish. We 
may say that, when the constants representing masses (positive and 
negative) and positions satisfy the stated conditions, the struts 
referred to above are not required for the maintenance of equili- 
brium 1, 

However, although the above work is interesting and suggestive, 





= O'for 221) (29) 


1 Spherical symmetry is a particular case of axial symmetry. To derive the 
Schwarzschild form, one takes for A the potential of a rod; cf. EREz and RosENn 
[1959], where the field of a quadripole particle is also discussed. 


316 SPECIAL UNIVERSES [CH. vi, § 1 


it has two defects. First, in a field theory we do not like to deal with 
concentrated particles (the unattained limit @ —-0), and secondly 
negative masses appear to be unphysical. What we would like to 
obtain is a set of models, each representing a body of reasonable nature 
surrounded by empty space. The simplest model is that in which we 
take for the interior domain J a sphere 72 + 2? < a? filled with matter 
of constant ‘density’ o, and define 4 as the Newtonian potential 
A= —fp-lodI, where p is Euclidean distance in the (s, z, d)-space 
and di = rdrdzd¢. Then A = — m/p, where m = fodI and p is now 
distance from the origin. By (18), this gives in E the metric 





2 22 
P= exp (2 — ~ ) (w? + dz?) 
p p 
Zz 2 30 
+ 72 exp (2") dd? — exp (- =) dZ2, ~ 
p p 


p2 = y2 -+- ga 


But what is the metric in the interior J? This raises a broad ques- 
tion, for there is no well-stated problem as far as J is concerned. In 
vul-§ 7 the spherically symmetric fluid sphere was completely in- 
vestigated, and one might think that fluid bodies should claim prior 
attention here. But we know from Newtonian physics that the statical 
condition limits the equilibrium-forms of fluids to spherical symmetry, 
and we are not to expect to find in relativity a statical fluid body 
which is axially symmetric without being spherically symmetric. 

In fact, we must abandon fluids, and indeed abandon the idea that 
the structure of the matter is given a priori. We should be satisfied 
with any energy tensor which shows pressure rather than tension and 
(even more important) positive density. This means that we demand 
satisfaction in J of the conditions [cf. rv—(146a)] 


LPS, Ts SO. Fe 0, 10: (31) 
or equivalently 
Gi Oy GF 0. G2 SO). GF 0, (32) 
We see before us a body bounded by a surface S with equation 
f(r, 2) = 0, (33) 


separating an exterior region E from an interior region J. On S the 
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Einstein tensor of J must satisfy the two junction conditions ! 


Gifia + Ga =0, 
Clf.a + Ga = 0. 


To construct an axially symmetric field in E and J, we have to 
assign a metric (3) involving ¢hrvee functions «, 6, y of x1, x* (equiva- 
lently, of 7, z). In E they are to reduce to éwo, by the relation By = 7 
as in (13), but this reduction is not to occur in J, because it implies (15) 
and hence 


(34) 


Gi + G=0; (35) 


this violates (32) unless Gj and G2 both vanish, which we do not desire. 
In both E& and J, elementary flatness demands that 7v«/B +1 as 
vy -> 0. Since the problem in £ is so well under control, and the require- 
ments in J consist only in the boundary conditions (34) and the 
inequalities (32), it seems natural to start with E and work inwards. 
But the way is not easy. One can resolve the steps as follows: 
(i) Choose in F a harmonic function A(r, z) which vanishes at 
infinity like (7? + 22)-%, 
(ii) Calculate v(7, z) in E by (23). 
(iii) Calculate («, 6, y) in E by (17). 
(iv) Choose in I functions («, B, y), continuous across S with 
(x, 8, y) in EF. 
(v) Calculate by (4) Rij in J, and hence G; in I. 
(vi) Test by (34) and revise choices (i) and (iv) so that (34) is 
satisfied. 
(vii) Test by (32) throughout J. 
If (32) is satisfied, then (3) is a suitable metric for a complete 
axially-symmetric universe, with matter in J and vacuum in F. 


§ 2. SPACE-TIMES CONFORMALLY RELATED AND CONFORMALLY FLAT 


The general theory of relativity is bedevilled by the large number of 
unknown functions — the ten components gi. There is little hope of 
getting physically interesting results without making a drastic re- 
duction in their number. In Chap. vir the hypothesis of spherical 


1 Cf. 1-(229) et seq. We are not assuming (7, ¢, z) to be admissible coordinates, 
for that would be rash. The conditions (34) express the vanishing of stress 
across S. 
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symmetry reduced the number to ¢wo, and in § | a rather strengthened 
hypothesis of axial symmetry reduced it to three (two in vacuo). We 
shall now go further and reduce the number to one by dealing with 
conformally flat space-time. 

But before proceeding to this, it is well to develop some results for 
two space-times which are conformally related. This means that their 
metric tensors, gij and g;,, satisfy a relation 


gig = CF By. (36) 
We have obviously 
gi = eet, (37) 
and we find, for the Christoffel symbols, 
Dig = Pn t+ Aly (38) 
where 
Ay, = 3(53Y,% + 840.5 — 8jn8"%Y, a). (39) 


Substituting in 1-(88), we find that the two Riemann tensors are 
related to one another as follows: 


R sum = RR’ tm aie Abate = Abn a At Abn 7 AG Alm (40) 
where the stroke indicates covariant differentiation with respect to 


giz, not giz. (Obviously y is an invariant, and A}, a tensor.) 
Contraction of (40) gives 


Rig = Rix + Abin — Afnta + AGA bn = Aj, A by: (41) 
Now by (39) 
Ai; = 2p, Ade = 20 — Afa = Yak — B8jn 09, (42) 
Aj A ta = BY.iP.e — Binks Ap Ate = 2p,i),6 — Sinks 
where 
~= yay, Typ = g'*par- (43) 


Thus the relation between the Ricci tensors is 


Rix = Ry, + vie — 40,59.6 + 48 2(0'v + 2). (44) 
For the curvature invariants we have 


R= gitRyp = ey’ MRy, = HR’ + 3p +H). (48) 
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Finally for the Einstein tensors we get 
Gye = Riz — 3¢j40R = Rix — ge%g'ixR 
= Gi, + Yim — V5.6 — Sxl Op + 2x). (46) 


This formula enables us to transform one gravitational problem 
into another. Suppose we have a field g;, with matter represented by 
G,;. Then, choosing any function y, we get a new field with gj; as in (36) 
and Gi as in (47). Such a transformation is of course something quite 
different from a mere transformation of coordinates, for the latter is 
nothing but a formal change in the way a certain field is expressed 
mathematically. 

If g’4j is the metric of flat space-time, the space-time with metric 
giy as in (36) is said to be conformally flat. We can then delete R",,.., 
Rix» Gj, in the above equations; in particular we have 

Gye = vie — FYN.e — Gel Ov + 2x). (47) 
If we like, we can use coordinates such that 


25 = ny = diag(1, 1,1, — 1); (48) 
then 


Bis = CP Niy, (49) 
B = eb (dat)? + (dx)? + (dd)? — (de4)?}. 
The covariant derivatives in (47) may be replaced by partial deri- 
vatives, so that we have 


Gig = Ya — 3¥4%,7 — na(Oy + 22), 


(50) 
Dy = 7®v,an, X= NY, aY,0- 


The metric gj; depends solely on the function y, and, by making 
suitable choice of this function, we can generate a multiplicity of 
universes in which the energy tensor Ty; is given by 


kly = — Gy, KS On, (51) 


with Gy as in (50). The physical interest of such universes will, how- 
ever, depend on whether they exhibit pressure (rather than tension) 
and positive energy density — in fact we desire to satisfy the in- 
equalities (32). 
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Let us examine the case where y is a function of x4 only. Denoting 
its derivatives by primes, we have 


Yo=% Ya=y, Yae=v’s 


Zi (92) 
ee eS or 
Then (50) gives for the Einstein tensor 1 
Gog = Saply + ay"), 
Gua = 0, (53) 
Gag = — Gy”. 
The inequalities (32) are satisfied provided 
yp’ + ay? <0. (54) 


In fact, (53) gives a positive energy-density, but tension rather than 
pressure unless (54) holds. 

It is impossible to satisfy (54) in the whole range of x4. But if 
(writing x4 = ¢) we are content to deal only with ¢ > 0 ort < 0, we get 
an interesting universe on putting 


ef = (=) (55) 


a 


where a is any constant; the metric form may now be written 


i \4 
-(-) (dx? + dy2 + dz? — dé). (56) 
a 
We have 

a a ” 4 ” 1,,,/2 
feat Yes yp + zp? = 0, - 
‘is (57) 

Gyp = 0, aaa 


1 When y is a function of #4 only, we have a universe with spherical symmetry 
in the sense of viI—§ 3, and the formulae of that section might also be used; we 
may check the values of Gy in (53) by putting in vil-(78) a=y=y, B= 
yp + 2logy, and taking y to be a function of #4 only. 
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In this universe there is no stress, no flux of energy, and a positive 
energy-density 
12a4 


= — T*' =, 1G! =- 
if £ She OA f8 





, (58) 


which tends to infinity as ¢ — 0. It is the universe of EINSTEIN and DE 
SITTER [1932]. 
Another interesting choice is 


a 


2 2 
ef = (+) , G= (<) (dx2 -+ dy? + dz2 —d#2), (59) 


for which 
t 2 wr 2 w 1,,,/2 3 
agi eg Urea eae 
(60) 
o 3 
Cop = Supe Gua = 9, Gu So 
and so 
Gy = Agys, A = 3a-?, (61) 


The inequality (54) is violated, but here we do not care, because (32) 
(and hence (54)) assumed that the cosmological constant A is zero. 
Reinstating it, and turning back to vi1—(4), we see that in (59) we have 
recreated the de Sitter universe with constant curvature a—2, The moral 
of this is that the same universe may appear in many different guises 
according to the coordinates used, and that one should concentrate on 
invariant properties. Putting 


t/a = log(t/a), (62) 
we can change the metric form of the de Sitter universe to 1 
D = e-27/4(dx?2 + dy? + dz?) — dr?. (63) 
It may be noted that any form 
D = el) (dx? + dy? + dz?) — dr? (64) 
can be put into conformally flat form; for by the transformation 
t= feh@dr, (65) 
we have 
dr2 = eh()dz2, (66) 


1 Cf. ROBERTSON [1933] for the history of this and other forms. 
Synge 2i 
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and (64) becomes 


D = e¥O(dx2 + dy? + dz? — dé). (67) 
where 
yt) = h(n). | (68) 


§ 3. THE COSMOLOGICAL RED-SHIFT 


It is observed that the spectra of nebulae are shifted towards the 
red, the shift being roughly proportional to distance. The endurance 
of Newtonian concepts is such that many astronomers seem to accept 
absolute space and time, and attribute the red-shift of the spectra of 
nebulae to a velocity of recession in the Newtonian sense. 

A relativist cannot, of course, look at the phenomenon of red-shift 
in that way. If he feels that the matter in the universe is too thinly 
spread to produce a significant curvature of space-time, he may use 
the special theory (flat space-time) 1. But if the gravity of matter is 
significant, then allowance must be made for it. Without seeking the 
maximum generality, even under the assumptions of symmetry 
usually made 2, we shall here assume the metric form of space-time to 
be conformally flat as in (49) and we shall write it 


@ = [w(t)]2(dx? + dy2 + de® — de); (69) 


we shall make no specific assumption regarding the function w(¢) except 
that it increases with ¢, although we shall later put w = /#/a? as in (56), 
since that corresponds to an absence of stress. As is always done in 
such arguments, we shall assume (in spite of the presence of matter 
due to Gy 40) that the world-line of a photon is a null geodesic with 
the 4-momentum tangent to it and carried by parallel transport, so 
that the methods of 111-§ 7 and vii-§ 9 can be used. 

Since G,4 = 0 in (53), the timelike eigenvector of Giz points along 
the ¢-lines, which are therefore the world-lines of the matter. When 
we take a source (nebula) and observer, we shall assume both their 
world-lines to be #-lines (we shall see below that they are geodesics). 

Before proceeding to the red-shift, we note that (69) represents an 
expanding universe in a real sense. For, as in 11I-§ 5, we can measure 
optically the ‘distance’ between two adjacent #-lines, and it increases 


1 Kermack and McCrea [1933], MILNE [1935], SYNGE [1956a]. 
2 For relativistic cosmology, see RoBERTSON [1933], Tortman [1934b], Bonp1 
[1952], McVitTTiE [1956], HEcKMANN and ScHUcxineG [1959]. 


CH. VIII, § 3] COSMOLOGICAL RED-SHIFT 323 


with #, the value being 
D = a(t)(dx?2 + dy? + dz2)?, (70) 
The ‘distance’ between two é-lines which'are not adjacent is a matter 
to be discussed later. 
The geodesics for (69) are simple to deal with. Writing the Lagran- 
gian 
F = foli))2(x’2 + y? + 22 — 2%), (71) 
the prime indicating d/dw with w a special parameter, the first three 
Lagrangian equations give 
wx’ = A, wy’ = B, wz’ = C, (72) 
where A, B, C are constants. Therefore the geodesics are straight lines 
in an auxiliary Euclidean space £3 in which (x, y, z) are rectangular 
Cartesians. We also see that the ¢-lines are timelike geodesics, the 
proper time on them being given by 
ds = wd. (73) 


On account of the simplicity of the form (69) in (x, y, z), we can 
adequately explore all timelike and null geodesics by attending to 
those which pass inwards through the origin of (x,y,z). We write 


and call 7 the pseudo-distance of (x, y, 2) from the origin; it is to be 
regarded as a purely mathematical construct, unconnected so far with 
any physical measurements. For such a radial geodesic, (72) gives 


ody = — kdw, (75) 
where f& is a positive constant depending on the particular geodesic; 
further we have 

w*(dv? — di?) = — ndv?, (76) 


where, for a timelike geodesic we put 7 = 1, dw = ds, and for a null 
geodesic, 7 = 0. Hence 


w*dt 
dw = A ‘ 
@ 
; - kdt oy 
psp = 


wz V nw? + 2 | 
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C and in particular for a null geodesic 
. dw = k1wdi, dv = — di. (78) 
ds p : To discuss the question of red-shift, it is well 
to picture events in Ey, a Euclidean 4-space 
Q’ with (x, y, z, 2) rectangular Cartesians (Fig. 3). 
i We see two world-lines, C and C’, representing 
t respectively the histories of an observer and a 
¢ source; C is the #axis, and C’ a ¢#line at 
pseudo-distance 7. In the physical interpretation 
0 we put the observer on the sun | and the source 
Fig. 3 — Cosmolo- on a distant nebula. Fig. vii—10 (p. 299) was 
gical red-shift much the same as Fig. 3, but whereas the former 


< : E E : . 1 
Pigeuree es with its curved lines was only a guide to 


thought, the latter is a scale drawing with null 
lines inclined at an angle of 45°. 
In Fig. 3 P’P and Q’Q are the adjacent histories of two photons. If 
t, t’ are values at P, P’, respectively, we have by (78) 
r=t—t?, (79) 
and, passing to Q’Q, 
di = dt’, (80) 
where dé refers to PQ and dé’ to P’Q’. By (73) the corresponding 
increments in proper time are 


ds = w(A)dé, ds’ = a(t')di’, (81) 
and 111-(52) gives a spectral shift 
yee, ds ds: w(t’) 


er ae, ea (62) 





Thus the metric form (69) gives a red-shift on the assumption that w(t) 
is an increasing function. 

We have now to inquire how the red-shift depends on the distance 
of the source, and for that the concept of ‘distance’ must be defined, 
for we can hardly attach physical meaning to the pseudo-distance 7. 


1 The gravitational field of the sun is not considered. In accepting (69), we 
smeared matter out into a thin uniform distribution, in accordance with the 
common practice in treating such cosmological problems. 


CH. VIII, § 3] COSMOLOGICAL RED-SHIFT 320 


Fig. 4, drawn in £3, shows at 
C’ a source which emits radiation 
uniformly in all directions with 
intensity I’, by which we mean that 
the total energy emitted in proper 9S 
time ds’ is /’ds’. There is a receiver 
or observer at C. The points C, C’ 
in Fig. 4 are the projections on Fg 
of the lines C, C’ of Fig. 3. The 
energy J’ds’ is of course computed 
relative to the world-line C’. 

The energy, relative to a world-line 
with 4-velocity V‘, of a photon with 4-momentum #! is E = — p'V;. 
We are concerned only with ¢-lines, so that V4 is the only surviving 
component of V?, and 


V4 = gl, Va =— oo. (83) 


Fig. 4 — Spherical shell of radiation 
emitted from C’ 


The 4-momentum of the photon may be written in general 





e— ; 84 
where w is a special parameter on its world-line and « a constant 
depending on the choice of w and the particular photon involved. In 


our problem we have, by (78), 


ptaa =, (85) 


E=—. (86) 


Since w(¢) is an increasing function, by assumption, the photon 
continually loses energy, relative to the local t-line. As a photon passes 
from emission at C’ to reception at C, the energy is decreased according 
to the formula 





cael (87) 
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This confirms, by a different method, the red-shift already found in 
(82). 

When the burst of energy I’ds’, emitted at ¢’ from C’, reaches C at #, 
it occupies in Fig. 4 a thin spherical shell, and the total energy in this 
shell is, by (87), 

tf 
pees, 3) 
a(t) 
the local energies over the sphere being added together. 

At C the observer sets up a target (actually the object glass of a 
telescope) to catch the radiation. If dS is the (invariant) area of the 
target and ds the increment in the observer’s proper time from the 
beginning to the end of the burst, then the total energy received by 
him may be written 


JASas, (89) 


J being the intensity of the received radiation. 
Now the pseudo-radius of the sphere and its invariant area are 


y=t—Y!, AS == 4272[w(Z) ]?, (90) 
and so C receives on his target a fraction 


ds 91 
“terol® nN 


of all the energy in the shell. Thus 


eee dS a(t’) 
But as in (82) 


a(t’) 











ds’ = ds —-——., 93 
S -— (i (93) 
and so the received intensity is 
| ee [o(?") 
Ager? [oo(t)]4 ’ (94) 


y=—t—f?. 


The ratio J/I’ is therefore the same for all sources of different 
brightness at the same pseudo-distance 7, and we may define the asivo- 
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nomical | distance ro by the formula 
LT’ 
= Azcr 92 


; (95) 


which makes 79 = 7 in flat space-time. If we assume, as astronomers do, 
the existence throughout the universe of stars which all have the same 
intrinsic luminosity J’, the measurement of the intensity J received 
from such a star gives the astronomical distance 79 of that star and 
of any others known to be near to it. In terms of 7, (94) reads 


[ol 








=(¢—? 96 
Denoting the red-shift as in (82) by p, we have 
y —y w(t’) 
= tS eee 97 


This equation and (96) are basic. The left hand sides are observational, 
and the right hand sides are theoretical constructs. If observation 
gives a relationship between p and 79, these equations lead to a func- 
tional equation for the function w. On the other hand, if we assume a 
function w, elimination of z’ will give a relationship between p and 7. 
If, to explore the situation, we assume (¢ — #’) small, we may write 
approximately 
a(t’) = w(t) — (t — “)w'(d); (98) 
then we get 





so that red-shift is proportional to optical distance for all observations 


made at 7. 
If, scorning approximations, we take the Einstein-de Sitter form 


(56), 
4 
@ = (<) (dx? + dy? + dz2 — di?), (100) 


1 Or luminosity distance. This is a particular application of the definition 
of spatial distance given by WHITTAKER [1931]. 


328 SPECIAL UNIVERSES [CH. VIII, § 3 


so that 
(<) 
bh =p — 101 
o() = (+) (101 
and the density is, as in (58), 
__ 12a4 (102) 
M cts ” 
then (96) and (97) give 
, oA {2 


Eliminating 7’, we get the following shift-distance law for observations 
made at f: 


eS Leo 


eae’ 104 
Wr er (104) 
So far, no approximation. But now expand in powers of p, 
1 £6 ( 5 ) 
=— —|{p+—p?+...], 105 
Wr eNO eRe (105) 
and cut this off at the first term, obtaining the linear law 
oa? 
ole pa ey (106) 
70 {3 
The observational quantity 
see (107) 
Y0 


is called Hubble’s constant (or parameter), and its value is roughly ! 
o =4 xX 10718 sec", (108) 


Then (106) gives 


{3 
—=5 x 10!7 sec. (109) 
a2 


1 Cf. McViTTIkE [1956, p. 167], where this parameter is denoted by /1. There is 
a considerable range of uncertainty in the value on account of the difficulty in 
estimating 79. The value quoted in SyNGE [1956a] was about twice the figure 
given in (108). 
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If we put ¢ = 0 in (100), the metric collapses to zero, and this may be 
interpreted as the beginning of the universe. Thus the age of the uni- 
verse, up to #, is 

t t t 
[a | (oar = [ E di = pee (110) 
ee J a BQ? 
t=0 t=0 t=0 
Inserting the value (109), and noting that 1 year = 3.1558 x 10% sec, 
we get, for the age of the universe 1, 


1.7 x 1017 sec = 5.3 x 109 years, (111) 


measured in proper time. 
We turn now to (102) for an estimation of density, which becomes 
infinite for ¢ = O and is, for a general /, 


3 at _ 302 


a ea 112 
On 87 ua) 

With the value (108) for o this gives ? 
f= 1.910 X 10736 sec. (113) 


Using the conversion formulae 


1 g = 2.476 x 10-89 sec, 
1 cm-! = 2.998 x 102° sec-1, 
1 gcm-3 = 6.668 x 1078 sec-2, 
1 sec~2 = 1.500 x 10? gcm-3, 


(114) 


we get a density 3 
fe = 2.865 X 10-29 g cm-3. (115) 
Of all branches of modern science, cosmological theory is the least 


1 Note that in this work the age of the universe is not the reciprocal of Hub- 
ble’s constant, but 2/3 of the reciprocal. 

2 For purposes of arithmetical calculation, it is unwise to round off numbers, 
even if there values are physically uncertain. 

8 This value is about six times the upper bound given by McVitrTieE [1956, 
p. 176], who allows in his range a factor of 100. Bonpr [1952, pp. 46, 48] gave 
a much larger value of 10-2? g cm-3. 
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disciplined by observation. Optical observations made at any instant 
on the world-line C (Fig. 5) have their sources in events lying on the 
null cone drawn into the past, and all man’s observations over a period 
of, say, a thousand years come from a null shell, which, on the cosmical 
time-scale, must be regarded as wafer-thin. From this small sample of 
the universe and from geological history on the world-line C itself, 
man attempts to construct the whole by daring extrapolation. 
Since we cannot dispute about the unknowable, any theory is success- 
ful if it succeeds in the thin shell of the known. But unfortunately 
the interpretation of observations of this shell is difficult, and 


1000 years of observation 





Fig. 5 — The thin null shell formed by observed events 


much must be left to the inspired guesses of astronomers who change 
their verdicts from year to year. All this should not deter us from the 
creation of cosmological models, but it does suggest that the rival 
merits of different models should not be supported with polemical heat. 

Simplicity is a grand thing, and we may well prefer the simplest 
model of the universe. As an exercise on conformally flat universes, we 
selected first one in which the conformal factor was a function of ¢ 
only, and then specialized to the form (100) which gives zero pressure 
without the intervention of the cosmological constant. This model 
universe, invented by EINSTEIN and DE SITTER [1932] 1, seems to be 
the simplest there can be, and deserves attention; it is not suggested 
that it necessarily represents physical reality as well as, or better than, 
more complicated models. 


1 Cf. TOLMAN [1934b, p. 415], who gives an account of many model universes, 
in most of which the cosmological constant is involved. 
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§ 4. UNIVERSES OF THE GODEL TYPE 


In building a model universe we choose a metric form gijdx‘dxJ and 
apply certain tests to it. First, it must be of signature ! + 2. Secondly, 
stress and density must be explored, for we wish stress to be pressure 
rather than tension, and density to be positive 2. Since the decision 
here rests merely on signs and it is easy to get confused, let us restate 
in a slightly different way the test already described in Iv-§6. 

To get pressure rather than tension ? and a positive density uw, we 
require that the determinantal equation 


det (Gi; — Ogi) = 0 (116) 
should have three negative roots and one positive root. This positive root 
is ku (= 8). It is further required that the unit vector V* (4-velocity) 
satisfying 

GyVi = KugyV3 (117) 


should be timelike (V;V* = — 1). As a simple check on this, we write 
down formulae for a perfect fluid, W‘ being any vector orthogonal to 
the 4-velocity V*: 


Ty = (u + P)ViV 5 + doy, 

Gig = — (uw + P)ViVy — Kbgig, 
GigWI = — xpgigW), 
Gig VI = KugeyV!. 


(118) 


A strange and interesting model universe was invented by GODEL 
[1949], [1950]. We shall now explore a type of metric which includes 
his as a particular case. 


1 The signature of the quadratic form is the number of positive terms less the 
number of negative terms which occur when, by local transformation of coordi- 
nates, the matrix gy; is made diagonal. In this book the signature + 2 is used, 
but many writers prefer — 2. In any particular case, one can pass from the one 
to the other by reversing the signs of all the components gy; this makes no 
physical difference whatever in the universe under consideration, but it does 
lead to confusing changes of sign in certain formulae (see Appendix A). A further 
source of confusion in the comparison of formulae arises from the fact that while 
most writers define Rj as in 1-(105), others define it as the negative of this. 

2 The cosmological constant affects both stress and density; in this work we 
shall put A = 0. 

3 We may conveniently speak of this as positive pressure, without implying 
that the pressure is isotropic. 
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Throughout this section, Greek suffixes take the values 1, 2, and 
capital suffixes the values 3, 4. 
Consider a metric form 


P = gypdxdxF + gandxAdx8, (119) 
where g,g are functions of (x3, x4) and gap are constants. Although 
much more general than the form proposed by him, we may refer to 
this as of Gddel type. The correct signature for space-time is assured 
if, for the two quadratic forms in (119), we take one of signature 0 and 
the other signature + 2, in either order. 

For (119) we have 
Sun = 0, gB=0, gapghy = of, gapgB> = 0G. (120) 


To survive, a Christoffel symbol must have precisely two Greek letters; 
thus the survivors are 


[B,C] = — 38ap.c, [eC, B] = 28ag.0 (121) 
and I-(85) gives, as surviving components of the Riemann tensor, 
Rope —= oF (245, n8By.F =F Sey, 08 Bd,F)» 


Raper = 487" (Bay,8p6,0 — Say,c8B5,0)» (122) 
Ry pyp > a 28ay,BD ap 16° bap, n8yo,B- 
At this point we specialize by assuming g,g to be functions of x4 


only. Then R,,g¢p vanishes, and the surviving independent components 
in (122) may be written out as follows: 


Risig = +¢44[(g12,4)2 — 211,4222,4], 


—= 1 1 

Riaia = — 311,44 + 48° 'Go1 4801.4 (123) 
a 1 

Rise, = — 9812,44 + 48? Bo s8o0,4> 
=, 1 

Resa = — $8 22,44 + £8? Boe 42,4" 


As a further drastic specialization suggested by the work of Gédel 
we choose 


a bet 
Eup -_ Ga a , (124) 
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where a, 0, c are constants and yw any function of x4 (we shall indicate 
its derivatives by primes), while for gag we choose any one of the 
following three matrices: 


mm) 6 (49. ws 


The particular choice must be related to the choice of a, 0, c, in order 
to secure the correct signature. 


Write 
o = b% — ac, é = det gap = + 1. (126) 
Then 
g = — eae", 
gh = ol ( a ae (127) 
gAB = gap. 


The signature requirement is either 

a >0, a=, (128) 
or 

<0, e=—1, a>O. (129) 
The former makes ypdxrdaP indefinite and gapdx4dx? positive- 


definite, and the latter reverses this. 
From (123) we obtain the following simple formulae: 


Risig = 44h 2y/2e2h, 


1 ab? 
Rya14 = — ae yp’, 
b2 130 
Ry424 — 4D E a sv" ev, ( ) 


b2 
Reaca = — |» + ¢ + =) y?| 2h, 
4o 


Hence for the surviving components of the Ricci tensor and for the 
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curvature invariant we have 


ab? 
Ru = gPRoiip + g44Raiia = $e44 ae py, 


b2 
Rie = g*PRyiog + gt*Raiza = $440 (y’ + ~y") eY, 


b2 
Roe = g°PRyoog + g44*Raaea = gt4c ly” + ( 1+ )w| emt, 


20 


‘i bP t 


2 
r= rey" + (1-2) v2]. 
4o 


Calculating the Einstein tensor by 
Gy = Ry — a8uk, 


we obtain the following surviving components: 


3b? 
Gil = — ag4 Gi IF ¢ = =) | ; 
4o 
362 
Gig = — bgt4 | ay’ + (: = =~) v?| ee 
4o 


362 
Goo = cg’4 yp’ 2e2¥, 
4o 


Be 
Gss = — gssg*4 |” aa (: = =) | 


Ga4 = — Ea 
2. 
44 gare 


This is the Einstein tensor for the form 


@ = a(dx1)2+ 2e'dxtdx2 + ce2(dx2)2 + gg3(dx3)2 + g4a(dx4)2, 


(131) 


(132) 


(133) 


(134) 


so far without restriction on the function (x4) or on the constants 
a, b, c, g33, gag except for (125); the calculations did not actually 


involve (128) or (129). 


Since G,4, = 0, g,4 = 0, two of the eigenvectors A’ of Gi and the 
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corresponding eigenvalues @ satisfy 
(Gi1 — 6g11)A + (Giz — Og12)4? = 0, 
(Gar — Og21)A1 + (Go2 — Og22)A2 = 0, (135) 
Ae JP 0s 
these eigenvectors lie in the 2-element containing the parametric lines 


of x1 and x2. The third eigenvector is in the x8-direction, and the eigen- 
value is 


2 


the fourth eigenvector is in the x4-direction with eigenvalue 


b2 
04 = — git yp’? (137) 


If we choose at random the function (x4) and the various constants, 
we shall probably violate the signature condition and the con- 
ditions attached to (116) for positive pressure and density. The 
situation is really too complicated to explore systematically, and it is 
necessary to choose some special form for w(x4). One feasible choice is 


x4 n 
ev => (=) (R, n= const.), (138) 


but we shall follow Godel in making a still simpler choice: 
wy = kx4 (k = const.). (139) 
Then yp’ = k, py” = 0, and (133) simplify somewhat to 


362 
Gi = pagtt(1 -=) 7 
4o 


302 
Gie = = wet (1 = =) e¥, 
4o 


362 
Goo = h2cg44 —— e2¥, (140) 
4o 


b2 
G33 = — aesse* (I — z) 
4o 


ae 


40 | 


Gag = —k 
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Now we have 
Gu _ Ge 
§11 gi” 
and so by (135) the first eigenvector is in the x1-direction and the 
eigenvalue is 





(141) 


362 
6, = — k2g44 (: — —). (142) 
4o 


The second eigenvector does not point in the x?-direction, but never- 
theless we shall denote its eigenvalue by 62. By (135) it satisfies the 
determinantal equation 


a b 


2 3p2 = 0, 143 
b | — h2g44 ¢ cing ) as 02 | C (aa b = os) Ue) 
4o 4o 


and this gives 


b2 
Oo => — k2g44 Aa. (144) 


By (136) and (137) the other eigenvalues are 


b2 
63 = — ngs (1 =) (145) 
b2 
O4 =— Eee: : (146) 


To obtain positive pressure and density, we are to have three eigen- 
values negative (with spacelike eigenvectors) and one eigenvalue 
positive (with timelike eigenvector). Since 02 = 64, their common 
value must be negative and their eigenvectors spacelike. Thus the 
x4-direction must be spacelike, and hence 


ga4 = 244 = l, o > 0. (147) 

By the signature condition (128) then it follows that « = 1 and so 
1 0 

gan =(6 ') ; (148) 


only the first choice in (125) is possible. Now gg3 = | and this implies 
that the x-direction is spacelike; its eigenvalue is therefore a stress, 
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and application of the positive-pressure condition to (145) give 
b2 
| ——— > 0. 149 
4o - a?) 
We have now three spacelike eigenvectors corresponding to 
(82, 03, 04), and the other eigenvector must be timelike, being ortho- 
gonal to these. But it points in the x1-direction, and so 


a<o0. (150) 

Further applying to (142) the condition of positive density, we get 
I a <0 151 

ee vet) 


Since o = 62 — ac, the above inequalities are equivalent to 
a<0Q, ¢< 0, fac <b? < 4ac. (152) 
To sum up at this point, for y = kx4, the only admissible form of 
the type (134) is 
® = a(dx1)2 + 2ek*dxldx2 + ce®ea*(qy2)2 + (dx3)2 + (dx4)2, (153) 


with a, 6, c arbitrary constants subject to the inequalities (152); the 
principal stresses and density are 


the stresses being negative (positive pressure) and the density positive. 
The metric form (153) admits a 4-parameter-group of motions !; 
for it is unchanged by the transformation 


wi a— wl t+ Ai, x2 = H2e-kKB 4 Ao, 


- : (155) 
x8 = x3 + Az, x4 = f4 + B, 


where the A’s and B are arbitrary constants. 


1 Universes admitting a 3-parameter group of motions have been investigated 
by Tavs [1951] (cf. McVitTIE [1956, p. 75]) ; he has constructed some remarkable 
universes which are empty (Ai; = 0), but for which the Riemann tensor Rijxm 
does not vanish. 


Synge 22 


338 SPECIAL UNIVERSES [CH. vill, § 5 


To get isotropic pressure (Sg = S3 = S4 = — ), we must restrict 
the constants in (153) by the equation 
b? = 2ac, (156) 


and this gives 
p= p= oF, (157) 


a rather disappointing result physically, since we would like to see 
b/w small 1, 

Without the restriction (156), there appear to be four disposable 
constants in (153), but there are essentially only two. For if we apply 
the transformation 

ae 2 | 
4/— axi = k-x1, a/ — 6x* = —— k-1¥2, 
V2 (158) 
x3 — p-1Z3, x4 =. R-1g4, 
we get 
@ = k-2{—(dx1)2 — et dxldx2 — fe2x"(dx2)2 
+ (d¥#)? + (de4j?], (159) 


where 

ogy Se 

3 <= oe a2, (160) 
If we now impose (156), we get A2 = 1, and (159) becomes (except for 
trivial differences in notation) the metric of GODEL [1949]; a number 
of interesting properties are listed and proved in his paper. 

It has seemed worth while to make a systematic descent from the 
form (119) (which admits a 2-parameter group of motions) to Gédel’s 
form, because in the course of this descent there emerge such formulae 
as (133) which are not too complicated to be of possible use in the 
construction of model universes. 


§ 5. STATICAL UNIVERSES 
A statical space-time has, by definition, a metric form 


D = gypdx*dxP + gaa(dx4)?, (gaa < 0) (161) 


1 Our standard practice has been to use the formula «Ty; = — Gy to find 
the energy tensor corresponding to any given metric. But if we choose to use 
a cosmological constant A, then we write «Ti = Agij — Giz, and so get a 
different energy tensor. If in the above model we choose A = 4k%, we get 
from (157) a fluid with density ~ = 2? and pressure p = 0. 
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with coefficients independent of x4. The geometry of space-time then 
involves only the geometry of a three-dimensional space with metric 
tensor £48 = fog and a function ga4 of the space-coordinates x*. We 
shall indicate by a bar subtensors and other quantities pertaining to 
space. Thus, introducing a function V for convenience, we have 


Sop = ups Sua = 9, £44 = — V2, 
B — pop 4 — 0 44 7-2 

ee (162) 
[op, 7] — [oB, vi, [4ee, 4] = —[44, or ae hoe VY ses 


Me=Tig Tu=VVe Th =RPVV s 


Throughout these calculations we find that the presence of one suffix 4, 
or of three of them, destroys a term. By I-(85) we find the Riemann 
tensor to be 


Kopys = ftypys, Kopya = 9, 


; da (163) 
Ryaas = 28 44lle8 — 28°" 44,0844,8 = — VV igs; 


where the double vertical stroke indicates covariant differentiation in 
space with respect to g,g. It follows that the Ricci tensor is 


Rug = Ryp + 38 "4(44llog — 2B 48 44,0844,8) = Ryg “Vs V iges 
Ke, (164) 
Raa = $4Aogaa — 49*4Aigsa = — VAoV, 


where the operators 4; and Ae are defined by 


Aid = BF bah,p, Arh = GF digg. (165) 
Thus Ag is the Laplace operator in curved space. We have then 
R%* = R+ V-lAoV, Ri = V-1AoV, 


Es (166) 
R= Rk-+ 2V-1AeV. 
For the Einstein tensor we have the following formulae: 
Gop = Rug — afaph, Gua = 0, Gay, = 4V2R, 
Gt = R* — 8R = — 4R — 2V—1AedV, 
Sos a ° (167) 
Gi = Ri —4R= — ZR, 


Gt — G* = 2V-1A0V. 
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The most interesting thing here is the operator Ae, for it enables us 
to connect a surface integral and a volume integral. Let vg be any 
portion of space, bounded by a closed surface veg, and let dvg and dve 
denote their invariant elements of volume and area respectively. Then, 
by Green’s theorem, 


§ Vn"dvg = f AoVdug = $f (Gt — GY) Vdos, (168) 


where 7” is the outward unit normal to ve. 

So far we have done nothing but make calculations for the metric 
form (161). No field equations have been used. Let us now introduce 
them, writing Gi = — «Ty, « = 8m. It is at once evident from (168) 
that, if vg lies entirely in vacuo and can be reduced to a point without 
meeting matter, then 


$ V nde =O? 4 (169) 
ve 


Hence this integral has the same value for any two surfaces which can 
be deformed into one another without meeting matter. In a statical 
universe we do not expect to find more than one body (cf. § 1), and for 
that one body there will be an exterior domain F and an interior 
domain J. Then (168) gives the theorem of Gauss for a statical universe 1: 
$V n*dve, = 4am, (170) 
V2 
where vg is any surface enclosing the body and m a constant defined 
by the body, viz. 


m= — f (Tt — T*)Vdvs, (171) 


the integral being taken through the body. 
In the vacuum part of a static field, the field equations read 


Ryp + VV ing = 9, AoV = 0. (172) 


We note that space has a vanishing curvature invariant R. 
We have already seen in § 1 how to handle a statical vacuum field 
with axial symmetry, a particular case of (161). Let us now make a 


1 Cf. WHITTAKER [1935]. In vi1-§ 6 we already met the theorem of Gauss in 
the special case of spherical symmetry. The constant m occurring in the Schwarz- 
schild metric vi1—(145) is identical with the value given by (170); this is most 
easily seen from (179) below. 
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different simplification of the metric (161), taking 
@ = U2dxrdx* — V2d7?, (173) 


where U and V are independent of ¢ (= 4). Since the spatial metric 
is conformally flat, we may call this a conformastat metric. By direct 
calculation we obtain (for simplicity we denote partial derivatives by 
subscripts without commas) 


RBys fame Bgys ae U (das Up, oF 63,0 as a buy gs az dgsU xy) 
S106 30 U0, 0 Uy, Upp = 8a) 
ale (OasOgy = Ogs0uy) U0, 


Z ‘ (174) 
aBy4 — “s 
Ragga = Ryasag = — VVag + VOU, + Ugv ) 
— VU16,gU 4) ,, 
and 


Rig = Ug 1 8gU,) — 20 2U,U, 

VV og = (OV) Ug gt Ug a) UV yi 405gU Vg 
Riso (175) 
Rag = — UV(V,, + U1U,,V,), 

RSS AU 80 = 3 10 Ua 20 eV ge AU). 


The above calculations hold for any conformastat metric. Let us try 
to satisfy the vacuum field equations Rj; = 0. The equations Ras = 0, 
R = 0 require that U and V satisfy the two equations 


Voo+ U-1U,V,=0, Ugo —}U-1U,U,=0, (176) 


the second of which is equivalent to 


(VU) 5 = 0, (177) 


so that VU must be a harmonic function with respect to the flat 
metric dx“dx*. Having chosen a harmonic function, the first of (176) 
gives V, but the determination of a vacuum conformastat field looks 
rather hopeless, since there are five more field equations to be satisfied. 

However, at least one solution does exist, namely the exterior 
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Schwarzschild field as in viI—(145), for by the transformation 
m \2 
r=e(1 +=) (178) 
2p 
that metric form can be changed into the so-called zsotropic form 
Bb — U2dx dx* — V2d?2, 


1 — 179 
&é ’ E —_— ee ; p? — Hy O ( ) 
2p 





U=(1+62, V= 


We check that U is harmonic as in (177), and note that (V — 1)/ 
(V -++ 1) is also harmonic. 
Returning to (175) and putting UV = 1, we note for future refer- 
ence that for the form 
D = U2dxrdar — U-2dz2 (180) 
we have 


Rag = SugU-\(Ugg — U-1U,U,) + 2U-2U,Up, 


Rya = 0, 
(181) 
Raa = Ur (Us — Ut) 
R = 2U-3U,,. 


We recall that in v-§3 the Riemann, Ricci and Einstein tensors 
were calculated for another special conformastat metric, namely 


@ = (1 + d)dxedxe — (1 — f)d#2. (182) 


For geometrical optics in a statical universe filled with a trans- 
parent medium, see xI-§ 4. 


CHAPTER IX 
GRAVITATIONAL WAVES 


§ 1. PLANE GRAVITATIONAL WAVES 


Before entering into a technical discussion, it is desirable to clarify 
the meaning of the term gravitational wave, and this is best done, not 
by formal definition, but by consideration of a fanciful experiment. 

Suppose that a man, standing on the earth, holds in his hand a 
heavy club. At first the club hangs down towards the ground, but at 
a certain moment the man raises it quickly over his head. Any theory 
of gravitation recognizes that the club produces a gravitational field, 
however minute it may be, and that the action of the man changes that 
field, not only in his neighbourhood, but throughout the whole uni- 
verse. According to Newtonian theory, the effect is instantaneously felt 
on the moon, on the sun and in every remote nebula. Since we are not 
concerned with Newtonian theory, we do not have to discuss the 
absurdity of this. As relativists, familiar with the idea that no 
causal effect can travel faster than light, and having learned, as in 
v-§ 7, that the locus of discontinuities of gij,4m is a null surface, we 
would guess that the change in the gravitational field of the moving 
club travels out into space with the speed of light. And we would call 
this moving disturbance a gravitational wave. Thus, on a very general 
basis, we must regard the physical existence of gravitational waves, 
so understood, as self-evident. 

Confusion enters, however, through the fact that the word wave } 
sometimes implies repetition and sometimes does not. In physics, this 
confusion is increased by the use of Fourier transforms, by which a 
disturbance which appears to be without repetition (a solitary wave) 
is resolved into periodic wave-trains with all frequencies 2. 


1 The Oxford English Dictionary devotes nearly two pages to the noun wave 
and about as much to the verb. 

2 Since the technique of Fourier transforms is essentially a technique for dealing 
with linear differential equations, we are hardly likely to use it in connection 
with the non-linear equations of general relativity. 
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In speaking of waves, we shall not here demand that they should be 
repetitious. In v—§ 7 we have dealt with gravitational shock waves. We 
might call these shock waves thin to distinguish them from the thick 
gravitational waves ! which we shall now discuss. 

Fig. 1 shows a thick gravitational wave in space-time. Two 3-spaces, 
+, and 22, divide space-time into three domains, I, II and III. There 
is no matter present anywhere in the universe (the man with the 

swinging club has been abstracted!), 
pap Lig and everywhere we have 


I I Il Ry <0. (1) 


In I and III there is no gravitational 
Rij=0 2 BG field, and so in those domains 
Rijkm=o| Sijkm#o | Rijkm=o Rijem = 0. (2) 


The domain II is the thick gravi- 
tational wave. In it, at least one 
of the components of the Riemann 
——_—__—__—______> ** tensor is non-zero, and this we 
Fig. 1—-A thick gravitationalwave indicate by writing 
in space-time 


Rijnm # 0. (3) 


We recall that for admissible coordinates gy; and g4j,% are continuous, 
but that there may be discontinuities in gij,4m. The argument used 
below requires three systems of admissible coordinates 2. One system 
covers II and the adjacent parts of I and III. Another covers I, not 
necessarily including the boundary 2. The third covers III, not 
necessarily including 22. In the overlaps, which are in I and in III, 
the transformations are C3, as required in I-§ 1. 

On 4; and 2’. we may have thin gravitational waves (shock waves) 
with discontinuities in gi,7m, but this is not required. For the essential 
feature of the thick gravitational wave is the existence of a domain 
which is not flat, sandwiched between two flat domains. There is a 


1 Cf. Bonpr [1957a], Bonp1, Prrant and RoBINson [1959]; the second of 
these papers contains references of historical interest. 

2 If this offends formalists who would like to see one single metric form for all 
space-time, they should reflect on the ordinary spherical surface which cannot 
be adequately covered by a single coordinate system. 
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gravitational field in the inner domain, and none outside it. 
Our point of departure for the discussion of thick gravitational 
waves is the metric form vitI-(119): 


D = gypdurdxP + gapdxdx®. (4) 


As in vit-§ 4, Greek suffixes take the values 1, 2 and capital suffixes 
the values 3, 4. The coefficients g,g are functions of (x3, x4) and gag 
are constants. However, we shall at once specialize this form by taking 
&ag to be functions of x4 only and setting 


O | 
— — gAB 
SAB i >) gA®, (5) 
so that (4) becomes 
D = gypdxrdxB + 2dx8dx4. (6) 
Since 
2dx8dx4 = dl? — dz7?, 
| | 7 
€ = ——= (x8 + x4), T (x8 — x4), (7) 


V2 V2 
the form (6) has the required signature + 2 provided g,gdx*dx? is 
positive-definite. 

The formulae vii—(123) are applicable, and, since g44 = 0, the sur- 
viving components of the Riemann tensor are 





Riaia = — $811,44 + 4??8o1 sora» 
pe ah 1 

Ryaea = — $812,44 + £8? °Bp1 48o2,4> (8) 
=~, 5,4 eee. 

Roasa = — $822,44 + 46° °8 2, 4802,4° 


On calculating the Ricci tensor, we find (and this is most important) 
only one surviving component, 


Raa — gRiay — 2212Ry 4024 = g?2Roaoa. (9) 


We now consider the construction of a thick plane gravitational 
wave with x4 constant ! on 4; and 22 (Fig. 1). The problem is to ob- 


1 Since g44= 0, 21 and 22 are null 3-spaces; in physical language, the 
gravitational wave is a plane wave, travelling in the ¢-direction [cf. (7)] with the 
speed of light (dé/dr = 1). 
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tain £11, £12, gg as functions of x4, of class C1 in II and the adjacent 
parts of I and III, satisfying 


Risia=0, Rissa =O, Ress = 0 (10) 
in those parts of I and III, and satisfying 
Ras = 0 (11) 


in II, with violation of at least one of (10) }. 

Before constructing a particular example of a thick gravitational wave 
(§ 3), let us survey the situation. In II, three functions are subject to 
only one equation, and it should be possible to select a wide variety 
of functions g,g which violate at least one of (10). Having selected such 
functions, we have definite values of g,g and gyg,4 on 21 and 2». With 
these Cauchy data, (10) determine g,g in the parts of I and III adjacent 
to 2; and 2’. Those parts will be flat, and we complete the construc- 
tion by coordinate transformations in I and III to avoid formal 
singularities occurring in the Cauchy solutions. Apart from accidents, 
such as might arise from positive-definite character, this argument 
indicates the existence of a wide variety of thick gravitational waves. 

Let us now simplify the metric (6) by taking 


giu=e?P, gia = 0, — gan = C78, (12) 


P and Q being for the present arbitrary functions of x4. Then, denoting 
derivatives by primes, (8) gives only two survivors, 


Ryaig = —(P" + P’2)e2P, Roava = —(Q" + Q’2)e2@, (13) 


and (9) gives 


Ra Po Be OY ae, (14) 
Thus to construct a gravitational wave with the metric form 
@ = e2P(dx1)2 + e%@(dx?)2 + 2dx8dx4, (15) 
in I and III we have to satisfy 
P’4+P2=0, Q”+Q2%=0, (16) 
so that 
P = log m(x4 +),  Q = log n(x4 + 8), (17) 


1 If we did not violate at least one of (10), we would have completely flat space- 
time. and no wave at all. 
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where «, 8, m, m are constants Q’ 
(different in I and III), and in II 
we have to satisfy 


Pp" -- p’2 -- Q” -- Q’ —_ : (18) 


taking care not to satisfy both of 
(16). Since this last equation may 
be written 


Pp" — Q” a pA = Q’2 < O, (19) 









P+Q’=const. 


an interesting fact emerges. If we 
plot (P", Q’) as a point in a plane Fig. 2 — The tendency inside a gravi- 
(Fig. 2), and draw the lines a nal arava 

P’ + Q’ = const., the representa- 

tive point moves across these 

lines in the sense indicated. Thus no solution of (18) can form a 
closed curve in the plane; this means that a periodic field is impossible. 

A particular gravitational wave will be given in § 3. 


§ 2. THE WORLD-FUNCTION FOR A PLANE GRAVITATIONAL WAVE AND 
QUASI-CARTESIAN COORDINATES 


The following work is useful in transforming to regular form the 
metrics in the flat domains I and III of a plane gravitational wave. 
But it has a wider scope. We shall evaluate the world-function Q for 
the metric form (15), without at first imposing any restrictions of the 
functions P(x4) and Q(x4). 

To find the geodesics of (15), we write the Lagrangian 


F = t[e2P(Dx1)2 + e2@(Dx2)2 + 2Dx8Dx4], (20) 


where D = d/ds, and, since all coordinates are ignorable except x4, 
we get the three first integrals 


e2Pdxl = ayds, e2@dx2 = agds, dx4 = B-'ds, (21) 
where «1, a and # are constants. We have also 
e2P(dxl)2 + e2@(dx?2)2 + 2dx8dx4 = eds2, (22) 


where ¢ (= -+{ 1) is the indicator of the geodesic, supposed timelike or 
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spacelike. Hence, in terms of x4, we get 


dvl = Baye *Pdx4, dx? = Page 2@dx4, ds = Bdx4, 


dx3 = 1B2dx4(e — ave-2P — abe-2Q), 


Consider the geodesic joining the points A(x*) and A'(x*’). Writing 











Et = xt — xl’ Ty = fe ?2Pdx4, Ig = fe -2edx4, (24) 

we get 
&1 = Bayli, E2 = Baglo, (25) 

9 = pptet — 4pabl, — 4f%alls, — s = pee. 
Hence 
1 (¢2)2 1 (€2)2 

Dee ee eae es os A 26 
Seep re <she yegy g e 28) 

and so 

1 1 (£22 1 aa 

DO aca = ed ES: ile oe se . 2/ 
pe=—lers S454 (27 


Thus the world-function is 





(E21 (E22 
Ty 7 2 Io i (28) 


| 
Q(AA') = Jost = $0060)? = 4] 89 4 2 
We shall now pass from the coordinates x* to quasi-Cartesian (QC) 


A’ 





Fig. 3 — Construction for quasi-Cartesian coordinates 
of A’ relative to a vector base at A 


coordinates X(qg) as in 11-(150). At A (Fig. 3) choose an orthonormal 
tetrad 47, with i, timelike. Then the QC of A’ relative to A with this 
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vector base are 


Xi = — Q(AANiy, (29) 
where ; is the partial derivative with respect to x¢ at A. By (28) we 
have 1} 














eee see ieh 
Vr = ae Qe Es, 
1 (E12 1 (é2)2 1 £4(E1)2¢-2P 
_ 8 sed NS Ee aio eee 
Mea +5 a 2 Ts 2 P oo 
1 £4(E2)2e-20 
5 


with P and Q evaluated at A. For the orthonormal tetrad, let us take 
Ay: (e7?, 0, 0, 0), 
Atay: (0, e-®, 0, 0), 
fi: ¢ jes ) (31) 
(3) . > d /2 ) /2 d 
(4)° Tre. /2 ? 4/2 
Then (29) gives as OC for A’ (the coordinates x!’ of A’ are concealed in 
&t and in I, 7f)) 


























Elg4 E24 
Xa) = ccna a X (2) = ea 
l 1 (€1)2 l (€2)2 
x -—.|- ie ey oe Me = 
(3) ye bees hh oe 
1 £4(E1)2e-2P 1 E4(E2)2e-2@ 
a OR a Me | eA) 
1 1 (&1)2 1 (€2)2 
ee At on oe at Pe hee IN 
Xu a: E a, e ae 
1 E4(E1)2e-2P 1 sua 
o r? D: 7 


1 Remembering that g?4= 1, we easily check that the basic equation 
22 = gtiQ;Q; is satisfied ; cf. 11-(20). 
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As a check on these formulae, we easily verify that 
Xe) + X%) + XG) — X40) = 20(A4’). (33) 


We recall that all the preceding formulae in this section apply to the 
metric form 


@D = e2P(dy1)2 + e20(dx2)2 + 2dx8dx4, (34) 


without restriction on the functions P(x4), Q(«4). For gravitational 
waves, P and Q are finite in the domain II (Fig. 1) and in the neighbour- 
ing parts of I and III, but they have formal singularities elsewhere 
in I and III. However, I and III are flat, and we can transform their 
metrics separately to Minkowskian form by substituting from (17) 
in (32). This gives 
Xa = — mex + a), Xa) = — n&*(x* + 8), 

Xa — Xu = —V 264, (35) 

Xia) + X cay = — V AES + gom?(E1)%(a4" + oe) + m?(E2)2%(x4" + B)]. 


In these formulae & is as in (24). The point x' is any point in the do- 
main of regularity of (17), and (35) is a transformation (x!’) -> (X(q)). 
It is easy to verify that 


dt, dX aha de 
e2P’ (dyl’)2 4 @20(dx2’)2 + 2dx8’dxt’, (36) 


the primes on P’ and Q’ indicating evaluation at x". 


§ 3. A PARTICULAR PLANE GRAVITATIONAL WAVE AND REMARKS ON 
CYLINDRICAL AND SPHERICAL WAVES 


We shall now construct a particular thick plane gravitational wave, 
in order to show that the plan described in § 1 can actually be carried 
out. No special merit, except simplicity, attaches to this example. 

Take 2 and 22 to be x = — a and x = a, respectively (we write x 
for x4). Then the domain II is — a < x < a, and in it we shall satisfy 
(18) by making P and Q satisfy 

Aa 
PP" + P% = — k-, QO" + 0% =k, k=—. (87) 
7 
As particular solutions we select 


P = log cos (x/R), Oar, (38) 
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so that 
P’ = — k-1\ tan (x/R), k-1 
(x/R) = (39) 
P" = — k-* sec? (x/R), OF == 0: 
This gives the end-values 
Zit > Pl Q Ik 
1(* = — a): = log —-, = — alk, 
V2 
(40) 
Pies ho, Q' = k-I, 
P" = — 2k-2, OF == 0; 
Xo ( i eal Q /R 
9(X =a): = og =» = air, 
V2 
(41) 
P= — FI, QO’ = FI, 
PY" = — 2k-%, O° =O 


We have now to assign to the domains I and III functions P and Q 


of the form (17), with continuity of these functions and their first 
derivatives across 2; and 2». We get 


In I: eP == ( +a+k), e@=e*- klix +a-+h), 


; (42) 
In III: e? =——(a +k—x), e@ =ei™-k-1(x —a-+ R). 
we 
We note that formal singularities occur at 
x=—a—kinl,x=a-+kin Ill. (43) 


Thus, restoring the symbol x4, we have a gravitational wave with 
the following metrics: 


In part of l(a —k < x4 < — a): 


= k-*(x4 + a + k)?[$(dx1)2 + e-?7(dx?)?] + 2dx8dx4, 

In II (— a < x4 <a): (44) 
= cos2(x4/k)(dx1)2 + e2@/k(dx2)2 + 2dx3dx4, 

In part of III (a <*#4<a-4 k): 


=+4h-2(x4—a—k)2(dx1)2+-e37 - k-2(44a-+k)?(dx2)2+ 2dx8dx4, 
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As for the remaining infinite parts of the flat domains I and III, 
we can obtain as in (35) new coordinates for which the metric takes the 
Minskowskian form; in applying (35) we are to take a point x? in the 
domains of I and III indicated in (44). 

Although mathematically impeccable, the gravitational waves 
which we have been considering are not physically realistic. In electro- 
magnetism, a travelling layer of disturbance sandwiched between two 
undisturbed regions is a reasonable idealization of reality, because we 
can project a pulse into undisturbed space, with no disturbance after 
it has passed. But while a man can swing a massive club, he cannot 
create the matter in it. He can change gravitational fields, but he 
cannot create them out of nothing. We should prefer to see, in our 
model, a wave of disturbance passing through a field already existent. 

This difficulty is overcome in the case of cylindrical waves !. For 
the metric form 


D = e27-24(dv2 — di?) + r2e-24dgh? + e2¥%dz22, (45) 


with y and » functions of 7 and /, the equations Ry = 0 reduce to 
| 
Yrr + a ae — vit = 0, (46) 


Yr = (V+ YF), ve = 2ryrye (47) 


Here (46) is the ordinary wave equation in a plane, and it is the 
condition of integrability of (47). On account of its linearity, we can 
superimpose solutions of (46) (a statical basic field and a time-de- 
pendent disturbance) and then get y from (47) by quadrature. 

But a cylindrical wave is not quite realistic enough. Our intuition 
tells us that the field of the swinging club must, at great distances, 
display spherical symmetry. But some lack of symmetry, some polar- 
ization, must be present, since a field with perfect spherical symmetry 
must, by Birkhoff’s theorem (viI-§ 4), be static, in the sense that it 
admits a group of motions along timelike lines. 

In seeking a general understanding of gravitational waves, due to a 
swinging club or to a vast catastrophe of astronomical scale, it is well 
to recognize that we are not concerned with the solution of well- 


1 EINSTEIN and Rosen [1937], RoseEn [1954], Marper [1958a, b], [1959], 
Bonnor [1957b]. There is a close formal connection between statical fields 
with axial symmetry and cylindrical waves. The formulae vi11-(18) and vi11-(24) 
become (45) and (46) if we make the substitution (z, t) > (i, iz) in the former. 
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formulated mathematical problems, but rather with classes of fields 
satisfying certain conditions. To fix our ideas, let us think of space- 
time as a Euclidean 4-space with coordinates (7, 6, 4, 7) and a metric 
tensor gij imposed on that background. We divide space-time into an 
interior J (y <a) and an exterior E (vy >a). In JI there are some 
moving masses and F is empty, so that the equations Ay = 0 are to be 
satisfied, and we should add the condition of flatness at infinity, which 
means that Rijxm > 0 as 7 > ©0. 

The study of gravitational waves does not involve essentially an 
investigation of J. On account of the prevalence of linear theories in 
physics, one is tempted to regard the field in E as ‘due to’ ‘sources’ 
in J, but this idea is deceptive in a non-linear theory. It is better to 
concentrate attention on F. Any solution of Ry = 0 in E would be 
worthy of respect if it reflected our intuitive idea of what gravitational 
waves should be. But no mere guess is likely to succeed in such a 
complicated situation. 

In default of exact solutions in £, we may fall back on approxi- 
mations. Here we must be cautious. Mathematically, we have no 
assurance that any suitable solutions exist; but, physically, we do. 
So we set up some definite system of approximation, based probably on 
powers of a small parameter. Cutting off the approximation at some 
step, we may claim that we have a good approximation to some exact 
solution, which (physically, but not mathematically) we have reason 
to believe exists. 

But such a claim is too vague to argue about, one way or the other. 
One fact is certain: the approximate g;; do not satisfy Ry =O in £. 
We may then fall back on the fact that any gj corresponds to some 
distribution of matter, perhaps pathological, and we may explore that 
distribution by examining, as in vilI-(116), the eigenvalues of Gj. It 
may then be asserted that the approximate gi; give some universe, and 
the practical physicist will accept as vacuum a space-time in which 
stress and density are small enough in comparison with standard 
quantities of the same dimensions. We may call this the stress- 
density test. 

No linear approximation is likely to satisfy this test. Approximations 
pushed to higher orders are more hopeful, such as those of BONNOR 
[1959b], based on retarded potential formulae for a pair of oscillating 
masses. But in such work the formulae become so complicated that it 
is difficult to apply the stress-density test. 
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CHAPTER X 


ELECTROMAGNETISM 


§ 1. MAXWELL’S EQUATIONS AND THE ELECTROMAGNETIC ENERGY 
TENSOR 


It is well known that, on the atomic scale, electromagnetic at- 
tractions and repulsions far exceed gravitational attractions, whereas, 
on the astronomical scale, it is the other way round, because 
celestial bodies are electrically neutral, or nearly so, so that the 
electrical effects cancel out. There is then some reason for keeping 
theories of gravitation and electromagnetism apart. 

But we cannot do that. All electromagnetic phenomena are not 
small-scale, and we need a theory to enable us to follow radiation 
passing from a star to the earth through curved space-time. This 
suggests that we set electromagnetism in a space-time whose properties 
are determined by the masses in it, which amounts to neglecting the 
gravitational fields (if any) arising from electromagnetic energy 1. 
On the other hand, some have felt that gravitation and electro- 
magnetism should be tied together in a very deep way in a Single 
unified theory competent to deal with all physics from the atomic to 
the cosmic scale 2. 

These hopes have not been fulfilled, and it seems reasonable to treat 
electromagnetism within the framework of general relativity as 
already developed in this book. But, even though the gravitational 
fields arising from electromagnetism are in fact very small, we shall 
make a unification of electromagnetism and gravitation at least to 
the extent of allowing the electromagnetic field to influence the 
geometry of space-time. 

We shall consider only electromagnetic fields in vacuo or in an 


1 Cf. WHITTAKER [1927b], [1928a, b, c]. 

2 Cf. WEYL [1918a], [1920], [1923a], EINSTEIN [1925b], [1955], ScHRODINGER 
[1947], [1948], [1950], and other references in Bibliography, particularly 
TONNELAT [1955] and Hiavaty [1957]. 
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incoherent fluid composed of particles all charged with electricity of 
the same sign !, Then there are the following functions of the space- 
time coordinates x?: 


gij = Symmetric metric tensor, 


Fi = skew-symmetric electromagnetic tensor (Fy = = — Fy), 
Jt = 4current, 
u’ = 4-velocity of charge, a unit vector (wut = — 1), 


p = electrical proper density, 
js = mass-density. 
These quantities are not independent, for we have 
Ji = put. (1) 
Other differential relations will be introduced below. We can pass 
from a charged fluid to an uncharged fluid by putting J‘ = 0, p = 0, 
and finally to a vacuum by putting uw = 0. 


Let Ai, be an orthonormal tetrad with 4/,) timelike and future- 
pointing. From Fy we can form the invariants 


F av) = Figdigts) = — F oa. (2) 
Writing 


Fua = £4, F 4) = Eo, Fiza) = Es, 


(3) 
Fes =, Foey=Hea, Fare = Hs, 
we introduce the familiar language of physics by calling? E, the 
electric 3-vectoyr and H, the magnetic 3-vector. Likewise we form the 
invariants 


Fa = Sika; (4) 
we call J(.) the 3-current and J (4) the electrical relative density (not to be 
confused with the proper density p, which is also an invariant but more 
basic, since it does not depend on the choice of tetrad). 

The permutation tensor 1-(114) is useful in electromagnetism. 
Writing 
I=V —8& (5) 


1 For more general situations, see PHam Mau Quan [1955a, b], [1956a, b], 
[1957a, b], [1958a, b]. 

2 We revert to the usual convention of this book: Greek suffixes have the 
range 1, 2, 3. 
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we have the following formulae (note the minus signs!) : 


niikm — geynm, Qijkm = — Qeijkm: 

nitkin ane = — eijkmEiabe = — OF, 6 
ntikmniine = — 2(df6"" — Fdy) = — 26K", 

nite = — 60;". 


We already met the six-index generalized Kronecker delta in I-(122); 
the four-index delta is similarly defined. It is important to remember 
that the covariant derivative of the permutation tensor vanishes. 

The dual electromagnetic tensor is defined by either of the following 
equivalent formulae !: 


F*ij = 4yfikm Fyn, Fi = ynighmF (7) 
Multiplying by néyav, n'I4 respectively, using (6), and changing the 


suffixes, we get 
FU = — yim ry, Fy = — yniemP te. (8) 
We now accept Maxwell’s equations in the form 2 
eu, Figg + Fina + Puat,y = 0. (9) 


It is of interest that the second of these equations is tensorial although 
the derivatives are partial. They may be replaced by covariant 
derivatives, however, and it is easy to see that Maxwell’s equations 
may also be exhibited in the form 3 
Fi — Ji, Feti; =0. (10) 
For any skew-symmetric tensor X4 and for any vector Y# we have, 
by 1-(8), 1-(10), 1-(12), 
X41; = GX), Y= GY) 11) 
Xia = (XM a)ig = TAX), = T1(GK"), 45 = O. 


Hence Maxwell’s equations may be exhibited in yet a third form, 
(QFY)5= 4S, (GF *4), 5 = 0, (12) 
and the 4-current satisfies an equation of conservation which may be 


1 The star is used in a different sense in v—(63), but there should be no risk of 
confusion. 

2 No factor 4m appears in front of J? if we use rational units of charge. 

3 For details of the transformation, see § 3 below. 
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written in either of the following forms !: 


b=% (9S) = 0. (13) 
By virtue of the second equation in (9), there exists a vector 
called the 4-potential 64 such that 


Fig = $4,4 — $i, = bit — Pus. (14) 
Substitution in the first of (9) gives 
Lids — gpa + Ji = 9, (15) 
where L[] is the generalized d’ Alembertian, 
Ldi = g* hij an- (16) 


By 1-(94) we have the identities 


paid — bajvi = Ri gin, 
ghaiio — (8%? bair)\s = — RigGl. 


If we impose on ¢; the normalizing condition 2 


(17) 


BV pajo = 9, (18) 
(17) gives 
BM haiio = — Rig! (19) 
and (15) becomes 
Lidi + Rid + Ji = 0. (20) 


We thus reduce Maxwell’s equations to the five equations contained 
in (18) and (20), but of these only four are independent. 

In vacuo we have J; = 0 and, if we neglect the gravitational effect 
of the electromagnetic field, Ry; = 0. Then (20) reduces to the gener- 
alized wave equation, 

Llp; = 0. (21) 


To link electromagnetism with gravitation, we now assign to the 
charged fluid an energy tensor 2 


TU = wit'us + EY, (22) 


1 gFti, qF*ti and q/‘ are tensor densities or relative tensors of weight 1; cf. 
SYNGE and SCHILD [1956, p. 240]. 

2 Combining (14) and (18), the determination of ¢; may be treated as a 
Cauchy problem. 

3 The 4-velocity V?, defined [cf. rv—(75)] as the unit timelike eigenvector of 
the energy tensor, would represent in the present case a synthesis of charge and 
field, and must not be confused with u?, which refers to charge alone, and is not 
an eigenvector of the energy tensor (22). 
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where 
EU = gap UFO — lotiFy,F™, (23) 


This energy tensor consists of two parts, one due to the matter which 
carries the charge and the other to the field alone. With regard to the 
latter, we note that 


gy = gygayh UF — FapF a 
= PPgph UF — giaeipFiFo, 24 
Si Sia8i 


Interchanging the dummies a, 7 in the last term, we see that it cancels 
with the first term. Thus 


Ei =0; (25) 


the mixed energy tensor of the electromagnetic field has zero trace. 
We now write down the usual field equations 


Gi = Kl 4, K> 82, (26) 


and (except for coordinate conditions) this completes the system of 
equations for a charged fluid. We shall presently examine the Cauchy 
problem for this system, but let us find the eguations of motion arising 
from the application to (26) of the identity 


Gt; = 0. (27) 
From (23) we have 


EY = Sap Fes a gapP UF, Ps SRF go jh, (28) 
or, by the first of (9) and some play with indices, 
EX, 4+ Fu]; = Sank FP — 389 F ap jh 
= gi F yg FO — dgtiF ay jF 
= 260F (Fagin — Fojia — Favs) 
= 260F (Fagin + Fgoia + Foais)- (29) 
By the second of (9) this vanishes, and so, having used all Maxwell’s 
equations, we have 
EY, = — Fuy;. (30) 
This is the reason why (23) is a suitable expression for the energy ten- 
sor of the field: in vacuo its divergence vanishes. 
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From (27) we now obtain 


(uated) |g = BJs, (31) 

or 
ui(un) 5 + oad = FUT, (32) 
Multiply by u;. The second term vanishes since uu‘ = — 1, and the 


right hand side vanishes from the skew-symmetry of FJ and the fact 
that by (1) w‘ has the direction of J’. Thus 





(ut!) \3 = 0, (33) 
which is an equation of conservation of mass. Then (32) reduces to 
pul uw) = FY];, (34) 
or, with absolute differentiation along the z-line, 
out. 
—— = Fi], 35 
be Ji (35) 
or 
but 
= pFty;. 36 
ae ee (36) 


Now (13) may be written 
(pu*)is = 0, . (37) 
an equation of conservation of charge. Combined with (33), this tells us 
that if we take a thin tube of u-lines with normal section o, then the 
total mass m = wo and the total charge e == po are conserved as we 
go along the tube. Thus, with m and e constants for the tube, we may 
write (36) in the form 


out 
—— = eFtiy,;. 38 
Mie (38) 


We are dealing with continuous field theory in which a charged 
point-particle has no meaning. But, just as we accepted the geodesic 
hypothesis for an uncharged test-particle, we may accept (38) as the 
equation of motion of a charged test-particle of mass m, charge e and 
4-velocity u‘, moving in a given field of gravitation (gj) and electro- 
magnetism (fj), which field the particle itself does not influence. We 
have here in fact the natural generalization to curved space-time of the 
Heaviside-Lorentz law of ponderomotive force !. 


1 Cf. SYNGE [1956a, p. 394]. 
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§ 2. THE CAUCHY PROBLEM FOR AN INCOHERENT CHARGED FLUID 
Let us introduce the notation 
Zy=Gyt«Ty, v= p/p, (39) 
with 
Lig = fii + Ey, 


40 
Eig = go Falko — tel ark. (49) 


This is the energy tensor (22), written a little differently. Then the 
set of field equations for an incoherent charged fluid read 


44 =0, FYg= Jt, FY; =0, Cilg) = 0, (41) 


the last being four coordinate conditions. 
We see 21 unknowns, 


gig, sg, Je} (42) 


there appear to be 10+ 4+ 4 + 4 = 22 equations in (41), but only 
21 are independent on account of the identity [cf. (11)] 


Fri yy = 0. (43) 


Thus, on the mere basis of counting, we appear to have in (41) a de- 
terminate system; when the quantities (42) have been found, the other 
quantities are given by 


p=(—Fd)% =e, wa (44) 


We shall now examine the Cauchy problem 1 for the system (41). 
Taking skew-Gaussian coordinates x? relative to a 3-space x4 = 0, we 
have the coordinate conditions 


Guta = 9, Sas= al. (45) 

On x4 = 0 we assign as Cauchy data (CD) the values of 
Sup Sapa Boa Ly, Ji % (46) 
subject to certain conditions to be given later, and we investigate the 
1 Cf. LICHNEROWICcz [1955a, p. 55]. For other work on the Cauchy problem, 


see FouRES-Brunat [1948b], [1950], [1952], [1955], [1956], PHam Mau QuAN 
f1953b], [1955p]. 
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algebraic problem of solving the equations (41) for 


oB,Ads Fija, Jia, V4. (47) 
The equations Z;; = 0 are equivalent to 
Ry = — «(Ty — 3guTh), (48) 


where the right hand side is CD. Now the quantities g,g,4, occur only 
in these equations, and, as at v—(171), the solution is not unique if 
g44 =: 0, Thus null surfaces are shock waves (characteristics). This 
holds in vacuo (J; = 0), and therefore electromagnetic shock waves 
in vacuo are null surfaces. In particular, in so far as they may be re- 
garded as shock waves, waves of light are null surfaces. Further, the 
bicharacteristics are null geodesics [cf. v-§ 7], and this gives us con- 
fidence in the geodesic hypothesis for photons (photons, like point- 
particles, lie outside field theory). 

Assuming then that x4 = 0 is not a null surface (g44 4 0), Lemma 
II of v-§ 4 tells us that the equations 2;; = O are equivalent to 


Lop —s ae eZh = 0, (49) 
Ziy = 0, (50) 
with the initial condition 
Zi =0 on #4=0. (51) 
Now (49) is the same as 
Rog oS k(L ag aa $e! 1)» (52) 
and (50) is the same as 


When we substitute (40) in this last and use the Maxwell equations 
as in (41), we get by (30) 


(PJ) yf) — FA; = 0. (54) 
The initial condition (51) is (by 1-§ 9 we know that G} is CD) 
Gt + nvJ4J; + KE} =0 on x4 =0, (55) 


We have now before us this initial condition, the equations (52) and 
(54), and the Maxwell equations 


Fy = Jt, F¥thy = 0. (56) 
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It is an interesting fact, even apart from its place in the present 
argument, that (56) is equivalent to 


Pgs] Jie = 0, 9 FG =O, (57) 

with the initial condition 
F%, = J4, F*4j,;=0 on x4=0. (58) 
(It is easy to see that this condition involves only CD.) Obviously (56) 
implies (57) and (58). To prove the converse, we have only to show that 


(58) holds, not merely initially, but permanently. Now in view of the 
identity 


Fy = 0, (59) 
(57) implies 
(Fy — J%)\4 = 0, (60) 
and so 
(FM 3 — Ja = — (F% 7 — Ta — Tl — J) 
= —I,(F%3 — 4). (61) 


Under the initial condition (58), the only solution is 
Tega. fo (62) 


This establishes the permanence of the first of (58). The permanence 
of the second is shown in the same way, and thus (56) is equivalent 
to (57) with (58). 

We choose the CD to satisfy (55) and (58) on x4 = 0, and try to 
solve for the quantities (47) the equations (52), (54) and (57). Now 
(52) gives g,g,44 Uniquely in terms of CD, and (57) gives 


Fro I44 EOS x, (63) 


Since Fy, and &*,, comprise all of Fy, it remains only to solve (54) 
for v,4 and J* 4. We obtain 


v,a(J4)2 = CD, vy" aJ* = —v aJ*J* + CD. (64) 


If J/4 = 0, the solution for v,4 is not unique, and so we recognize as a 
shock wave (characteristic) any 3-space built up of world-lines of 
current. But if the 3-space x4 = 0 is not such, then J/4 #0 and! 
(64) gives unique solutions for v4 and J*,4, so that the Cauchy problem 


1 We assume v ¥ 0. 
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is regular, and the chosen CD (subject to the conditions stated) yield 
a unique solution in the neighbourhood of x4 = 0. 

For a vacuum (/; = 0), the above argument is modified and sim- 
plified, but we shall not go into it; the Cauchy problem is regular 
unless x4*= 0 is a null surface. 

The case of a vacuum is in some ways more interesting than that 
of a charged fluid, and we note that the field equations are 


Gy = — Ey, Fiy=0, F*,=0, Cilg)=0, (65) 
with Ey as in (40). Since now 
E45 =0, (66) 


the count of independent equations in (65) reads 6+3+3+4 = 16, 
which agrees with the number of unknowns (gi, Fa). 
Since Ei = 0, the first of (65) may also be written 
Rij =>=— KE iy, (67) 
and hence 
K = 0, (68) 


so that for an electromagnetic field in vacuo the curvature invariant 
is Zero. 


§ 3. INTEGRAL ELECTROMAGNETIC THEOREMS 
Let Xi be any skew-symmetric tensor and Xj its dual, so that, 

as in (7) and (8), 
X*I = AntIOMX om, Xi = YigumX™™, 


69 
Xt = — AytikmX* | Xu = — dnijumX**™. o7) 


We are to remember that the covariant 7jxm is obtained from the 
contravariant 7%Jkm by lowering the superscripts in the usual way 
by means of gy. Note that the dual of the dual is the negative of the 
original tensor: 


X**ij — LyiikmX* — IytikimnymgyX% = — Xt, (70) 


The general rule covering changes of sign is that there is a change of 
sign when star and no-star are interchanged. 
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From the first of (69), 


XD 5 = YH OMX emp. (71) 
Multiply by yiave and use (6): 
MiaveX = — $6rhe Xkmig = — (Xavje + Xveia + Xeajo). (72) 
Introducing the symbol [ ] of cyclic permutation, defined in general by 
Ytave] = Yave + Yoea + Yeas, (73) 
(72) reads 
MaveX 4; = — Xavi = — Xtav,c)- (74) 


By the rule stated above, we have also the dual formula 
NiaveX' |; =X [ab = x fab, (75) 


By virtue of these identities it is clear 
that the first of the Maxwell equations (9) 
My +=may be written in the equivalent forms 


> jt Be = Niavel'; (76) 


mip career and the second in the equivalent forms 


electromagnetic theorems Friz4) = 0 F*tj 7=0 (77) 


The form (10) is thus verified. 
Let Ve be a closed 2-space in space-time, spanned by an open V3 
(Fig. 1). By the theorem of Stokes {1-(241)], 


ase! = f Fg ,ndrts*, 


78 
$F =F drtik, es 


ij ke 


On account of the skew-symmetry of Fi, Fj; and dr#*, these may be 
written 


Se = BS (Peak + Fyx4 + Fri,j)dr*, 


79 
fF dri = iJ Fs + Fg + Fig) drt. ua 


In these integrals Fy; is arbitrary. If we now impose Maxwell’s 
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equations, we get two integral electromagnetic theorems as follows: 


§ Fydri = 0, (80) 
Ve 
$ Fydri = bf naigh] 7rd, (81) 


This is probably the neatest form in which to express these results. 
But, to bring them closer to familiar ideas, we may write, as in I-(247) 
and 1-(249), 


drti = e(M)e(N)nt#™MN mdav, 


, . (82) 
driik = e(L)ntikmLdgv; 


here M* and N? are unit vectors, orthogonal to V2 and to one another, 
and L‘ is a unit vector orthogonal to V3; dev and dgv are invariant 
elements of area and 3-volume respectively. Then 


Fyjdrti a 2e(M)e(N)F**™ M,N mdgv, 


: (83) 
Fydrti = — 2e(M)e(N) FM Nmdov. 
Noting that by (6) 
nash = 660", (84) 
we have 
Anatins tarde = 2e(L) Li Jidgv. (85) 
Thus the formulae (80) and (81) may be written 
2 e(M)e(N)FimM*N™dgv = 0, (86) 
§ e(M)e(N) FimM*Nmdgv = — f e(L)L;J*dgv. (87) 


Ve Vs 


Note the interchange of Ff and F* in passing from the earlier forms. 
It is of course understood that proper attention is paid to the orien- 
tation of the vectors L‘, M‘, N# [cf. 1-§ 10). 

Just as we defined invariant components in (2) we can define starred 
invariant components, 


Fay = Fiat o) = — Foay (88) 


To evaluate these in terms of the invariants F,, H, of (3), we note 
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that (69) gives (¢ = »/— g) 
F*23 — g-1Fy,, F*14 = 9-1 P93, Fee = — gF\4, FY, = — gF23, (89) 


and eight other equations obtained from these by cyclic permutation 
of 1, 2, 3. If we take special coordinates making locally 


Eup = Ops §44 = — [; Ka) — 6, 
then 
Fos) = Fos = — FM = Fi = Fu = E,, (90) 
Fay = Ee, — — fr2 — — Fo3 = — F (93) = — Hy. 


Thus, in general coordinates, the invariant components are 


X ** * 
Fag = — fh, Fo) = — Ha, Fog4) = eg, 


91 
Poy Ei Fi) = Ea, Bis — Ee: ey 
The formulae (80), (81), (86), (87) are very general — there is no 
restriction to timelike or spacelike V3. As a simple illustration let V3 
be spacelike, so that Lis timelike, and let us choose over V3 a system of 
orthonormal tetrads with 4(,) = Lt, making 44, = M#, 2, = Né on 
the boundary Vs, so that 4(,, is the unit normal to V2 in Vg. Then (86) 
and (87) give 
§ Ai dev = O, (92) 
Ve 


§ Eydqv = f J (aydgv. (93) 
Vo Vs 


Here £; and H, are normal components of the electric and magnetic 
vectors. We recognise the theorem of Gauss: (92) says that the normal 
flux of the magnetic vector vanishes for a closed surface, and (93) 
equates the normal flux of the electric vector to the total contained 
charge (a factor 42 does not appear on account of the rational units 
used). 

To illustrate the concept of ‘closed 2-space’ in familiar terms, the 
simplest example one can think of is the instantaneous existence of a 
spherical surface. A harder one is the 2-space generated by the history 
of a closed loop of wire, at rest during a finite time. A closed V2 is 
formed by the history of the wire (this part is timelike) and the 
instantaneous existence of a fictitious membrane stretched across the 
wire at the first instant and the last (this part is spacelike). 
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In addition to the above integral electromagnetic theorems, there is 
a much simpler one, viz. 
§ e(N) JiNidgu = 0, (94) 
Vs 
with the integral taken over any closed 3-space, N‘ being its unit 
normal. This may be said to express the conservation of electric charge. 
It is an immediate consequence of J*,; = 0. 


§ 4. ELECTROVAC UNIVERSES 


Consider a universe consisting of an interior domain J (which may 
consist of several world-tubes) and an exterior domain FE. There is no 
matter in EL, but there is an electromagnetic field, and to emphasize 
this we may speak of an electrovac universe. In E we have a symmetric 
metric tensor gi and a skew-symmetric electromagnetic tensor Fy, 
nothing more, satisfying the field equations 


Gy = — KEy. Kk = 82, (95) 
and Maxwell’s equations 
Fee, FY =, (96) 
where 
Eig = pF aiF oy — r8iiF ark. (97) 
Since Et = 0, the field equations (95) are equivalent to 
Ry = — «Ey. (98) 


With regard to J, we keep an open mind. 
Let us now specialize to a statical universe by taking the metric 
form to be, as in vuI-—(161), 

D = gyadxdx® — V2(dx4)?, (99) 
with coefficients independent of x4. We satisfy the second of (96) by 
writing 

Fy = $4,4 — G9. (100) 

Let us choose ¢, = 0 and take ¢4 to be independent of x4. Then, 
putting ¢4 = ¢ for simplicity of writing, we have 

Piya = Pye Fug = 0. (101) 

The physical interpretation of this situation is realistic. We may 


think of a single massive body carrying an electric charge, or (some- 
what less realistically) of several such bodies, their gravitational 
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attraction being balanced by electrostatic repulsions. By interchanging 
the roles of Fy and Fj;, we get the case of a magnetized massive body. 
To explore E, we may use the calculations of vil-§5, a bar 

indicating quantities pertaining to space. By (101) we have 
Fra — — V-2g8¢ 2, Fob — 0, (102) 


and by (97) 


Fug = V~ (58 pA 1b — $,0,p)> 


103 
Eva =); Eaa = tAi¢. ( ) 


Then, by vit1—(164), the field equations read 
Ryg = Rug + VV eg = KV -?($,06,8 — 4800419), (104) 
— Raq = VA2QV = 4«Ai¢, (105) 
the double vertical stroke indicating covariant differentation with 
respect to yg (= ag). We have by (11) 
ti l é —— 1 é 
Fu, — —.. ___ (W/— gFti) = —-__. —. 
WO fg ax Ve ox 
and so all the Maxwell equations (96) are satisfied identically except 
one which reads 


(VV EF), (106) 


VAod — @°V 6,2 = 0. (107) 

Our general problem is then to find the eight quantities g,, V, ¢ to 
satisfy the eight equations in (104), (105) and (107). 

At this point we confine our attention to those solutions in which 


V is a function of @, i.e. the level surfaces of V and ¢ coincide !. Then 
writing dV/dé = V’, d2V/dd? = V’’, we have 


Vig= V" dyes V iieeg as V' Plog a V"'d, 09,8 


108 
AiV = V'2A14, AsV = V'Aod -+- V"Ai¢4, ( ) 
and (105) and (107) become 
VV'Aod + (VV" — $x)A1¢ = 0, (109) 
VAod — V'Aid = 0. (110) 


1 Cf. Wey [1917], Mayumpar [1946], [1947], PapapEetrou [1947], Bonnor 
[1953], [1954a]. I am much indebted to Mr. A. Das for information and dis- 
cussions of this work. 
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Eliminating the first terms from these two equations, and noting that 
Ai¢ # O (otherwise the electromagnetic field would vanish), we obtain 
for V(¢) the differential equation 


VV" + V2 = dk, (111) 
The general solution is 
V2 =A + Bd + tx¢?, (112) 


where A and B are arbitrary constants. With this choice of V(d), we 
have in (104) and (110) seven equations for the seven quantities gg, ¢. 

The theory becomes more interesting if we specialize the general 
statical form (99) to the particular conformastat form 


@ = U2dx%dx* — U-2(dx4)2, (113) 
so that 
Sup = O6.08, V = U-1, g = U8, (114) 


Instead of assuming at once that U is a function of ¢, it is more illu- 
minating to apply directly to (113) the field equations (104), (105) 
and the Maxwell equation (107). But before doing that, we recall that 
the field equations (98) imply R = 0. Referring to vii1-(181), we see 
that this implies 


Use = 0. (115) 


(We now denote partial derivatives by subscripts without commas.) 
This formula is the key to the situation — U 1s harmomic with respect 
to the flat metric dx*dx%. (Contrast this electrovac result with the 
vacuum case for which, not U, but VU is harmonic, as in vi1I-(177).) 

Remembering that the operators 4; and A2 are taken with respect 
to Zug, we have 


Aig a U~*b,o; Sap ip a OpPoPas (1 16) 
and, since Vz = U3, 


Aap = U-*(U%G% 9) = UU bala = Ua + Usher 4119 


GPV bg = — U-4U ,, VA2V = U-8U,U, — U-5U,,. 
Thus, with the aid of vi11-(181), the field equations (104), (105) read 
UUs ve ZOygU GU g = gkU4(dahp re 2OBPoPa) (1 18) 
ULC a UU i 3k U*dbo$,, (1 19) 


Synge 24 
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and Maxwell’s equation (107) reads 
Ube 7 2U .b, = 0. (120) 


Now the remarkable fact emerges that all ezght equations contained in 
(118), (119) and (120) are satisfied if we put! 


¢= [2 =r =F Use = 0. (121) 


Thus we have a very simple way of constructing an electrovac field: 
Choose any harmonic function U which has no zero in E and define ¢ by 
(121). To get the standard flat metric at infinity, we should choose U 
so that U2 tends to unity at infinity. 

Suppose now that the interior domain J consists of a number of 
separate parts, 1/1, fg, ... Round any one of these, say J;, draw a 
closed surface Sj. Since J? = 0 in E, we know from (93) that there is 
a certain integral taken over S; which does not change when we deform 
S; in E. Without troubling about the internal structure of J1, we 
naturally define the total charge e, in or on it by 


61 = f Eydov, (122) 
Si 


in the notation of (93). In dealing with this integral, we must be 
careful to distinguish between physical metric 


do? = U*%dx%dx (123) 
and the flat metric 
do® = dx%dx. (124) 
The integral (122) is set up in the former. By (3) 
Ey = Fay = Filan (125) 


where A(,) is the outward unit normal to S$; and 4(,) a unit vector in the 
time-direction, and by (101) this reduces to 


The unit vectors here are of course unit with respect to do. Thus if 1% 
is the outward normal to S; which is unit with respect to doo, we have 


dx 7 dx* dopo 
do doo do 


If dS is an element of area with respect to doo, we have dgv = U2dS, 








1 Note that, since UV = 1, this is the same as (112) with A = B=0. 
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and (122) gives for the charge associated with J; the value 


éj= | Ud nds = | U nds. (128) 
e = An 2 


Since U is harmonic with respect to doo, this last integral is obviously 
unchanged by deformation of S;; that we could have stated at once, 
but we needed to connect the integral with the charge. 

To complete the electrovac model we need to fill in a metric in J, 
but that will not be discussed here. 

Let us take a set of points Pi, Pe, ... and define J to consist of the 
interiors of spheres of radii a1, dg, ... centred at these points. Let 
pi, p2, .-- be the distances (measured by doo) of a general point P 
from the centres. Write 





| € 

U(P) =e + a aS, a) Se f.. .199) 
V4n \ pl p2 

Provided the ratios ¢;/a1, ¢g/a2, ... are small enough, U is a harmonic 

function which does not vanish in £; the potential is 


§= (130) 


VA ae as 


and the charges associated with the spheres are ¢, é2, .... Provided 
the metric can be filled in suitably in J, we have before us a set of 
charged bodies, in equilibrium under their mutual interactions. It is 
interesting to note that, on account of the ambiguity in e, there seem 
to be two fields corresponding to given charges. If we reverse the signs 
of e and of all charges, we leave the metric unchanged but reverse the 
electric field. As remarked earlier, there is no difficulty in changing 
from electricity to magnetism, and we might replace (129) by a formula 
corresponding to a set of magnetic dipoles. The theory rests on the 
fact that, for the special conformastat metric (113), R =O implies 
that U is harmonic with respect to the flat metric doo. 


CHAPTER XI 
GEOMETRICAL OPTICS 


§ 1. WAVE-KINEMATICS IN SPACE-TIME 


Consider a single infinity of 3-spaces in space-time (Fig. 1); they may 
be spacelike, null or timelike, by which we mean that their normals are 
timelike, null or spacelike, respectively. We call these 3-spaces 3-waves, 
or briefly waves. We associate with each wave a phase-angle ¢, in- 
creasing monotonically as we run from wave to wave, so that we may 

refer to the waves as phase-waves. Those 

C waves for which ¢? = 2ua will be called 
cresis; we may regard the waves drawn in 
Fig. 1 as crests. 


WwW Since ¢ is a function of position in space- 
y’ time, we may write 
h 
fle) = +4, (1) 
7 


so that the equations of the waves are 

Fig 1— Phase waves W f(x) = const.; # is a small universal constant, 

and observer C regarded as infinitesimal for mathematical 

purposes. Any small constant would do, but 

for certain reasons it is desirable to take 4 to be Planck’s constant. 
In passing from crest to crest, /(x) changes by 


df = —h. (2) 


Let C be the timelike world-line of an observer with 4-velocity V?. 
We seek expressions for (i) the frequency of the waves, and (ii) their 
speed, both relative to C. 

Let us write 


pi = fa (3) 


In passing from a crest to the next crest along C, with a displacement 
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dx? and time-element ds on C, we have by (2) 





bidxt = bi Vids = h, (4) 
and so the period 7 (= ds) and the frequency v (= 1/7) are 
h Vi 
. SSS pee : (5) 
piV* h 


These are invariants, but their values depend on C. We note that 
hy = — pV, (6) 


and, if we introduce an orthonormal tetrad 4(,, with 4, along V%, 
then 


hy = — pay = p®. (7) 


We call p¢ the frequency 4-vector of the waves. The minus sign was 
used in (1) in order to get + p™ in (7). 

In (5) the expression for » is ugly — a finite quantity divided by an 
infinitesimal. But we are in fact concerned 
with waves of high frequency, this being the 
usual condition under which geometrical 
optics is physically valid. It may be remarked, 
however, that there is nothing essentially 
optical about the kinematics of the present 
section — it applies equally to elastic or 
other waves of high frequency. 

We have dealt with frequency first because 
it is so simple. But the question of speed is pig. 2 - Speed of wave W 
really more general, because only a single relative to observer C 
wave is involved, and we do not have to think 
about phase. Let A (Fig. 2) be the intersection of C with a wave W. 
We think of a fictitious particle which rides on the wave, so that its 
world-line lies in W, and for W we take the equation /(«) = const. as 
above. Let AB (dx*) be an infinitesimal displacement on this particle’s 
world-line; let NB (dé) be orthogonal to C; and let AN = ds. Then 
the speed w’ of the fictitious particle relative to C is naturally defined by 

, NB ry _ dei &4 
“= u'2 = 


et: 8 
AN ds? (8) 
(We write dx; = giydx, dE; = gydéi.) 
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From the construction in Fig. 2 we have (with p; = f; as earlier 


) 
pydxt = 0, (9) 
Vidé = 0, (10) 
dé? — dxt — Vids, (11) 
From (10) and (11), since ViVi = — 1], 
ds = — V,dx", (12) 
and so (11) becomes 
dé! = dxt + ViV;dxi. (13) 
Thus 
désdé? = dxjdxt + (Vidx')2, (14) 


which is the theorem of Pythagoras with attention paid to the in- 
definite character of the metric. From (8), (12) and (14), the speed of 
the fictitious particle is given by 


i ote Se: (15) 


An examination of what we mean in ordinary physics by the speed 
of a wave suggests that we should define the speed (wu) of the wave as 
the minimum value of uv’ for all fictitious particles riding on it. Thus we 
are to minimize (15) with (9) as a side condition, and this gives 


dxt = aVi + pi, (16) 


where a is a Lagrange multiplier (we omit a multiplier in front of #% 
since only the ratios of dx? are involved in (15)). By (9) we get 


i 
pb 7 
pV! 
and (16) gives 
dxj;dxt = a(pyV4 oo a), Vidxt = biV? — &, (18) 


From (15) we then obtain for the square of the speed of the wave 
relative to C the formula 


»_ _PiV3 
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In dealing with waves, the slowness (u—1) is more fundamental than 
the speed (uz). For the square of the slowness we have 


pt 

—=[1+ Pip 
uP (p)V4)? 
This invariant formula contains only the 4-velocity of the observer 
and the frequency 4-vector. But, as remarked above, the idea of 


frequency is not really involved — we may replace ~?¢ by any vector 
normal to the wave. 


p fs p / Ww 


Fig. 3 — Waves W and frequency vectors p*, with the null cone 








(20) 


By (20) the slowness is less or greater than unity according as #! 
is timelike or spacelike. Accordingly we have the following classification 
of waves, illustrated in Fig. 3: 









wave frequency vector 


| 
spacelike | timelike (pip? < 0) | “>i 
null | null (ppt = 0) | wa 


timelike | spacelike (pip? > 0) | u<il 


In ordinary parlance, « > 1 means ‘faster than light’, and wu < | 
‘slower than light’, but these expressions must be used here with great 
caution, because the waves in question may themselves be light waves. 
The true comparison is with the null cone, which represents a funda- 
mental type of shock wave. 


§ 2. WAVES, RAYS AND PHOTONS IN A DISPERSIVE MEDIUM 


Although the following theory has wider physical applications, we 
shall use the language of optics. It is essentially a physical transcript, 
with interpretations, of the Hamiltonian theory discussed in I1-§ 7 and 
the theory of characteristics of v-§ 7, which is really part of Hamil- 
tonian theory. 
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Consider a transparent medium specified by its 4-velocity V* and 
certain physical properties, such as density, which we shall include in a 
symbol p. We regard space-time as given, so that g,;, V‘ and p are given 
functions of the coordinates. Our object is to set up a theory of geo- 
metrical optics in the medium on the basis of reasonable hypotheses 
suggested by classical theory. 

In classical optics, we describe a medium ! by giving the refractive 
index ” as a function of frequency and other local properties, included 
in the symbol p above. Now the refractive index is the reciprocal of the 
phase-speed, and so we are led by (20) to base relativistic geometrical 
optics on a medium-equation 

pS bib 
n 1+ (pj VIR’ (21) 
where a is the refractive index (m = u—1), a given function of the 
coordinates x? and of #;,V* (— hy, where » is the frequency). Note that, 
whereas in § 1 V‘ was the 4-velocity of an arbitrary observer, it is now 
that of the medium, so that phase-speed and frequency are measured 
in the instantaneous rest frame of the medium. 

To apply Hamiltonian methods, it is necessary to use #; rather than 
p* in writing the medium-equation, and we shall express this equation 
in the form 


w(x, p) = 0, (22) 
where 
a(x, p) = ale bibs — (n® — 1)(diV")?). (23) 
This may also be written 
a(x, p) = 38 pips, (24) 
where 
gi = gti — (n? — 1)VIVS, (25) 
It is easy to see that the conjugate covariant tensor %, defined by 
Bigt® = 07, (26) 
is 
_ | 
Sig = Bag ¢ re ViV;. (27) 


1 We consider only isotropic media. A relativistic treatment of anisotropic 
media would be very complicated. 
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It might appear that this provides space-time with a new metric 
tensor, but that is not the case since ” depends on #;. But for a xon- 
dispersive medium ” is a function of position only, and then indeed 
gi can be regarded as a second metric tensor; this idea will be used 
later. 

Since #; = /,¢ as in (3), we have in (22) a partial differential equation 
of the first order for the phase-function f(x). As in v—(153), the charac- 
teristic curves of this equation satisfy 

dxt ew dp; ew 


= , — . 9 28 
dw Op; dw oxt (28) 














where w is a parameter; these characteristic curves are optical rays, and 
the totality of all possible rays consists of the solutions of these 
ordinary differential equations, a solution being determined by an 
arbitrary initial event (x) and an initial frequency vector (f) which 
is arbitrary save for (22). Note that (28) gives, not only a ray, but 
also a frequency vector at each point on it. 
By (23) 
Ow 


OD; 


where n’ is the partial derivative of m with respect to ,V*. Thus by 
(28) the direction of the ray lies in the 2-element defined by the 
frequency vector and the 4-velocity of the medium, as indeed we 
would expect for isotropy. In general the ray does not point along the 
frequency vector, but it does so in vacuo, for then ” = 1. 

If we start with any small piece of a phase-wave, the construction 
given in v—§ 7 carries this piece along the rays, with changing phase 
in general, there being an ‘action element’ f,dx? = — h between 
successive crests. We recognize this advancing element as a szgnal 
(transmission of information or energy), and so it appears essential 
that the rays should be timeltke (or null), since otherwise we would 
violate concepts of causality. Mathematically, this requirement reads 





= Pin PVE = ma pyVAVS (29) 


0w dw | 

ee es ae ae 
oo ob apy 

Whether a ray be timelike, null or spacelike, we may define the 

vay-speed v (relative to the medium) by following an event along the 

ray as in Fig. 2, understanding W to indicate the ray. A simple 


(30) 
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calculation based on (10), (11) and (28) gives 
Ow dw Ow \~2 
v2 = 1+ ye 2 (1 oe) ; 31 
“Ob, Ob; \” Obi 
so that the inequality (30) is equivalent to v <1. On substitution 
for w from (23), direct calculation gives 


Ow da Cw 





4 —— —— = n2(p,V4)2(1 — 9-2), Vi = Vi)g-1, 32 
Sig ab, OP, n®(piV*)2(1 — g-?) ‘Fp, n(piV')g (32) 
where g is defined by 
On 0 
g=n+n'pVi =n + y— =— (mr). (33) 
ov Ov 


When we substitute from (32) in (31), we obtain simply v = g. The 
point of all this is that (33) is the ordinary definition of group-speed 1, 
and we have established its identity with the ray-speed, defined in 
terms of the characteristic curves of the Hamilton-Jacobi equation 
obtained by putting f/; for p; in w(x, p) =O. Thus (30) merely 
reasserts a demand commonly made in physics — the group-speed 
cannot exceed the fundamental speed (that of light in vacuo). 

If equality holds in (30), the ray is null. If inequality, the ray is 
timelike and its unit 4-vector defines the ray 4-velocity 1. 

A system of rays associated with phase-waves form a coherent system 
in the sense of I-§ 7, so that 


$ pidat = 0 (34) 


for every reducible closed circuit in space-time. For such a system, 
we have before us a mental space-time picture of phase-waves, fre- 
quency vectors (normal to the waves), and rays (timelike or null for 
causal reasons, but not in general normal to the waves). 

Where does the photon? fit into this picture? In view of (6), it seems 
appropriate to take the frequency vector #* to be the 4-momentum of 
a photon associated with a system of waves, and the history of a 
photon to be a ray. For the photon in vacuo, we have earlier made 
some natural assumptions: (i) its world-line is a null geodesic, and 


1 Cf. SYNGE [1954a], [1956b], and § 4 of the present chapter. For a discussion 
of phase-speed, group-speed and signal-speed, see L. BriLLourin [1960]. 

2 In order to attach physical meaning to null geodesics, even inside matter, 
in 111-§ 3 the word ‘photon’ was restricted to mean one of very high energy. 
That restriction is of course now withdrawn. 
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(11) its 4-momentum is tangent to the world-line and undergoes parallel 
transport along it. For a photon in a transparent medium, as just 
described, none of these things is true. For a non-dispersive medium, 
the 4-momentum is spacelike, and this will be true for small dispersion 
also. Nevertheless, this photon-in-a-medium reduces to the photon-in- 
vacuo, for in that case (22) and (23) become 





o(x, p) = 284 Pipi = 9, (35) 
and the ray-equations (28) become 
dxt . dp; ' 
=p, POX — got ibe: (36) 
dw dw 


as in v—(156), these lead to the properties of the photon-in-vacuo 
described above. 

To illustrate the theory of waves and rays, let us consider radiation 
from a particle which moves through a transparent medium. 


L 


ray 







P=6T/ B(P=41) 





B(p=27) 
B(P=0) 
yi y! 
Ai  fappdu!=-2h 
7 a ff Sib.dx'=-h 
A wae Bp, dx/= Oo 


Fig. 4 — Radiation from a particle. 


Let I’ (Fig. 4) be the world-line of the particle, with 4-velocity Y?. Let 
vo be the frequency of the radiation relative to the particle itself (it 
need not be constant). Then at any event A on I’ we have, by (6) and 
(22), 
piY' = — hn, wx,.p) = 0; (37) 
the second equation here involves V?, the 4-velocity of the medium. 
Constrained by these two equations, ~; at A has still two degrees of 
freedom, and for each choice of ; there is a ray and a set of vectors $; 
along it, obtained by solving (28). The doubly infinite set of rays from 
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A form a cone! (represented in Fig. 4 by a single ray). As we move A 
along J’, we get a single infinity of such cones, and thus we fill space- 
time with rays and a field #;(~). Using the method of I-§ 7, it is now 
easy to get the phase-waves. If there is a crest at A (6 = 0), we get the 
complete crest (wave of zero phase) by finding all events B which 
satisfy 


5 ° 
Jee 2 (38) 


On account of (34), it does not matter what path is used (paths of 
integration are shown by broken lines in Fig. 4, and phase-waves by 
heavy lines). The mth crest after this one has the equation 


B 
; | pidxt = — nh. (39) 


§ 3. VARIATIONAL PRINCIPLES IN GEOMETRICAL OPTICS 


In classical geometrical optics and in classical dynamics, one sets 
down certain basic equations and develops other equations from these. 
When a whole coherent body of theory has been created, one realizes 
that the point of departure for its logical development is largely a 
matter of taste, for the same structure might have been set on many 
different bases. But to avoid mental confusion, one must select some 
base and not change it in the course of the argument. 

Hamilton based his geometrical optics on Fermat’s principle and 
his dynamics on Newton’s equations of motions, and these were the 
best bases from the standpoint of physical plausibility. In modern 
times there has been a strong tendency to give pride of place to 
variational principles. This suggests that we should base relativistic 
geometrical optics on Fermat’s principle. However in a theory which is 
to include dispersion, a suitable simple form of Fermat’s principle is 
not available, and it has seemed best to start, as in the preceding 
sections, from the concept of waves rather than rays. We saw that 
the phase-function satisfies a certain partial differential equation, 
written w(x, #) = 0, and we defined the rays as its characteristics. 
We shall continue to use that basis for the theory, but develop equi- 
valent variational principles which might, if one so desired, be used as 
bases for geometrical optics. 


1 In the case of Cerenkov radiation, lies outside the cone formed by the rays. 
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Consider the following variational principle: 
Principle A: 6 f pdx? = 0, w(x, p) = 0. (40) 


Here the curves considered join a pair of fixed events and 4; is arbi- 

trary along each of them except for the side-condition shown. 

As in 1-§7, Principle A is equivalent to the differential equations 
dxt dm dpi ow 


—_ , SS Re 4] 
dw Op; dw ox! (41) 











w being a special parameter. Since these are precisely the ray-equations 
(28), we recognize that optical rays satisfy A, and might have been 
defined by A. Had we adopted this course, the associated waves would 
have been defined by the method of I-§ 7. 

Before proceeding to a second variational principle, let us carry out 
some formal work, in which w(x, p) is any function for which 


02m a 
OpiOp; * 


It must be clearly understood that here we are dealing with a function 
w and not with an equation w = 0. 


det (42) 





Define 
0 
see (43) 
Op; 
and 
= bo. (44) 
op; 


In view of (42), we can solve (43) for the #’s, obtaining p; = #;(x, 2), 
and, when we substitute these in (44), we get L = L(x, z). We seek the 
partial derivatives ! of L. 

The quantities (x, ) may be varied arbitrarily, the variations in the 
z’s then following from (43). Thus 
Ey a On OD i ys 45) 
axl azt PI pond pe OU oa. Op job: OS 3 ( 


1 We are going through the same type of argument as that by which, in classi- 
cal dynamics, one passes from a Hamiltonian to a Lagrangian. It is desirable to 
give it in detail, because in the classical argument there is an absolute parameter 
t, not present here. 
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becomes an identity in the differentials - 6p) when we substitute 


ézt = ok : 46 
: ae TB, pa Pk (46) 
Hence 
oL OL Om 02a Ow re 
oxt © zd OpOxt Pi Opjoxt —axt’ a 
( oL ) 02a = iC 
From (48) and (42) we get 
aL 
— = bi (49) 
and (47) then gives 
oL = Ow 50 
at Gk (©) 


The above is a formal procedure by which, starting from any function 
w(x, p) satisfying (42), we generate a function L(x, z) and its partial 
derivatives. 

We now pass to optics. In Fig. 5, C is a ray joining events P, Q, so 

that the equations (41) are satisfied, the para- 

(m,),Q meter w running from w 1 to we, say. The ray C 

belongs to a family of curves joining P and Q, 
represented by D in Fig. 5. 

The first step is to put a parameter w on D, 
arbitrarily except that it is to have the end- 
values wy, Wg. Writing x* = dx/dw, we now 
have a vector field x’ defined on C and on D. 
On C we have, by (41), 





(m)p 
Fig. 5— The variational xv == -—_., (51) 
principle B opi 

The trick ts to use this equation to define a vector 
field p; on D also. But this is precisely the equation (43), with x@ 
instead of z#, and so we generate on C and on D a function L(x, x’) 
with the partial derivatives 

OL oL dw 


—_—__ = f;, —— = — ——_., 52 
oxv Pi oxt oxt (52) 
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The integral / L(x, x’)dw is then meaningful on C and on D. On C we have 


d aL aL dp dw 


dw ox’ dxt — dw “xt 





= 0, (53) 


by (41). But these are the well known Euler-Lagrange equations for 
the variational principle 


Principle B: df L(x, x’)\dw = 0, (54) 


for fixed end-events and a fixed range for w. Accordingly the optical 
rays satisfy Principle B as well as Principle A. 

Traditionally, a principle of the form B has been preferred to one of 
form A. It has the advantage that there is no side-condition. But in 
the geometrical optics of a dispersive medium, the preference must be 
given to A, because the function w(x, p) is to be regarded as given, 
whereas, to get L, we have to solve (43) for the #’s, and that may prove 
very difficult in practice. 

Let us examine (43) with w as in (23), so that [cf. (25) and (29)] 
we are required to solve for the #’s the four equations 1 


oO 
fa? — sip, — nn'(b,V%2V%. (55) 
Op; 
From this we get, in the notation (27), 
Di = Bylo + nn'(peV*)2V4), (56) 


and hence 


Pith = Kiyzted + nn" (peV™)*BagztVI, 


57 
wo = 329 Dip; = 3822) + nn'(peV*) 282! VI — gn'2(p,V*)4. ee 


In this last formula we have reduced the last term by noting that 


8g = gy + (1 — 2 *)ViV;, (58) 
so that 
SyViVI —= — 0-2, (59) 
By (57) we have 
L(x, 2) = pez? — w = FGyzeed + 4n'*(peV*)4. (60) 


1 Do not confuse the meanings of the prime on ’ and the prime on +’! 
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But we have not yet expressed L, as required, in terms of (¥, z), be- 
cause the #’s are present, both explicitly and hidden in g;; and n’. To 
remove them, we note that 


Sy Vid = n= Viet, (61) 
so that multiplication of (56) by V# leads to the equation 
nn’ (piV2)2 + n2pyVt = Vyz2t. (62) 


Since ” is supposed given as a function of frequency, or equivalently of 
biV*, (62) may be regarded as an equation to determine p;V# as a 
function of V;z‘, so that we may write 


biV! = y(Viz"). (63) 


On substituting this in (60), including substitution in gj and n’, we 
get L(x, z) expressed as a function of (x, 2) 1. 

Since dispersion is usually small in practice, it is natural to seek an 
approximation based on the smallness of n’. However this approxi- 
mation is a delicate matter, and will not be pursued here; to find the 
rays in any actual case, one should not bother about a variational 
principle, but use the equations (41) for the rays. But although we 
cannot approximate for small 7’, we can set n’ = 0 (so that 7 becomes 
a function of position in space-time). This is the case of a non-dts- 
persive medium, and for it the theory simplifies in a pleasant way. 

For a non-dispersive medium, (60) gives 


L(s, 2) = dGuyet2l, (64) 
with g as in (58). This is in the required form. By (57) we see that 
w = L,andso we must have L = Oonaray. Writing x’ for z, Principle 
B now reads 

Of Sx" xI' dw = 0, (65) 
but of these extremals we are to take only those for which 

Fyxt xl = 0. (66) 
Thus we have the remarkable result 2: In a non-dispersive medium the 
rays are null geodesics with respect to the modified metric tensor 


: 1 
Sig = 8g + ¢ = =x) ViV 3, (67) 


1 We may check that (49) is satisfied by the function L(¥, z) so obtained. 
2 Cf. Bavazs [1955], Poam Mau QUAN [1957a]. 
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where n 1s the refractive index and V* the 4-velocity of the medium. 

We now pass to the third variational principle, which is not appli- 
cable when w(x, p) is homogeneous in the #’s, as it is for a non-disper- 
sive medium; accordingly we suppose the medium dispersive. We start 
with a formal calculation which leads from a given medium-equation 


w(x, p) = 0 (68) 


to a function F(x, 2) of the x’s and four other variables z¢. Write down 
the equations 





peg: (69) 
ops 
Solving for the p’s, we get 
z \ 
bi = pi («, ai ‘ (70) 
Substitute this in (68) and solve for 6, obtaining 
0 = 0(x, 2); (71) 


6 is necessarily homogeneous of degree unity in the z’s. Substitute for 
6 in (70) and get f; as a function of the x’s and the z’s, homogeneous of 
degree zero in the latter. Finally define the function F(x, z) by 1 


F(x, 2) = pit; (72) 


it is homogeneous of degree unity in the z’s. Observe (and this is 
important) that if we give any values to the x’s and the 2’s, the values 
of the ~’s given by (69) and (71) necessarily satisfy (68). 

Now take any curve x! = x'(w) and write dx*/dw = x’. If we define 
the ~’s by 


cr 


do x" 73 
Op; O(a, x") ’ (7) 

we know that (68) is satisfied, and by (72) 
fF (x, x'\dw = f pdx. (74) 


1 It is here that the method breaks down if w is homogeneous in the #’s, 
since then w = 0 implies F = 0. Although the variational principle C, as 
in (75), is not available for a non-dispersive medium, in general, it is available 
in modified form for any medium in the statical case; cf. (102). For some more 
detailed calculations for a dispersive medium, see SYNGE [1956b], p. 47. 


Synge 25 
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Accordingly Principle A, as in (40), leads to 
Principle C: 6 f F(x, x')\dw = 0, (75) 
for variation with fixed end events, without any side condition. 
Note the difference between Principles B and C: (i) B applies to 
non-dispersive media, whereas C does not, and (ii) in B the parameter 
has fixed end values, whereas in C it is free on account of the homo- 
geneity of F. 
The classical principle of Fermat reads 
6 fndo = 0, (76) 
where do is an element in Euclidean 3-space. If we choose, as we may, 
w = s in (75), we get 
6 f Fds = 0, (77) 


which resembles (76) formally. But the analogy is not good, because 
do and ds mean quite different things, and F is not the refractive index. 
The true analogue of Fermat’s principle is given in the next section. 


§ 4. GEOMETRICAL OPTICS IN A STATIC UNIVERSE 
Consider a static universe with metric form 
D = gypdxdxP + gaa(dx4)?2, (78) 
where the g’s are independent of x4. In this universe we have a trans- 


parent medium! with world-lines along the ~4-lines; consequently 
its 4-velocity V# satisfies 

Ve=0, gaa(V4)2=—1, Vt= V— gM. (79) 
The refractive index 7 is a function of frequency vy and position x*, 


but is independent of x4. 
From the preceding general theory we quote the medium-equation 








w(x, p) = 0, (80) 
where 
a(x, p) = ale*pipy — (n? — 1)(biV")?), (81) 
and the ray-equations 
dxt é dp; é 
Rice OE) sO (82) 
dw Op; dw Ox! 


1 In vii-§ 9 we were concerned with a vacuum. 
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The outstanding feature of the static case is that w is independen 
of x4, and the ray-equations give, along each ray, 
pa = const. (83) 
Now 
hy = — ppVt = — paV4 = — paV — 2%, (84) 


so that, as we go along a ray, we know how the frequency changes; 
it is proportional to V4, or (— g44)?, or (— gaa)~?. Thus we recover 
the spectral-shift formula v1I—(233). 

By (79) we reduce (81) to 


a(x, p) = £(eP bape — n?y?), (85) 
where we have written 
4 = paV*4 = — bv; (86) 


the prescription of the medium gives m as a function of vy and x%, and 
so the term y? in (85) is a given function of these quantities. We have 


OX Ox a ox ai 
AG), eles 4 a 4/ = ptt et ee — 44) 
The ray-equations (82) now read explicitly 
dx dxt <a ——- 
Se pap. oe ee a -4/_. 944 
dp, 0 
dy TR a aby + a (na) Pal V — 844) 


together with #4 = const. The speed v of a ray relative to the medium 
is given by 
epax%dxB 
7 (89) 
— gaa(dx4)? 
where dx is a displacement along the ray. By (88), with use of (80) 
and (85), 
dx® dxP 
508 aw dw 


a-[ew]. 91) 


= gp pe = n2y? (90) 


and hence 
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na 
ov \u 
where wu (= n7}) is the wave-speed. This is recognized as precisely the 
classical formula for the reciprocal of group-speed 1. 

If the medium is non-dispersive, the ray-equations simplify a little 


because on/dy = 0. Also, as at (65), the rays may be treated as 
null geodesics for the modified metric tensor 


Thus we have 


| 0 


— = |—— (x) | = 


; ay nv)| = ; (92) 














3, | 





| 
Big = gag + ( Rez =) ViVi, (93) 

Q n 

es which now reduces to 

’ Bop = Sop Bua = 9, = Baa = NBG aa. (94) 
p' As regards variational principles in the statical 
case, for a medium which is in general dispersive, 
c’ C the simplest is Principle A of (40), which can be 


nad modified so that the time-coordinate x4 does not 
Fig. 6— Variational . ; 

principle 4 in the @PPear. Fig. 6 shows two «4-lines, C’ and C, anda 

aed éacnee ray P’P joining them. We compare this ray with 

an adjacent curve Q’Q joining C’ and C, but in 

general with new end-events. We have already seen that #4 is constant 

along P’P. We now assign on Q’Q that same value of 4, and give to 

the remaining components ~, any values consistent with w(x, p) = 0, 

which relation, we recall, does not contain x*. Passing from P’P to 

Q’Q, we have 


8 | pada = | (Opadx® + py8d24) 
= | (epydxe — 0200p.) 


= 2 OD, tae) 


= =| (8 ~~ — — 6f4 — — dx) dw. (95) 





1 The identity of ray-speed and group-speed was already established more 
generally in § 2. 
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But édw = 0, 6/4 = 0, éw/déx4 = 0, and so we get the variational 
principle 

Oo) Pd = 0, w(x, p) = 0, (96) 
with #4 unvaried, as stated above, and with the end-events free to 
slide along the x4-lines. This is a truly static principle. 

We may regard (96) as a Principle A, involving x* and #,; x4 is 
absent and #4 is to be regarded merely as a fixed quantity. Then, by 
the same mathematical technique as before, but in a lower dimension- 
ality, we can derive static Principles B and C. 

Let us derive the static Principle C. As in (69), we have to solve, 
with w as in (85), 

Ow 











0 = OgP be. (97) 
Hence 
bu = Sape?/0, (98) 
and when we substitute this in w = 0, we get 
apereh 
De x2 Poe 99 
Then (72) gives 
OB | ee 
PG 2) =p. = ee nyV pez, (100) 


We are to use this function in Principle C as in (75). Now 
1 = paV4 = pa — gM, (101) 
and since 4 is fixed, we can drop it. Thus we get the variational 
principle (Fermat type) 1 
6 {nv — gate ext’ xP’dw = 0, (102) 
the end-points being fixed and w being an arbitrary parameter. 
If we choose w = o = spatial distance, so that 
do? = gigdardxh, (103) 
(102) becomes 
db fnv — gt4do = 0, (104) 
1 For simplicity we have confined ourselves to the statical case, but the 
general plan can be applied to the stationary case in which g,, #0 and 


all quantities are independent of #4. For Fermat’s principle in the stationary 
case, see LEvi-CivitA [1918c], [1927], SyNGE [1925]. 
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which comes very close to Fermat’s principle in the classical form (76), 
the index 1 being modified by the factor shown. 

In the above theory, it does not matter whether the medium is 
dispersive or not, because the assignment of 4 has confined the 
systems under consideration to one frequency only. But if we desire 
to obtain a principle of stationary time, we are forced to take the 
medium non-dispersive. Then (92) tells us that the ray-speed v equals 
the wave-speed u, which equals n~1, so that 


d ee 
v= ee = ni, nv — g4do = dx, (105) 
V/V — gaadx4 
and (104) becomes the principle of stationary time, 
5 fdx4 = 0. (106) 


§ 5. ASTRONOMICAL OBSERVATIONS 


Newtonian theory continues to be used with great success in ce- 
lestial mechanics, but there are two skeletons in the cupboard. First, 
although celestial mechanics involves no optical ideas, astronomical 
observation is optical and it is impossible to fit optics into the New- 
tonian scheme. When the astronomer ask himself, not what the phe- 
nomena ave, but how they should be seen by him, he is compelled to 
use different ‘ethers’ for different problems. Secondly, the instantane- 
ous propagation of gravity is an idea contrary to the spirit of modern 
physics, but it is impossible to fit a finite speed of propagation into 
Newtonian gravitation. However, it is doubtful whether any modern 
astronomer would wish to defend the Newtonian theory as a correct 
representation of nature; he is more likely to regard it as a very 
successful compromise, saved from open conflict with reality by the 
steadiness of the major gravitational fields, the weakness of the vari- 
able ones, and the smallness of the relative velocities of celestial bodies, 
the planets in particular. 1 

In comparison with Newtonian theory, relativity is clumsy and does 
not offer a clear picture of the problems of celestial mechanics. But for 
all its clumsiness it is honester. The relativistic cupboard is untidy, 
but there are no skeletons in it — at least we hope not. We are not able 


1 The need for closer connection between practical astronomy and relativity 
was stressed, and some of the formulae which follow were presented, in lectures 
in Milan in 1959; cf. SYNGE [1960e]. 
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to calculate the Riemann tensor throughout the solar system, but, 
assuming it known, we can discuss celestial mechanics on the basis 
of the geodesic hypothesis. Moreover, there isno embarrassment about 
‘ethers’; the problem of astronomical observation is a problem in the 
geometry of null geodesics. 

To illustrate by a particular example, if the orbits of Mars and the 
earth are given, the problem of astronomical observation is that of 
predicting how the terrestrial observer should direct his telescope in 
order to keep Mars on the cross-wires, and how spectral lines emitted 
by Mars are shifted by its motion. But we can at once pass on to the 
general problem of astronomical observation, involving a source and 
an observer, with world-lines not necessarily 
geodesic. Then the whole matter is contained 
in the geometry of a two-dimensional strip 
in space-time (Fig. 7), built up of null 
geodesics J’ and terminated by two timelike 
world-lines, C, for the observer and Co for the 
source. 

This appears simple, but the calculations Pp 
are necessarily somewhat complicated, and it ? 
is essential to control them by some central 
idea. For this we shall use the world-function Ce 
Q of Chap. u, although the equation of % 
geodesic deviation I-(130) might be employed Fig. 7 — The problem of 
instead. One should remember that Q is Sttonomical observation 
conceptually very simple, being (to within 
a factor + 4) the square of the geodesic ‘distance’ between two events, 
regarded as a function of their eight coordinates. 

To be realistic, we should place the observer, and perhaps the source 
also, in a refracting medium. But this would make the problem too 
complicated, and we shall assume vacuum conditions throughout, so 
that the fundamental properties of a photon passing from source to 
observer are (i) its world-line is a null geodesic, and (ii) its 4-momentum 
pt is tangent to the world-line and undergoes parallel transport along it. 

The astronomer measures direction with a telescope and frequency 
with a spectrometer. These observations are equivalent to measuring 
p' for a photon. To explain this, we refer to 111-§ 6 where the measure- 
ment of direction was discussed. If A(,) is an orthonormal tetrad on C1 
with A(,) tangent to it, then the components of the photon’s momentum 
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are 

£ = by = Pdi: . (107) 
and their ratios are the direction ratios of the telescope which catches 
the photon. Further, the energy of the photon is 


hy = p4 = — pay = — dilly, (108) 
so that the measurement of the frequency v gives p(), Since #* is null, 
we have 

Porpe = (po)? (109) 
Thus, although the astronomer measures only three quantities (two 
angles and the frequency), he determines all four quantities £, and 
hence #* (in any chosen coordinate system) since 


pi = pn). (110) 
Noting then that #* are observable quantities, we consider the 
observer with world-line Cy (Fig. 7). All optical information reaching 
him at the event P; comes from events on the null cone with vertex 
P, drawn into the past 2. Let Cz be the world-line of a source emitting 
photons of frequency v9 relative to Cg. We shall suppose v9 constant, 
i.e. it corresponds to the emission of some definite spectral line. 
The histories of all photons passing from source to observer form a 
2-space composed of null geodesics. Let v be a parameter which is 
constant on each of these, with v = s = observer’s time on Cy. We write 





dxé dxé 
Vi = ( ) ' Vie = () ; 111 
and denote the corresponding 4-velocities by At: and A%®; then 
Vix 





At: = Vuh, At = —_______. (112) 
V— V5,Vi 

Let #¢ be the 4-momentum of a photon passing from Pe: to P}. 

We have 3 
hyo = — fi,A®. (113) 

1 We recall that the labels are raised and lowered by means of (4b) = 
N(ab) = diag(1, 1, 1, — 1). 

2 For a terrestrial observer, about half this null cone is blocked by the solid 
earth; naturally we are interested only in the part of the cone which is not thus 
blocked. 

3 Throughout this work the secondary numerical suffixes refer to P; and Ps. 
As in Chap 11, we denote partial and covariant derivatives of 2 by subscripts 
without any other sign. 
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But in terms of the partial derivatives of the world-function Q(P1P2), 
the 4-momenta of the photon at P; and Pg, are given by 








Pi, a 424, Pi, ae 472i» (1 14) 
where y is constant along P1P:; by (113) its value is 
hyo 
= ; 115 
t= OA (115) 
and so, by (114), 
hyo; 
= —. 116 
Pi, Q;,Ah ( ) 


This formula contains the whole story of optical observations of the 
type considered. If the world-function is known, together with the 
events of emission and reception and the 4-velocity of the source at 
emission, then (116) gives the 4-momentum of the photon when re- 
ceived by the observer. 

If, for a weak gravitational field, we use coordinates such that, as in 
vul—(240), 


Sig = Ny + Yu, (117) 


with yj; small, we have in viI—(250) formulae for the partial derivatives 
of 2. These may be substituted in (116) to solve the problem of astro- 
nomical observation as presented here. For a static field, in particular, 
we have viI-(253), while for the solar field we can calculate the re- 
quired derivatives from viI—(256). Indeed, the question of spectral 
shift was already dealt with in viI—(270). We shall not attempt here to 
fill in details with regard to observed direction. 

The use of (117) seems adequate in dealing with phenomena in the 
solar system, but this coordinate system becomes unreliable at great 
distances, and we shall not use it in the discussion of stellar aberration 
in the next section. 


§ 6. STELLAR ABERRATION 


The pattern formed by the stars is observed to undergo a systematic 
change, with period one year, which is described by saying that each 
star describes a small ellipse on the celestial sphere, the ellipse be- 
coming a circle at the pole of the ecliptic and a straight line on the 
ecliptic. The radius of the circle at the pole is v/c radians, where v is the 
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Ua, orbital speed of the earth about 
U=Up 


the sun and c the speed of light; 

this angle is 20.’’5, and it is called 

the constant of aberration. The 
length of the straight line on the 
ecliptic is twice this constant. It 

is further reported that there is a 
diurnal aberration, depending on 

the observer’s latitude and ranging 

from 0.31 at the equator to 

zero at the pole. To explain these 

: facts, the astronomer uses an 
e ether in which the sun is fixed. 





{ 
(observer) C 
2 eee 
(star) We seek an explanation in terms 
Fig. 8 — Stellar aberration of curved space-time 1. 


Fig. 8 is an elaboration of 
Fig. 7. We start with a star at finite distance with world-line Co, 
and on the null geodesics running back from Cy; to Cg we assign a 
special parameter w, running between fixed end values, u; on Cy and 
ue on C2, with “1 < ue (the photon passes in the sense of u decreasing). 
We write 


Ut = dxi/du, k71 = ug — U4. (118) 
Then we have by 1-(17) 
kQ,, = — Ui, RQ; = Ui, (119) 


and as we go along C; (here D = 6/ds) 
DU; = — R(Q,,5,4A + 24 5,V%). (120) 


We shall now remove the star to infinity along the null geodesic 
PiP:, keeping the same parameter u. This means that (uw, — 11) 
tends to infinity, or, equivalently, k tends to zero. We assume the 
field weak everywhere and neglect terms quadratic in the Riemann 
tensor, so that the second derivatives of @Q are as given in 
u—(95), with the Og term omitted. Noting that in the Schwarzschild 
field the Riemann tensor falls off as 1/8, we recognize that for the 
greater part of its history the photon passes through space-time that is 


1 Cf. Mast and STRATHDEE [1959]; the method used here differs in some 
respects from theirs. 
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very nearly flat. For mathematical convenience, we idealize this by 
introducing the cut-off shown in Fig. 6 of 1-§ 6. In fact, we assume 
Rijkm = O except for 

Uy <u < UH, N2<U < U9. (121) 


As we mentally remove the star to infinity, we keep (#, — u1) and 
(uz — tg) finite. It is easy to see then that 11-(95) gives 


lim kQ;5, = — Wis, lim kQ;,3, = 9, (122) 
k->0 k—0 
where, by I1-(69), 
Wis, = — BS 8i,085,05 PP UU pU gdu 
= Sf &i,a85,0R7P°UU pU du. (123) 
U1 


We are to substitute from (122) in (120), but the time has come to 
simplify the notation by dropping the secondary subscript 1. For an 
infinitely distant star, we have then } 


DU; = WyAl, (124) 


where AJ is the 4-velocity of the observer and 
Wy = Wr =/S gea'giy RY? OCU yp Ugedu. (125) 


This tensor Wy; may be called the aberration tensor since it controls 
stellar aberration. Its value depends on the event P on the observer’s 
world-line and on the direction of the star, but not on the 4-velocity of 
the observer, nor on his 4-acceleration. We note that, since U? under- 
goes parallel transport on the null geodesic, 


WyUi = 0. (126) 


There is a rather subtle point about the special parameter u on 
the null geodesics joining C; and C2. Before we went to the limit 
of infinite distance, we might have chosen u on one of the null geodesics 
as any one of the linearly related special parameters, but, having so 
chosen it, it would have been fixed on the other null geodesics by the 
requirement that it should take constant values on Cy, and Co. This 

1 This formula may be checked against 1-(157), noting the different meanings 


of D. The primes in (125) refer to a current event on the null geodesic; giq’ is 
the parallel propagator of 11-(71). 
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restriction is not removed by taking the star to a very great distance, 
and we are entitled to make an arbitrary choice of u on only one of the 
null geodesics. However, in applying (124) at any one event P, we are 
entitled to normalize u, and we shall do this by the following equivalent 
demands: 


UNE. gS. ve Sa i (127) 


Ai, being an orthonormal tetrad on Ci with Aj,, tangent to it. We 
must be careful to use (127) only after differentiating. 
Now 
Ui = Vik (128) 


are the direction ratios, looking outward, of the telescope relative to 
the triad 4/,), and so the direction cosines of the telescope are 
U () Udi) 


oa — ee 129 
(cx) Cis U;Ai ( ) 





For the rates of change of these direction cosines, we have, with the 
aid of (127), 


Diy = DU@ — UqD(UjA). (130) 


So far the triad 4,) is arbitrary. We now make it a Fermi triad, so 
that, as in I-(84), 
Dig) = Abed (131) 


(a)? 


where «x; is the first curvature vector of Cy (xj = DAj;). Then 


DU wy = D(Uia)) a Kidiy) ar W igh Ad = Kish ae W (qa): 


(132) 
D(UjAI) = Ujxd + Wx AIA® = UK + Way, 


the subscripts in parentheses indicating components on the tetrad 
Aig) (Aig) = At). Then (130) gives 


Dh = Ki) + Wey — UU @«ey — UW cay. (133) 
By (126) and (127), 
W py gy — Wiss = 9, Wag — Way =9, (134) 
so that 
Wa = Weep, Was = Wapuwe@. (135) 
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Since we have 


Ui) = lias (136) 
(133) may be written 1 
Diy = Pep (kigy + Wegyto): (137) 
where P(g) is the three-dimensional projection operator 
P (py == Sug — Hoyt (gy. (138) 


Let us see what (137) means for the astronomer observing a star. 
He takes the triad A/,, as coordinate axes and draws a celestial sphere 
of unit radius (Fig. 9). The star appears as a point with coordinates Ji). 


; S@) 


4 


Fig. 9 — The celestial sphere 


As time passes, the point moves: that is the phenomenon of stellar 
aberration. By (137) we see that, in a small time ds, the point /() 
receives a displacement which can be divided into two parts. First, 
the point is moved off the sphere by a displacement 


(K(y + Wayybiy)ds. (139) 
Secondly, it is brought back on to the sphere by a radial displacement. 
The displacement (139) consists of a part («(,ds), the same for all 


1 It is of course understood that the parameter u is normalized as in (127). 
It is easy to see that 


Wonton = boy S Rea) — Yoylon SB Goya), 137) 
where the range of integration is as in (125) and the R-terms are components 
of the Riemann tensor on an orthonormal tetrad obtained from ta) by parallel 
transport on PiP.2 (the primes on the subscripts are omitted for simplicity) 
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stars, and a second part which depends on the particular star under 
observation. 

Does (137) tell us that stellar aberration is small? For a terrestrial 
observer, «(,) has a very simple meaning. It is a vector directed up- 
wards with a magnitude equal to the usual g (the so-called acceleration 
due to gravity; cf. the falling apple of 111-§ 9); the numerical value is 
3.3 xX 10-8 sec~!, and this indeed seems small. But if we integrate over 
a year (= 3.2 x 10% sec), it seems that the «-term in (137) may make a 
contribution of the order of unity! The physical fact that stellar 
aberration is small tells us that the two terms in (137) must largely 
cancel one another. 

Given an event P, a 4-velocity A‘, and the direction /(,) of a star, we 
can choose the acceleration of the observer so as to make aberration 
vanish. We have merely to give to his world-line a first curvature 


Kq@ = — Weayly. (140) 


In fact, for a given star, this equation defines throughout space-time 
a complex of curves of no aberration, one passing through each event 
in each direction. With «(,) so defined, we may write (137) as 


Dlqy = Prog) (kg) — &@). (141) 

That may appear to be an empty notational gesture, but it is not 
entirely so. It would certainly not be empty if we knew the curves of 
no aberration, and in the case of a stationary universe we know, not 
the whole complex, but at least a congruence belonging to the complex. 
For in a stationary universe we have gij,4 = 0, and space-time admits 
a group of motions along the 4-lines. It is evident that for an observer 
who has an «*-line for world-line there can be no stellar aberration, and 
so the congruence of x4-lines are curves of no aberration. 

In the case of an actual terrestrial observer, the field is not station- 
ary, and we must abandon the attempt to make a complete discussion 
of stellar aberration for him. Let us idealize by putting the observer 
on a massless particle in a stationary field, possibly the field of the sun. 
It is not necessary to make his world-line a geodesic, but we shall do 
so for simplicity, putting «(,) = 0; in the idealization of the terrestrial 
observer, this geodesic assumption is reasonable. Then (141) gives 


Diy = — Popyk@)- (142) 


Here ki are the components on the observer’s triad of the first 
curvature vector (say «;) of the curve of no aberration A tangent to 
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the observer’s world-line C; in fact, 

K(q) = Rik): (143) 
Fig. 10 shows the curves C and A and 
also the x«4-line T. 

We do not know the value of xk, but we 
can easily calculate the first curvature 
vector of J (say «) from the general 
formula 











dye . dxi dxk K! 
ti 2S ees We oe : 
ds? <u ds ds ’ a 
td Fig. 10 — The observer’s world- 
it gives line C, the curve of no aber- 
, i : pre as ration A tangent to C, and the 
ci — oo ee (logV — gaa),¢ (145) #4-line T 


To make use of this knowledge, we must at this point make an ap- 
proximation. The weakness of the field has already been assumed, 
and its stationary character; we now add the assumption that the 
observer is moving slowly, by which we mean that the direction of C is 
nearly the same as that of T. It is natural to suppose that, for two 
curves of no aberration which are nearly in the same direction, the 
first curvature vectors are nearly the same. Thus 

Ria) = Rikigy © Ray = (logV — gaa) patsy: (146) 
Accepting this as a valid approximation, we are to substitute in (142), 
replacing %@) (which depends on the direction of the star) by an ex- 
pression which does not so depend. Understanding that «g) now has 
the star-free value, we re-examine the displacement in the present 
case. We see that in time ds the point /(,) is pulled off the sphere by a 
displacement — Ki,yds, the same for all very distant stars, and then 
pushed back again radially. But why bother to push it back? The 
aberrational motion of the star is described more simply by abandoning 
the unit vector /,,) and using instead a vector S,,) which starts with the 
direction of /,,) and satisfies 


DS = = Kw: (147) 


It will of course keep the same direction as /w). 
We have before us now the aberrational equation 


DSi = —(log V— gaa),pARy. (148) 
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We recall that we are dealing only with the aberration of very (in- 
finitely) distant stars, that the field around the observer is weak and 
stationary, that S(,) points in the apparent direction of the star as 
viewed through a telescope, and that D indicates rate of change with 
respect to the observer’s time. The field being weak, we understand 
that gij,x are small. Since C is a geodesic, the Fermi transport of %,, 
becomes parallel transport, and we may treat the /’s in (148) as con- 
stants. 

We might leave (148) as our final approximate result, but it is 
interesting to connect it with the classical explanation of aberration 
in terms of the velocity of the observer. Writing, as a more suggestive 
notation, v? = At = dxt/ds, v; = gyvi for the observer’s geodesic 
world-line C, we have the equations 





dv; 
dept = 0, (149) 
and these give approximately 
dv ——. 
a + (logV — gaa),g = 0. (150) 


Hence the aberrational equation (148) may be written 


dS) dug B 
gee as . 151 
ds ds Kee vel) 


Denoting by A increments corresponding to any finite time, we have 
AS () = Avg: Ab), (152) 


which is essentially the classical statement that the aberrational 
displacement is equal to the velocity of the observer. 

Let us leave these rather unpleasant approximations and go back 
to (137), in which the only assumptions are that (i) the star is infinitely 
distant, and (11) the field is weak, with a cut-off (but this last is really 
only a device for mathematical treatment). According to the classical 
explanation of stellar aberration in the case of very distant stars, an 
observer could eliminate it by remaining ‘at rest’. We might invert the 
argument, and say that an observer is ‘at rest’ if he sees no aberration. 
What does relativity say to this? Can an observer so choose his world- 
line that he sees no aberration? Apparently not. If he is interested in 
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only one particular star, he can get rid of its aberration by following a 
curve of no aberration as in (140), but unless the right hand side of 
(140) happens to be independent of direction, other stars will be aber- 
rated. There is an interesting question here: can we define rest-curves 
in space-time statistically by a criterion of minimizing a suitably 
defined mean aberration ? 

In dealing with aberration, we have used throughout a Fermi- 
transported reference triad, and it seems mathematically appropriate. 
The change to another triad is really rather trivial — the whole 
instantaneous pattern of stars is given a rigid rotation. 


§ 7. DIFFERENTIAL CHRONOMETRY 


In an interferometer, light from a source is offered two alternative 
paths, and interference patterns are produced by the two returning 
beams. Although there is no obvious time-measurement here, it is 
recognized that what matters in such a case is the difference between 
two times taken by the light following the two permitted paths, and 
therefore one is entitled to call an interferometer a differential chrono- 
meter (briefly, DC). The interferometer of Michelson and Morley was 
a DC, and what is to be discussed below might be regarded a gener- 
alization of their apparatus. But in view of modern developments in 
the accurate measurement of time (down to 10~!° sec) one should not 
regard the interference of light as an essential feature of a DC; there 
may be better techniques. 

We shall be concerned with light signals (or other electromagnetic 
signals) which go round circuits, the time taken to complete the circuit 
(the tvip-time) being measured on a clock carried by a source which 
forms the beginning and end of the circuit. Except for instantaneous 
reflection at mirrors, the light travels in vacuo, so that we are con- 
cerned with a geometrical problem involving null geodesics and the 
world-lines of the source and the mirrors. We assume that the geometry 
of space-time is assigned, i.e. it is not affected by the experiments 
performed. The purpose behind such experiments would be to deter- 
mine the first curvature (4-acceleration) of the world-line of the source, 
its other two curvatures, and the curvature of space-time (i.e. the 
gravitational field). 

We shall be careful not to spoil the argument by admitting the 
concept of rigid bodies, as is often done in discussions of the Michelson- 
Morley experiment. 

Synge 26 
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Fig. 11 is a space-time picture 
c of a tetrahedral DC; Co is the 
world-line of the source, carrying a 
clock, and Cy, Cz, C3 are the world- 
lines of three mirrors, idealized to 
(No,) So) mere points. To be realistic, we may 
think of Co as pertaining to a point 
fixed on the earth’s surface, or 
A (Xa,),51) moving about on the earth’s surface 
in some specified way. In any case, 
we regard Co as assigned, while 
the other three world-lines are to 
be controlled according to our 
Fig. 11 — A tetrahedral differential desires. 
chronometer in space-time We see in Fig. 11 the history of 
a photon (signal) which goes from 
Co at Po to Cy, then to Ce, finally returning to Co at Po. The symbol 
[0120] will denote this circuit or the trip-time PoPo. Symbols such as 
[010], [0230] have similar meanings. 
Each world-line has three degrees of freedom, and so we have 
altogether nine degrees of freedom at our disposal. We shall use up 
six of these by controlling the mirrors so that 


[010] = [020] = [030] = 2T (153) 





and 
[0230320] = [0310130] = [0120210] = (4+ 2V2)T, (154) 


where T is some arbitrary constant. 

To understand these strange-looking conditions, we introduce an 
orthonormal tetrad Aj, on Co, with Aj) = At (the 4-velocity of Co) 
and 4i,, carried along by Fermi transport. Let X@ (= X,y) be 
Fermi coordinates ! relative to Co, as defined in 11-§ 10. We can now 
draw pictures in the Fermi 3-space in which we use X,(,) as rectangular 
Cartesian coordinates, with the fourth Fermi coordinate X(# (= s on C9) 
considered as a sort of Newtonian time. The history of each mirror 
is given by equations of the form X(,) = X(y(X“) = X\q(s). We must 
be a little careful in speaking of the ‘distance’ between two mirrors, 


1 Since in the DC light goes both ways, these are more convenient than the 
optical coordinates of 11-§ 10. 
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because the term can be defined in different ways. But it is usually 
most convenient to use the Fermi distance, such that the square of 
the distance between Cj, and Cg is, for fixed s on Co, 


Vig = (Xia) — X (an)) (Xe) — Xlag)): (155) 


There is no danger in using the same names for the world-lines and 
for the corresponding points in the Fermi 3-space. The picture of the 
DC for any given value of s shows a tetrahedron as in Fig. 12. As s 


hes) 





Fig. 12 — Tetrahedral DC in Fermi 3-space 


changes, the points move, but Co remains permanently at the origin. 

If space-time were flat, Co a geodesic, and the tetrahedron not 
rotating, then the conditions (153) and (154) would ensure that the 
tetrahedron would have the form shown in Fig. 13, with three mutually 
perpendicular edges of length TJ. Since the above conditions will be 
nearly satisfied in all cases of physical interest, the instantaneous 
picture of the tetrahedron in Fermi space will not differ much from 
this, but we must be prepared for small distortions. 

In order to find out about the behaviour of the DC, we must face 
some heavy calculations, based on those of 1-§ 14 and Fig. 16 of that 
section. The fundamental assumption for approximation is the small- 
ness of the distances between the several world-lines. We add also 
the assumption that the curvature of Co is small and the Fermi 
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coordinates nearly constant. We shall in fact drop the term Ng in 
1I-(279) and treat Mz and N3 as Og, but we shall keep Mz, in order to 
explore the effect of gravitation, even though we know that the 
curvature of space-time is small. Thus we write for the world-function 


C3 


UL 


C 
Fig. 13 — The standard tetrahedron 


of any two events Pi, Pz on Ci, C2 respectively, 
Q(PiP2) = M2 + M3 + Ng + Mg + Os, (156) 


where the terms are as in II-(280) to 11-(283). Now the circuit [0120] 
shown in Fig. 11 is composed of three null geodesics, and so 


Q(PoPt) = 0, Q(PiP2)=0, Q(PePo)=0. (157) 


Our object is to calculate the trip-time [0120] and others, such as 
[010], but this can all be done by concentrating on the second equation 
in (157), using it to find (sz — si), and then deriving the other needed 
quantities by playing with the numerical subscripts. 

Using 11-(280), we get from (156) and the second of (157) 


(sg — $1)? = Vio + 2M3 + 2N3 + 2M, + Os. (158) 
Hence, with an unwritten error term O4 and with D = d/ds, 


So — 81 = "12 + siDrieg — (X(w) — X(e)) DXi) + P12 + Yize, (159) 


CH. XI, § 7] DIFFERENTIAL CHRONOMETRY 405 
where 


b12 = — $712(X (ey) + X(o)) Kw 
— 2712S (apy (X (ay By) + X (eee) X Ba) + X (eer X Ba) 
+ ra! S (apys)X (oe) % (B,)& (yn) X (84) 

P12 = BS By (X (aX Gy (ye) — X (on) (BxX Gy): 


(160) 


Here x, are the components on the Fermi triad of the first curvature 
vector of Co, and the S’s are the components of the symmetrized 
Riemann tensor of 11-(69). We note the important facts that 


diz = $21, Yi2= — Ya. (161) 


By changing the numerical suffixes, we can apply (159) to the parts 
of a circuit [010]. If this circuit starts at s = 0, reflects at s = s1, and 
returns at s = Sp, we get 


si = 701 + XQyDX@) + $01, 


7 (162) 
§9 — s1 = 110 + SiDr10 + 10. 


Addition gives the trip-time §) = [010]. Collecting similar results, 
we have 


4[010] = 701 + r01D701 + ¢01, 
4[020] = roe + rozDro2 + $02, (163) 
4[030] = 703 + rosDro3 + dos. 


We shall return to these later. 
Likwise for the circuit [0120] shown in Fig. 11 we get 


$1 = ¥o1 + XqyDX(q) + ¢Go1, 
s2— $1 = "12 + SiDrig — (X (w) — X ())DX (ay) + $12 + Viz, (164) 


80 — Sz = 720 + saDre0 + $20. 
In the first approximation, 


S1 = 7101, Sg = 701 + “12, (165) 
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and so we get, on adding (164) together, 
[0120] = & = (vo1 + 712 + 720) + 701D701 + (701 + 712 + 720)D7o2 
+ roiDriz — X(w)DX (a) + (P01 + $12 + $20) + Yi2. (166) 
To get the trip-time for the same circuit described in the opposite 
sense we have merely to interchange the numbers | and 2: 
[0210] = (vo2 + 721 + 710) + %02Dr02 + (702 + 721 + %10)D701 
+ ro2Dre1 — X (a,)DX (a) + ($02 + $21 + $10) + yar. (167) 
Noting the symmetries in (161) and that of course 791 = 710, etc., we 
obtain, by addition and subtraction of the above equations, 
3[0120210] = (vo1 + 712 + r20)(1 + 4Dr01 + 3Dr20) + $01 + $12 + $20 
+ $701Dr01 + $720D720 + $(%01 + 720)Drig (168) 
and 
[0120] — [0210] — — (702 + v21)Dro1 + (701 + 712) Dr20 
+ (ro1 — 702)Dri2 — (X yD (a) — X()DX ey) + 2y12. (169) 
There are similar expressions for [0230320] and [0310130], and for the 
differences as in (169). Note that the ¢’s have been separated from the 
ys. 

Subject to the approximations indicated (close world-lines, only 
slightly curved), the above expressions are general. The control 
conditions (153) and (154) have not been used. We now impose them. 
By (153) and (163), 

T = 791 + ro1D701 + ¢o1. (170) 

Since T is constant, D7o; is small and we can neglect the second term on 
the right. Thus, with the other equations of (163), we have 

v1 = T — $01, + %2=T—d¢o2, %3=T — dos. (171) 

Likewise from (154) and (168) and its fellows, and also (171), we find 


793 = T’ — $93, 131 = T’ — $31, 112 = T’ — bia, T’ = TV 2. (172) 


Here we have the Fermi lengths of the six edges of the tetrahedron. 
They differ only slightly from the standard tetrahedron of Fig. 13 
with calculable differences. 

Under the controls (153) and (154) we have before us a ‘nearly 
rigid’ tetrahedron with one vertex fixed, but it is still free to rotate. 
Let us investigate the effects of this rotation, choosing at any assigned 
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instant the Fermi triad along the nearly-perpendicular edges of the 
tetrahedron, so that, to the first order, 


X (q,) = (T, 0,0), X@) = (0, 7,0), Xm) = (0,0, T). (173) 


Then if w1, we, wg are the components of the angular velocity of 
the tetrahedron relative to the Fermi triad, we have for the velocities 
of its vertices 


DX (,) = (0, w3l, = wel), DX (x) => (—wsT, 0, wil), 


(174) 
DX) = (w2T, — a1T, 0). 
Hence 


X (4) DX (5) = X (y,) DX (,) Sa 20112, (175) 


and two similar expressions. 

Leaving this for a moment, we turn to (160) and use (173) to evalu- 
ate the ¢’s. Inserting the results in (171) and (172), we get the following 
more explicit expressions for the deformation of the tetrahedron: 


vo. = T(1 + 47 Ka) + 42 °S aay), 
reg = T'[1 + 3T (x) + Ke) (176) 
+ $T?(S(aaa2) + S(gaaay + S(2aaa) — $5 (2288)) |, 


with of course similar formulae obtained by the substitutions 
l>2>3—>1. 


Note that these expressions do not involve the angular velocity. 
We have now to evaluate (169) and its fellows. We turn back to 
(160) for the y’s and use (173) and (175). Thus we get 


$({0230] — [0320]) = T[lwiT + 472(S (2234, — Siasaay], (177) 


and two similar expressions. 

Here we have the Sagnac effect1: the trip-time depends on the sense 
in which the circuit 1s described. If we attach the tetrahedron to the 
Fermi triad so as to make w = 0, the Sagnac effect disappears almost 
entirely. Once more we recognize that Fermi transport corresponds 
to absence of rotation, although to get rid of the Sagnac effect com- 
pletely we would have to give the tetrahedron the very small angular 


1 The term w1T? represents the Sagnac effect of special relativity; cf. PAULI 
[1958, pp. 19, 207] and references given there. The S-terms represent the 
contribution of the gravitational field. 
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velocity (relative to the Fermi triad) indicated by 
w1 = — $7 (Ses) — S(gsea)), (178) 


and two similar expressions. This is a rotation in a definite sense, 
determined by the curvature of space-time. 


§ 8. A FIVE-POINT CURVATURE DETECTOR 


Near the -beginning of the preceding section, a goal was set — to 
design experiments to measure the curvature of the observer’s world- 
line («(,)) and the curvature of space-time (Rijzm). It might be thought 
that we had reached that goal in (176) and (177), but that is not the 
case. It is true that (176) contains the curvatures we seek, together 
with the measurable quantity 7, but the Fermi distances 791, 793, etc. 
also appear. These are mere mathematical constructs — they are not 
measurable. Likewise in (177), the angular velocity is not measurable, 

because Fermi transport is only a 
3 mathematical construct. 
| The fact is that, although the 
calculations which have been made 
form an essential basis, we cannot 
measure the curvatures with an 
apparatus consisting of only four 
points — we need at least five. In 
,o describing a five-point curvature 


detector (Fig. 14), it is well to omit the 
mathematical details (which can be 
1 supplied by the methods of the pre- 


Fig. 14 — A five-point curvature Ceding section), and state the case 
detector. clearly in physical terms. It need 

hardly be said that the apparatus con- 

sidered is a mathematical idealization, with a point source and point 
mirrors; it bears the same relation to any practical realization of it as 
the usual textbook description of the principle of the Michelson-Morley 
experiment bears to the interferometer which they actually employed. 
To avoid all possible confusion, one should start, not with a space- 
picture as in Fig. 14, but with a space-time diagram showing five 
world-lines. However, that can be supplied by adding one extra 
world-line to Fig. 11. In passing from such a space-time diagram to 
a space-picture, we ask: In what space is it drawn? Fig. 12 was drawn 
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in Fermi space, but that we now reject, because we seek to avoid 
entanglement with mere mathematical constructs. The only safe plan 
is to say that Fig. 14 is not drawn in any space at all; it is merely a 
guide for our thoughts in the discussion of light signals passing be- 
tween a source 0 and mirrors 1, 2, 3, 4. 

Trip-times such as [010], [0120] are measurable. In terms of such 
measurable trip-times, we define the optical distances between the 
source and the mirrors, and between the mirrors, by formulae of the 
type 

[01] = [010], 
[12] = [0120210] — [01] — [02]. 


Although in practice we might impose controls as in (153) and (154), 
the principles are better understood if we do not. Then all the optical 
distances vary with time, and in comparing them we shall deal with the 
values given for signals leaving 0 at the same time s (measured on the 
clock at 0 — there is only one clock involved). 

It might be thought that, having measured all the ten optical 
distances at time s, we could made a model in ordinary space out of 
rods with lengths equal to these optical distances. The essence of the 
matter 1s that such a model could not be made, except under quite 
particular circumstances. We could build in all the rods but one, and 
that last one would not fit. This failure to fit is due to the curvature of 
the source’s world-line and to the curvature of space-time. The fit 
would be perfect for an apparatus in uniform motion in flat space- 
time, but for an apparatus on the earth’s surface there would be a very 
minute failure. 

To discuss this failure systematically, we recall that in Euclidean 
3-space the mutual distances of five points satisfy a certain equation 1, 
If the five points are labelled as in Fig. 14, and if we use the symbols as 
in (179) to denote for the moment Euclidean distances, this equation 
reads D = 0 where D is the 6 x 6 determinant 


0 ] l ] ] 


(179) 


1 0 fo1j2 fo2j2. = foay2 = foaye 
fi pio 0 (i2j2s«fiay2 slay}. 
D=|1 poe aye 0 rozj2—faaye| —*(180) 
1 [3072 = faij2 «322 0 [34]2 
1  [40j2 [41j2 [42j2 — f43ye 0 


1 Cf. G. SaLmMon, Modern Higher Algebra, Dublin, 1885, p. 27. 
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If we insert in this determinant measured optical distances, it will not 
vanish, and its magnitude is a measure of the curvatures we are 
seeking. By varying the apparatus in shape and orientation, the 
information will be increased. 

Without going into detailed calculations, we can estimate orders of 
magnitude. Suppose an experiment is performed and the ten optical 
lengths recorded. Denote the mean value by T. Let 6[04] be the differ- 
ence between the experimental value of [04] and the value found by 
solving D = 0 with the other experimental values inserted. Then it 
appears from (176) that, as far as orders of magnitude are concerned, 
we can write the symbolic equation 


6[04] = T2« + T3R, (181) 


where « is a typical component of the curvature of the source’s world- 
line and R a typical component of the Riemann tensor. On the earth’s 
surface we have roughly 


k=3x 10-8sect, R=3 x 10-* sec. (182) 
If we take 
T = 1000cm = 3 x 10-8 sec, (183) 
then 
T2x = 3 X 10-28 sec, L8R = 8 x 10-29 sec. (184) 


By enlarging the apparatus (increasing T) we might increase these 
numbers, but it appears that 6[04] lies far below the level of present 
accuracy in time-measurement. 

However, since conditions on the earth are steady, we might allow 
the oscillations to be repeated over and over again, so that we would 
not be dealing with a circuit [010], for example, but with 
(010101...10]. This would enlarge the effect by a factor equal to the 
number of repetitions. In a week, the number of repetitions would be 
of the order 101%; this would bring T2« up to the level of present accu- 
racy of time-measurement, but TR would be too low by a factor 
10-8. This is disappointing, but there is a grim satisfaction in pushing 
the theory of the famous Michelson-Morley experiment to the bitter 
end. 
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§ 9. SPECTRAL SHIFT IN A CONTINUUM 


A new technique has been reported ! for the detection and measure- 
ment of spectral shifts for y-rays with source and receiver both fixed 
relative to the earth and in other situations too. It is timely to develop 
the theory of such shifts in order to see what in fact is being measured 
by the observations. 

Mathematically, the continuous is easier to treat than the discrete, 
and we shall here abandon the method of the preceding Sections in 
favour of a method in which, in a given space-time, the world-lines of 
source and receiver are regarded as two world-lines of a congruence 
specified by 4-velocity V#(x) (V;V* = — 1). The rays of the radiation 
are taken to be null geodesics. 

Fig. 15 shows two world-lines, C for 
receiver and C’ for source, with a null 
geodesic P’P passing from source to 
receiver; O is the foot of the (spacelike) 
geodesic P’O drawn orthogonal to C. By 
vul-(230) the spectral shift (red-shift 
positive) is 

vy —vy QeVY + OV 

yo QypVi' ; 
where 2, 9; are the partial derivatives 
the world-function Q(PP’) with respect to 
of P, P’, and V?, V* are the 4-velocities at those events. We write 
OP = s, OP’ =7 and wt, uw’ for the unit tangents to OP’ at O, P’. 
The problem is defined by the geometry of space-time, the congruence 
Vi(x), the unit vector uw? and the scalar 7; the plan is to expand in 
powers of r. 

We note that the situation shown in Fig. 15 was already depicted 
in Fig. 12 of mI-§ 8, and when we make the necessary changes in 
notation, IlI-(66) gives 


ss =>T— $72u;DV? + Os, (186) 
where D = 6/6s; here u;DV* is evaluated at O. 


The quantities Q)V* and Q,V‘ are 2-point invariants, defined 
for any pair of events P, P’. If we think of sliding P and P’ along 


, 


C 





(185) 





Fig. 15 — Spectral shift in a 
continuum. 


1 MéssBAUER [1958], [1959], Pounp and Resxa [1959], SCHIFFER and 
MARSHALL [1959], Moon [1960]. For a general account, see MARGERISON [1960]. 
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C and OP’ independently, these 2-point invariants are functions of s, 7, 
and we may expand them in power series. Later, we shall substitute 
for s from (186). Let us write D = 6/ds as already in (186), or 0/és 
when applied to an invariant, and T = o/or. Then 


OVt = (QV) + s[D(QV9] + AT(QV) 
+ HeX[D2(Q,V9)] + 2sr[DT(Q,V9] + 72(T2(Q,V)} 
+ As3[D3(Q,V)] + 352(D2T (2,79) 
+ 3s72{/DT2(Q;V4)] + 73[T3(Q,V4)}} + Oa, 


(187) 


where [ ] indicates in each case a coincidence limit at the event O. 
Using 11-(69) to evaluate these limits, we obtain 


[Q:iV*] = 0, 
[D(Q:V)] = [(QyViVI + QDVA = —1, 
[T(QiV*)] = [Qe Vins’] = 0, 


[D2(QiV%)] = (OunrViVIVE + 30yVIDVI + Q;D2V4] = 0, 
[DT(Q:V%)) = (QynViVin® + Qi DV ius’) = — wDV*, 
[T?2(Q:V4)] = [Qiyry Vins uk’) = 0, (188) 
[D3(Q;V*)] = [8Q4y;DV*DVS + 3QyViD2VI + QyD2VIVI] 
~ — DV,DVi, 
[D2T(QiV*)] = [QiyD?Viui'] = — wiD2V%, 


[DT%QV9] = [Qipem ViV Ink ym’) = 3K, 
[T3(Q,V%)] = 0. 


Here 
K = — RigemVipiV eum, (189) 


the Riemannian curvature of space-time for the 2-element defined by 
Vé and yw? at O; all the quantities on the right hand sides in (188) 
are evaluated at O. By (187) we have then 


QVt = — s — stu,DV — Hs8DV{DV! + 3527 u4,D2V* — 2Ks7?}. (190) 


Changing 7 into 2’, (187) gives the power series for Q;V*’, and the 
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coefficients are as follows: 


[Q7Ve)] = 0, 


[D(Q¢V*)] = [QrVOVI] = 1, 

[T(QiVi)] = [Qe VO wl + QV" put] = 0, 

[D?(Q7V)] = (Qi7npVEVIVE + Q¢yVE DVI] = 0, 

[DT (Q¢V4)] = [Qe geViEVI UR + Di5V" ek VI] = 0, 

[T2(Q¢V")] = [Qype VE we 227 V" ews we 

+ QV! grep UP) = 2WVigete, (191) 

[D3(QyVi')] = [Q¢V"D2V2] = — ViD2V! = DV{DV%, 
[D2T(QyV"')] = [QyjV" yuk DVI] = — ViyguwtDVi, 


[DT?2(Q¢V")] = [Qe jem VEVI ue um + Qe Vem w® wmV"] 
= — SymuiViVipku™ — ViV" empk um 
= 3K + Vie ee, 
[T3QeV")] = (207 Vem ee em - Qerm VO grew we er’) 
= 3Vaijxpiiyr. 
Thus 
DV" = 8 + r2V ggytps 
+ 3{s8DV;DV? — 3527 V i yuIDV! + s72(K + BV i gu p®) 
+ 328V ii gnptulur} + Oa. (192) 
Adding together (190) and (192), and then substituting for s from 
(186), we get . 
QV + OVt = Ar? + Br? + Og, 
A = Vapi — wDV', (193) 
B= ~ dyaD®Vi — 4Vq/DVi + 4K + (iDV9? 
+ BV ageV ew’ > SV ign wiy®. 
By (186) and (192) we have 
QyVt = 7 — Cr? + 0s, 


ee eee (194) 
C = guiDV! — Viigutw’. 
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Substituting these expressions in (185), the formula for spectral shift 
becomes 


y —Y A+ Bri 02 
2 Se A Er? +0 195 
y! Te oe Ne) 
E=B+ AC = — $u,D2V? — 4V i gwDVi + 3K 
+ $V iV np® 
+ a(Vaige + SDV iV ix) uhh 
— (Vaiguiul)?. 
The approximation has been carried out to this order to show 
the effect of the gravitational field; it appears in EL. It does not 
appear in the principal part of the shift, which is 


y —y»y 


= 7(Vijgeie? — wDV’). (196) 





, 


v 
This is easy to interpret. We have 
Vieguled = opty’, (197) 


where oy is the rate-of-strain tensor (Iv-62). The term uw;DV* is the 
component of the first curvature vector of the observer’s world-line 
in the direction OP’. If the motion of the continuum is rigid in the 
Born sense, then oj = 0, and we are left with 


y —Y 


y’ 


= — ty4DVt. (198) 





If we think of source and receiver carried along with the earth, with 
the source vertically above the receiver, then yw? and DV? both point 
vertically upwards and w;DV* = g, the usual acceleration due to 
gravity. Then, assuming rigidity, we have 

y—yD 


; — — pr, (199) 


v 





a violet shift since negative. In c.g.s. units, this reads — gh/c? with the 
height # in cm, c the speed of light in cm sec!, and g = 980 cm sec™?. 
For a height of 100 cm, the shift is roughly 10-16. 


APPENDIX A 
NOTATION 


It is well known in human society that the less well-founded on 
reason a convention is, the harder it is to change and the bitterer the 
feelings for and against. I have therefore little hope that this reason- 
able protest against some unreasonable conventions will make any 
significant changes in them. 

EINSTEIN’s [1916a] summation convention for repeated suffixes 
has saved mathematicians and printers from wasting an enormous 
amount of time in writing and printing useless X’s. Against this con- 
vention there is nothing to be said (although Levi-Civita was apparent- 
ly unable to trust it!). But Einstein bequeathed to posterity a more 
dubious gift — the use of Greek suffixes for the range 1, 2, 3, 4. In this 
he did not follow Ricci and Levi-Crvita [1901] in their fundamental 
paper on the absolute differential calculus, nor was he followed by 
PAULI [1921], [1958] in his masterly summary of relativity; these 
writers used Latin suffixes. 

At the present time it is an almost universal convention to use 
Greek letters for the range (1, 2, 3, 4), or the range (0, 1, 2, 3) which 
indeed is more generally preferred. It would be cowardly to accept and 
perpetuate such an unreasonable convention, trivial though the issue 
may seem. For most of the probable readers of this book, the Latin 
alphabet is the natural alphabet. The letters are standardized and 
clear, our typewriters are equipped with them, and they need no 
special marking for the printer. Why should we use Greek letters, except 
for special purposes? In this book, Latin suffixes take the values 
(1, 2, 3, 4) throughout, and Greek suffixes nearly always the subsidiary 
range (1, 2, 3). Other usage are noted as they occur. The summation 
convention always operates on the appropriate range, unless deliber- 
ately revoked for a special occasion. 

In some respects it is unimportant that the metric form of space- 
time is indefinite. The fact does not obtrude itself in calculating the 
Riemann tensor, for example. But in other respects it is fundamental, 
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and it is most unwise to mislead students of relativity by writing 
down, as a definition of the metric of flat space-time, an equation of 
the form 

ds? = dx? + dy? + dz? — d#? (A-1) 


or of the form 
ds? = — dx? — dy? — dz + di. (A—2) 


This is an undigested heritage from positive-definite days. Whichever 
of these two expressions we adopt, it implies that ds is real for some 
displacements and imaginary for others. No serious worker in relativity 
will be confused by this, for he recognizes (A—1) or (A—2) (whichever he 
happens to prefer) as a sort of physicists’ slang. But why perpetuate 
such nonsense? What we are concerned with is a quadratic form, 


@ = dx? + dy? + dz? — d72, (A—3) 
or 
@ = — dx? — dy? — dz? + d#?, (A-4) 


and ds = V|@|, always real. Geometers have been treating the matter 
thus for over thirty years, and relativity is not such a simple theory to 
understand that one can afford to muddy the source. Consequently in 
this book one does not see the curved analogue of (A—1) or (A—2). 

But of the curved analogues of (A-3) and (A-4), which is one to 
choose? Physically, it makes no difference whatever. A mere change 
in sign of the metric form does not alter the universe it describes. But 
it does change the signs in certain formulae. It is hard to make a choice 
on rational grounds, for each of the two forms has its merits. One 
would prefer that form which is most usually positive, but one cannot 
go far in relativity without having to deal with both spacelike and 
timelike displacements. It is true that (A—4) is positive for a displace- 
ment which belongs to the world-line of a particle, but it becomes 
negative if our interest turns to the relationship between the histories 
of two particles, studying perhaps a possible rigid connection between 
them. 

I have chosen the type (A-3) (signature + 2, not — 2) in this book 
primarily because I am used to it, having studied Pauli’s article long 
ago and never having found any reason to change except the increasing 
isolation of anyone who fails to conform to a growing convention. But 
there is a slight impersonal reason for preferring (A-3). Although 
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imaginary coordinates have been avoided in this book, there are pri- 
vate occasions on which we simplify complicated formulae by reducing 
the metric form to a sum of squares, and it is much easier to carry out 
this mental exercise with one imaginary instead of three. 

There follows a table of conversion from signature + 2 to signature 
— 2, but the reader is warned of a further source of confusion! There 
are two ways of defining the Riemann and Ricci tensors and they 
differ in sign. The definitions used in this book are stated in I-§ 1. 


CONVERSION FROM SIGNATURE (+ 2) TO SIGNATURE (— 2) 


Signature (++ 2) Signature (— 2) 
diag(1, 1, 1, — 1) diag(— 1, — 1, — 1, 1) 
Sig Bij 
ees 
[1j7, k] = — [, k]’ 
g=e 
gil pane gl 
Vy, Sar Gad ar ay at Dy, 
Rijkm = — Rigem 
clan =k kin 
Rim = R'm 
R= — R’ 
Ge = —G;j 
DIFFERENTIATION 


Partial derivatives are indicated by a comma as in / 4, fi,j, fiz,em- 

Covariant derivatives are indicated by a stroke as in fay, fijjem 
and occasionally by a double stroke as in /,\\g. 

To simplify the notation, commas and strokes are omitted in 
situations where confusion is unlikely. 

Absolute derivatives are indicated by 6 as in 6V#/ds, 6V*/éu, and 
sometimes by D as in DV. 


LIST OF PRINCIPAL SYMBOLS 
with leading references 
At = unit tangent vector (I-§ 3) or 4-velocity (111-§ 8). 
6 = first curvature (I-§ 3). 
Bi = unit first normal vector (I-§ 3). 


Synge 27 
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c == second curvature (I-§ 3). 

Ct = unit second normal'vector (I-§ 3). 

C; = 0: coordinate conditions (Iv-§ 6). 

d = third curvature (I-§ 3). 

D = ordinary (or absolute) derivative (I-§ 6, 1I-§ 12). 

Dt = unit third normal (I-§ 3). 

E = energy (11I-§ 4). 

Ey = electromagnetic energy tensor (x-§ 1). 

/(x) = frequency function (xI-§ 1). 

FC = Fermi coordinates (11-§ 10). 

Fi, Fj; = electromagnetic tensor and its dual (x-§ 1). 

F(x, x’) = integrand in Fermat’s principle (x1-§ 3). 

g = det(gi)) (1-8 1). 

g = ‘acceleration due to gravity’ (I1I-§ 9). 

gij, g7 = metric tensor and its conjugate (I-§ 1). 

£t7’s ide Kijgky +--+ = parallel propagator and its covariant derivatives 
(11-§§ 3, 4). 

Labed = Lackba — Laadbe (I-§ 5). 

£ij = modified (optical) metric tensor (xI-§ 2). 

G = Green’s function (I-§ 6). 

Gi, G; = Einstein tensor (I-§ 5). 

h = Planck’s constant (11I-§ 7). 

hij Mig Mig, = deviations of second covariant derivatives of the 
world-function from the flat values (11-§ 11). 

Hay = flux of angular momentum (vI-§ 4). 

Jt = 4current (x-§ 1). 

kK = Riemannian curvature (I-§ 5). 

K = matrix in geodesic deviation (I-§ 6). 

L(y) = apparent direction cosines of star (xI-§ 6). 

L = finite measure of curve (I-§ 1) and Lagrangian (xI-§ 3). 

L = Lorentz matrix (I-§ 3). 

m == (proper) mass (I1I-§ 3) and mass of star (vII-§ 6). 

Ma = flux of 44momentum (vI-§ 4). 

MO = mathematical observations (I1I-§ 1). 

nm = refractive index (XI-§ 2). 

nm’ = unit normal (Iv-§ 1). 

Nt = numerical vector (Iv—-§ 1) and unit normal (I-§ 10). 

NO = natural observations (I1I-§ 1). 

OC = optical coordinates (11-§ 10). 
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p = pressure (Iv-§ 4). 
pt = 4-momentum (rII-§ 3). 
P%, P(g) = projection operators (Iv-§ 3, xI-§ 6). 


gq = V—g (x-§ 1). 
Q (ab) = matrix in Fermi-Walker transport (1-§ 4). 
Q;, Qy, ... = moments of distribution (Iv-§ 1). 


OC = quasi-Cartesian coordinates (II-§ 8). 

vy = a curvature coordinate for spherical symmetry (vII-§ 2). 

R = curvature invariant (I-§ 5). 

Ri, Rj = Ricci tensor (I-§ 5). 

Rijtm, Rim, Rig, ... = Riemann tensor (I-§ 5). 

R(abea) = Components on orthonormal tetrad (I-§ 3). 

Rtjikm — double dual (1-§ 5). 

Rouyo = Riemann subtensor (I-§ 8). 

ds = metric element of space-time (I-§ 1). 

dS = element of 3-volume (Iv-§ 1) and element of area (vII-§ 6). 

Siz = stress tensor (Iv-§ 4). 

Sijem = Symmetrized Riemann tensor (II-§ 2). 

S(y = 3-vector pointing to star (xI-§ 6). 

S(x’, x) = Hamilton’s principal or characteristic function (I-§ 7). 

¢ =a curvature coordinate (‘time’) for spherical symmetry (v1II-§ 2) 

tk — pseudo-tensor of energy (vI-§ 7). 

Ti, T; = energy tensor (Iv-§ 1). 

Ti = ./— gTI (vi-8 6). 

u = speed of waves or phase-speed (xI-§ 1). 

u’ = 4-velocity of charge (x-§ 1). 

U(x) = one-point principal function (I-§ 7). 

v = ray-speed or group-speed (xI-§ 2). 

V, Vy = relative speed and velocity (111-§ 7). 

vr = radial speed (I1I-§ 7). 

vt, Vt = 4-velocity (mI-§ 3 and Iv-§ 1). 

dev, dgv, dav = elements of 2-, 3- and 4-volume (I-§ 10). 

V = Newtonian potential (111-§ 11). 

Wi; = aberration tensor (xI-§ 6). 

x = general coordinates (I-§ 1). 

x* = Gaussian coordinates (I-§ 8). 

X(%, X(q) = quasi-Cartesian coordinates (1-§ 8), Fermi coordinates 
and optical coordinates (1I-§ 10). 

y = gravitational constant (Iv-§ 5). 
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viz = deviation of gi from diag(1, 1, 1, — 1) (1I-§ 8). 

I, = Christoffel symbols (1-§ 1). 

63, 6:4, 6:08 = Kronecker deltas (1-§ 1, 1-§ 5, x-§ 1). 

6/6u = absolute differentiation (I-§ 2). 

e = indicator of curve (I-§ 1). 

€ijkm = Numerical permutation symbol (I-§ 5). 

Hab) = 4%) = diagonal matrix with elements (1, 1, 1, — 1) (I-§ 3). 

Hitkm, n'4km™ — permutation tensor (I-§ 5). 

« = circulation (I-§ 7) and constant (8) in field equations (Iv-§ 5). 

x = first curvature vector (XI-§ 6). 

Aig) = orthonormal tetrad (1-§ 3). 

Ax) = frame of reference, usually Fermi-transported (111-§ 5). 

A = cosmological constant (Iv—§ 5). 

ju = (proper) density (Iv-§ 4). 

y = frequency (I1I-§ 7). 

v = p/p? (X-§ 2). 

y(x, p) = distribution function (Iv-§ 1). 

&;, £43 = Killing vector and tensor (vI-§ 3). 

p= "u-+ p (v-§ 6). 

p = Gaussian polar coordinate (viI-§ 2) and electrical proper density 
(x-§ 1). 

o = distance of point from curve (II-§ 10). 

O(yg), C7 = Yate-of-strain matrix and tensor (Iv-§ 3). 

do? = d6? + sin? Odd? (v1r-§ 2). 

7 = trip-time (11I-§ 8). 

dr#/, dr/*,.. = tensor extension of cell (1-§ 10). 

6 = polar angle (viI-§ 2). 

6.) = direction cosines (I1I-§ 8). 

@ = azimuthal angle (v1I-§ 2) and phase angle (x1-§ 1). 

gi = 4-potential (x-§ 1). 

@® — fundamental or metric form (I-§ 1). 

@ = angular velocity of earth (11I-§ 9). 

O(q8)> ij, OF = matrix, tensor and vector of spin or rotation (Iv—§ 3). 

w(x, y) = 0: Hamiltonian surface (I-§ 7). 

w(x, p) = 0: medium-equation in optics (xI-§ 2). 

Q(P'P), Q(PiP 2), Q(x’, x) = world-function (11-§ 1). 

Q;, Qy, Qy, Qy, ... = partial and covariant derivatives of world- 
function (11-§ 1). 

[Qig], [Qi3,], -.. = coincidence limits (11-§ 2). 
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NUMERICAL VALUES OF SOME PHYSICAL 
QUANTITIES EXPRESSED IN SECONDS 


In the logical structure of relativity, as developed in this book, the 
fundamental measurement is the measurement of tame. Length, mass, 
etc. are derived concepts, and every physical quantity is of dimensions 
[Z2] where T stand for time and q is some integer or fraction. If g = 1, 
the quantity can be expressed in seconds or any other appropriate unit 
of time. If the ‘atomic clock’ is accepted as the basic time-measurer, 
it would be most reasonable to define the unit of time as the period 
of some standard spectral line, and then define the second as some 
conventional multiple of that period. However it matters little what 
unit we use, because the important things in physics are the di- 
mensionless ratios of quantities with the same dimensions. Any chosen 
unit is bound to be inconveniently large for some purposes, incon- 
veniently small for others. We note that for some aspects of celestial 
mechanics the second is not a bad unit — the radius of the earth’s 
orbit is about 500 sec. 

It is very convenient to have all physical quantities expressed in 
terms of a single unit or powers of it (sec, sec”, sec~, etc.), but such 
expressions as 3 x 101% sec or 5.342 x 10-8 sec! are clumsy to write, 
clumsy to print, very clumsy to say in words, and psychologically 
unsatisfactory, because we like to think in numbers in the range 
1 to 100 or thereabouts. To standardize terminology for submultiplies 
and multiplies of any unit, the International Committee on Weights 
and Measures at its Paris meeting in 1958 recommended the following 
prefixes and symbols !: 


1 The National Bureau of Standards, U.S.A., has decided to follow these 
recommendations; cf. Notices Amer. Math. Soc. 7 (1960) 34. 
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Submultiple or Prefix Symbol 
multiple 
10-12 pico (pi’c6) p 
lO>8 nano (na’nc) n 
10-6 micro u 
10-3 milli m 
10-2 centi c 
10-1 deci d 
10 deka dk 
102 hecto h 
108 kilo k 
106 mega M 
109 giga (ji’ga) G 
1012 tera (tér’a) T 


Thus one writes 
5 x 109 sec = 5 Gsec, 3 x 10-9 sec = 3 nsec. 


For verbal use, some of the pronunciations are indicated. 

However, when one looks at the above table, one sees that the 
achievement consists in setting up names (the traditional Greek and 
Latin words with some additions) for the twelve numbers 


— 12, —9, —6, —3, —2, —1, 1, 2, 3, 6, 9, 12, 


and letters of the alphabet corresponding to them. Since the arabic 
figures are already international, why should one have to find literal 
synonyms for them? 

It is very difficult to secure international acceptance of a novel 
proposal, but there is no harm in making one !. This proposal takes 
into consideration international linguistic difficulties, time wasted 
by writers and printers through the use of a clumsy notation for 
powers of ten, and the fact that Greek and Latin words are foreign 
to most scientists and easily forgotten (éxa7rdy is indeed one hundred, 
but é«7o¢ is the sixth!). 

To understand the proposed notation when written, all,one has to 
remember is the technical meaning of two letters, # and d. To under- 
stand it when spoken, the foreigner must learn thirteen words of 


1 The proposal is the result of discussion with colleagues; the up-and-down 
notation is due to Professor R. J. Duffin. 
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English, viz. 
up, down, point, 


one, two, ... nine, zero. 


(He can forget the twelve words shown in the list of the International 
Committee.) 
One writes 
5 x 109 sec = 5u 9 sec, 


and one says ‘five up nine seconds’; one writes 
3 x 10-9sec = 3d 9 sec, 


and one says ‘three down nine seconds’. The up-nine-second is in fact 
the gigasecond, and the down-nine-second the nanosecond, but their 
meanings are obvious and one does not have to remember the Greek 
words for giant and dwarf respectively. 

For powers of the unit, the usual sec?, sec?, sec-1 are satisfactory 
for writing and printing, but it would be easier for foreigners (familiar 
with the thirteen words mentioned above) if we said ‘sec-up-two’, 
‘sec-up-three’ instead of ‘sec-squared’, ‘sec-cubed’. As for sec~1, we 
might say ‘sec-down-one’ or, better, inversec. 

All this is submitted as a modest proposal directed towards ease 
and clarity in scientific communication. There is only one way to 
find out whether it is a good proposal: try it, and see how it works. 
The up-and-down notation has not been used in the book ; the reduction 
of all physical quantities to seconds is in itself a sufficiently shocking 
departure from convention. 

The following table shows the values in seconds of a number of 
physical quantities. The original c.g.s. values have been taken for the 
most part from the Smithsonian Physical Tables, Ninth Edition, 
Washington, 1954. Of these original values, the most basic are 


velocity of light = c = 2.99776 x 1010 cm sec} 
gravitational constant = y = 6.670 x 10-8 g-1 cm sec™2. 
The conversion of cm to sec is given by 
lcm = c—! sec = 3.336 x 10-11 sec. 
The conversion of g to sec is given by the relativistic result (cf. rv—§ 5) 


that 
1 g = y/c® sec = 2.476 X 10789 sec. 
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Although the interest of these numerical values lies most in orders of 
magnitude, they are shown to four significant figures to obviate 
rounding-off errors in calculations. The ‘radii of Riemannian curvature’ 
are intended only as a guide to the magnitudes of certain gravitational 
fields. They are calculated from the formula 


radius of Riemannian curvature = (2m/r3)-* sec, 


where m is the mass of the body producing the gravitational field and + 
the distance from its centre, both measured in sec. The curvature of 
the world-line of a terrestrial observer is what is usually called 
‘acceleration due to gravity’ (g). The radius of curvature is g—1. 

The units employed may be described as follows: time is measured 
in sec, and the units of length and mass so chosen that both the 
speed of light and the gravitational constant are unity. 
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QUANTITIES EXPRESSED IN SECONDS, 


AND THEIR RECIPROCALS IN INVERSECONDS 


one degree centigrade } 

electron volt 

mass of electron 

erg 

electronic charge 

[Planck’s constant]? 

gram 

electrostatic unit 

Angstrom unit 

period of cadmium red line 

mass of moon 

mass of earth 

centimetre 

kilometre 

mass of sun 

radius of moon 

mean radius of earth 

second 

distance of moon from earth 

radius of sun 

mean radius of earth’s orbit 

radius of Riemannian curvature 
for earth’s field at earth’s sur- 
face 

radius of Riemannian curvature 
for sun’s field at sun’s surface 

hour 

[standard density of water]-* 

reciprocal of angular velocity of 
the earth 

sidereal day 

radius of Riemannian curvature 
for sun’s field at earth’s surface 


1 Cf. SYNGE [1957c], p. 44. 


Value in 
seconds 


3.804 x 


10-76 


4.415 x 10-72 


2.255 X 
2.756 X 
4,605 x 
1.351 x 
2.476 X 
9.588 x 
3.086 
2.148 x 
1.813 x 
1.479 x 
3.336 x 
3300 X 
4.920 x 
5.798 x 
2.125 x 
1.000 

1.282 

2.319 

4.986 x 


0.697 
1.126 x 
3.600 x 


3,873° x 


Lor x 
8.616 X 


3.549 x 


10-66 
190-60 
10-45 
10-48 
10-39 
10-36 
10-19 
10-15 
10-18 
10-11 
10-11 
10-6 

1O-6 

10-38 

10-2 


102 


102 
108 
108 
103 


104 
104 


106 
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Reciprocal in sec~1l 


(inversec) 


2.629 X 
2.265 X 
4.435 x 
3.629 X 
DATO se 
7.402 x 
4.039 x 
1.043 x 
2.998 X 
4.655 x 
5.516 x 
6.761 xX 
2.998 x 
2.998 
2.033 X 
1.725 x 
4.706 x 
1.000 

7.800 x 
4.312 x 
2.006 x 


[799° X 
8.881 x 
2.778 X 


2:082: x 


7.292 X 
1.161 x 


2.818 X 


1075 
1071 
1065 
1059 
1044 
1042 
1038 
1035 
1018 
1014 
1012 
1010 
1010 
105 
105 
102 
10 


10-1 
10-1 
10-8 
10-8 
10-4 
LO=4 
10-4 


10-5 
10-5 


10-7 
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/ Value in Reciprocal in sec—1 
seconds (inversec) 

radius of curvature of world-line 

of terrestrial observer at equa- 

tor (=g~1, g = 978.05 cgs) 3.065 x 10% 3.263 x 1078 
sidereal year = light year 3.156 x 107 3.169 x 10-8 
parsec 1.030 x 108 9.709 1079 
estimated age of universe Lee = 10" 5.9 =x 10718 


DIMENSIONLESS QUANTITIES 


Weight of one gram 8.079 x 10-47 
Force of attraction between earth and moon’ 1.631 x 10-24 
Force of attraction between sun and earth 2.927 < 10-22 


Ratio of moon’s mass to its radius 3.127 x 10711 
Ratio of earth’s mass to its radius 6.960 « 10-10 
Ratio of sun’s mass to its radius 2.122 x 10-6 
Relative velocity of moon and earth 3.397 %- 10-6 
Velocity of escape from earth 3.770 x 10-5 
Relative velocity of earth and sun 9.928 x 10-5 
Velocity of light l 
Gravitational constant 1 
MISCELLANEOUS 


Pressure of one bar = 106 dynes cm-2 
(approx. one atmosphere) 7.423 x 10723 sec-2 
Density of water (1 g cm7) 6.668 x 10-8 sec? 


BIBLIOGRAPHY 


This Bibliography is intended to be a useful list of references to 
work on the general theory of relativity and mathematical work 
closely connected with that theory. It makes no claim to completeness, 
and could not without making up a substantial volume, for the biblio- 
graphy of LecatT [1924] ran to close on 200 pages and much work has 
been done in the thirty-five years since its publication. The decision 
as to what should be included has inevitably been somewhat arbitrary, 
but the intention has been to concentrate on what may be called the 
classical theory, and include only a few leading references to the 
variants from that theory. 

In the case of books, the date follows the author’s name. For a 
journal article, volume, date and page number are shown. Letters 
inserted after dates are for purposes of reference, distinguishing from 
one another publications by the same author in the same year. In most 
cases references to reviews are given, with the following notation: 

JF = Jahrbuch iiber die Fortschritte der Mathematik. 

MR = Mathematical Reviews. 

SA = Science Abstracts. Section A: Physics. 

Z = Zentralblatt fiir Mathematik. 
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— — from Euclidean standpoint 246ff 

— — with Killing vector 237 

with pseudo-tensor 253ff 

— — with Riemann tensor 237ff 

integral electromagnetic theorems 363ff 

integral, potential 206 

interchange, rule of 50 

interferometer 115, 401 

interior Schwarzschild field 287ff 

internal impulse 159, 160 


195,, 219; 
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intersection of geodesics see conjugate 
points 

intrinsic luminosity 327 

intuition and geometry 243 

invariant components 10, 419 

— — of electromagnetic tensor 355, 365 

invariant of curvature see curvature in- 
variant 

~ 2-point 48, 77, 411 

— 3-point 72, 82 

— 2-point-curve 84 

inverse square law 284 

inversec 423, 425, 426 

irrotational motion 173, 196 

isolated body, motion of 194ff, 246ff 

isothermal coordinates 205, 269ff, 310, 
311 

isotropic coordinates 269ff, 342 

— pressure 331, 338 

— transparent medium 376 

Israel, W. X, 40, 269 


Jebsen, J. T. 276 
junction conditions 39ff, 186, 187, 194, 
208, 274, 278, 281, 286 


Kermack, W. O. 322 

Killing equation, tensor, vector 236, 420 
kilo 422 

kilometre 425 

kinematical mean velocity 168, 176 
kinematics of continuum 169ff 

— of waves 372ff 

Kozyrev, N. A. 139 

Kronecker delta 3, 19, 356, 420 


Lagrangian equation and function 290, 
323, 347, 381, 418 

— method 169 

Lanczos, C. X, 19, 123, 248 

Landau, L. 252 

Laplace equation and operator 207, 217, 
311, 313, 339ff 

Latin suffixes 1, 415 

latitude and world-line curvatures 139, 
140, 148, 149 

Lecat, M. 427 

lemmas for Cauchy problem 21 1ff 

length 3, 108, 113, 290, 421 

Lense, J. 309 

Levi-Civita, T. 12, 228, 310, 389, 415 

Lichnerowicz, A. IX, 1, 40, 211, 213, 228, 
360 

Lifshitz, E. 252 

light, deflection of 297 

— particle of see photon 

— speed or velocity in vacuo 124, 174, 
228, 295, 298, 343, 345, 375, 378, 423, 
424, 426 
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— wave 361 

— see also geometrical optics, null geo- 
desic 

limit, coincidence 51ff, 57, 420 

line, straight 245, 301 

linear approximation 192, 194, 202ff, 211, 
221, 309 

— momentum 229 

Lorentz indices 10, 164 

— matrix 9, 77, 418 

— transformation 9, 77, 82 

Lorentz-Heaviside law 359 

luminosity distance 327 

— intrinsic 327 


magnetic 3-vector 355, 366 

magnitude of vector 2 

Majumdar, S. D. 368 

mapping by null geodesics 21 

Marder, L. 352 

Margerison, T. A. 411 

Marshall, W. 411 

mass of body 209, 282 

— centre 239, 248ff 

— conservation of 219, 359 

— density 174, 180, 355, 420 

— dimensions of 177, 179, 180, 250, 421 

— of earth 184, 425, 426 

— of electron 184, 425 

— of fluid sphere 288 

— of galaxy 184 

— gravitational and inertial 174 

— measured in sec 180, 421 

— of moon 184, 425, 426 

— of particle 109, 159 

— positive and negative 314, 315; see also 
density 

— proper 109, 418 

— of star 282, 418 

— in statical universe 340 

— of sun 184, 294, 425, 426 

masses, Oscillating 353 

Mast, C. B. X, XI, 394 

material continuum 159ff 

— particle 105, 109, 159 

mathematical observation 103, 418 

matrix, Lorentz 9, 77, 418 

— rate-of-strain 171, 420 

— spin or rotation 171, 420 

— stress 164 

matter, spherically symmetric distribu- 
tion of 278ff 

— tensor see Einstein tensor 

— see also continuum, density, energy 
tensor, mass, particle 

Maxwell’s equations 356ff, 361, 364, 367 

McCrea, W. H. 322 

McVittie, G. C. 211, 270, 289, 296, 298, 
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300, 301, 322, 328, 329, 337 

mean velocity 168, 169, 176 

measure of curve 3, 108, 418 

— spatial 112ff 

— of vector 2 

measurement of direction 118ff 

— of gravitational field (Riemann tensor) 
VIII, IX, X, 144ff, 156ff, 408ff 

— of time 105ff, 138, 401, 421 

mechanical angular momentum 241 

— 4-momentum 240 

mechanics of continuum 169ff, 173ff 

— in statistical model 165ff 

— see also fluid, force, geodesic, orbit, 
particle, pressure, stress 

medium, dispersive 375ff, 385, 388 

— equation 376, 386, 420 

— non-dispersive 377, 384, 385, 386, 388 

— static 386ff 

— transparent 372ff 

mega 422 

Mercury 296 

metric for axial symmetry 309ff, 352 

— conformastat 341, 342, 369 

— for electrovac universe 367ff 

— for Fermi coordinates 87ff 

— for fluid sphere 287ff 

— form 1, 107, 420 

— isotropic 269ff, 342 

— modified optical 376, 384, 418 

— for optical coordinates 87ff 

— orthogonal 211, 270 

— for quasi-Cartesian coordinates 80 

— Schwarzschild 275, 289, 290, 304 

— for solar field 290, 304, 342 

— for spherical symmetry 265ff 

— statical 205ff, 276, 304, 338ff, 367ff, 
386ff, 393 

— stationary 275, 299, 398 

— tensor 1, 107, 179, 243, 418 

— — and change of signature 417 

— — second extension of 55 

Michelsen-Morley experiment 401, 408, 
410 

micro 422 

Mie, G. 289 

milli 422 

Milne, E. A. 322 

Minkowski, H. IX, X 

MO 103, 418 

model universes 330 

molecule 176 

Meller, C. IX, 5, 18, 133, 252, 301 

moments of distribution 163, 419 

momentum, angular see angular momen- 
tum 

— linear 229 

3-momentum 114, 118, 229 
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— density of 164 

4-momentum 418, 419 

— of body 248, 250 

— conservation of 165, 167, 232ff, 237ff, 
253ff 

— density of 242 

— flux of 164ff, 174, 238, 240, 418 

— gravitational 240 

— mechanical 240 

— of particle or photon 110, 
159, 325, 378, 391, 419 

— space 160 

— total 238, 240 

monopole 278 

Moon, P. B. 411 

moon 104, 132, 210 

— attraction of 426 

— distance from earth 425 

— mass of 184, 425, 426 

— radius of 425, 426 

— velocity of 426 

Mossbauer, R. L. 411 

motion of continuum 169ff, 173ff 

— in electromagnetic field 358, 359 

— incompressible 173, 220 

— irrotational 173, 196 

— of isolated body 194ff, 246ff 

of perfect fluid 175ff, 188, 218ff 

— rigid 114ff, 173, 179, 188, 219, 414 

motions, group of 234ff, 275, 299, 309, 
337, 352 

Muto, Y. 47 


114, 122, 


nano 422 

National Bureau of Standards 421 

natural observation 103, 418 

nebula 322 

negative energy and mass see density, 
energy, mass 

Newtonian absolute time 105 

— astronomy 289, 294, 390 

— comparisons 179ff, 184, 284, 289ff, 390 

— fallacies 154 

— hydrodynamics 176, 184, 188 

— potential 2, 148, 149, 181, 183, 191, 208, 
209, 419 

NO 103, 418 

non-dispersive medium 377, 384, 385, 386, 
388 

Nordstrém, G. 289 

norm of vector 2 

normal congruence 173, 196 

— coordinates 77 

— unit 418 

normals of curve 12, 417, 418; see also 
curvature, first, second, third 


— of terrestrial world-line 135ff, 143, 
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147ff; see also Fermi tetrad and triad, 
observer 

notation 415ff 

null cone 21, 33, 109, 201, 244, 330, 375 

— — in momentum space 160 

null coordinates 187, 269, 270 

null geodesic 7 

— — and aberration 391 ff 

— — as bicharacteristic 227, 361 

— — in charged fluid 361 

— — incoherent system 33 

— — in de Sitter universe 259, 263 

— — deviation 21, 259 

— — in differential chronometry 401ff 

— — in expanding universe 322ff 

— — as gravitational ray 228 

— — in Hamiltonian theory 31 

— — Mapping by 21 

— — in matter 110, 378 

— with modified metric in optics 384, 

388 

— ~— and null surface 33, 225 

— — in solar field 290ff, 297 

— special parameter on 7, 47, 110, 394ff 

— -— and spectral shift 120, 299, 322ff, 
411ff 

— — as world-line of photon 110 

null rays, system of 33 

— shell 330 

— surface 32, 33, 225, 227, 228, 345, 361 

— vector 2, 109 

— wave 34, 375 

number, conservation of 165, 167, 168, 
176 

— of particles per unit volume 164 

— polarized 161, 162, 164 

numerical flux 163 

— values 421 ff 

— vector 163, 176, 418 


O’Brien, S. X 
observation, astronomical 118, 289, 330, 
390ff 


— mathematical and natural 103, 418 

— optical 21, 86, 91, 123ff, 401ff 

observer, world-line of 21 

— — first curvature and normal 126ff, 
131, 136ff, 142ff, 144ff, 177, 396, 401, 
414, 417, 424, 426 

— — second curvature and normal 131, 
136ff, 146ff, 401, 418 

— — third curvature and normal 136ff, 
146ff, 401, 418 

OC 86, 418 

one-point principal function 29, 419 

operational method 105 

operator, d’Alembertian 200, 236, 357 

— projection 172, 397, 419 
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optical coordinates 86, 87ff, 91ff, 418, 419 

— distance 409 

— modified metric 376, 384, 418 

— observation 21, 86, 91, 123ff, 401 ff 

— ray 30, 377; see also null geodesic 

optics, geometrical see geometrical optics 

— physical 225 

O’Raifeartaigh, L. X, 3, 84, 277 

orbit of earth 421, 425 

— in solar field 289ff 

orientable space 43 

oriented cell 42 

— tensor 18 

origin of quasi-Cartesian coordinates 76, 
81ff 

orthogonal metric 211, 270 

orthogonality, chronometric 112ff 

— of ray and wave 32 

orthonormal tetrad and triad 8ff, 14, 419, 
420; see also Fermi tetrad and triad 

oscillating masses 353 

OT 8 

overlapping coordinates 1, 48, 76, 81, 344 


Papapetrou, A. 252, 368 

parabolic orbit 293 

parallel propagator 59, 67, 82, 120, 258, 
418 


— — covariant deratives of 64ff 

parallel transport 12 

parameter, special, on geodesic 7, 47, 110, 
394ff 

parsec 426 

particle, free 109, 110 
— identifiable in continuum 169 

— of light see photon 

— mass of 109, 159 

— material 105, 109, 159 

— 4momentum of 110, 114, 159, 419 

— radiation from 379 

— in statistical model 159 
— test 359; see also geodesic hypothesis 

past 21, 105 

Pastori, M. 228 

Pauli, W. IX, 42, 180, 204, 289, 407, 415, 
A416 

perfect fluid, Cauchy problem for 218ff 

— — energy tensor for 175 

— — field equations for 186 

— — motion of 175ff, 188, 198, 199, 218ff 

— — with spherical symmetry 285ff, 316 
— see also fluid 

Sérthelon, advance of 293ff 

period of atomic clock 106, 421, 425 

— of waves 343, 347, 373 

permutation symbol 18, 42, 364, 420 

— tensor 18, 44, 172, 355, 363, 420 

Pham Mau Quan 213, 355, 360, 384 


INDEX 


phase-angle and function 372, 420 

— speed and wave 372ff, 375ff, 419 

photon 21, 109ff 

— in astronomy 118, 290ff, 324ff, 391ff 

bouncing 123ff 

— in conformally flat universe 322ff 

— energy of 114, 118, 122, 325, 392, 418 

— and field theory 228, 361 

— gun 123, 131 

— of high energy or frequency 109, 225, 
373, 378 

— mass of 110, 159 

— 4-momentum of 110, 114, 122, 159, 325, 
378, 391, 419 

— in solar field 290, 297ff 

— in statistical model 159 

— in transparent medium 109, 375ff 

— see also geometrical optics, light, null 
geodesic, spectral shift 

physical optics 225 

— quantities, numerical values of 421ff 

pico 422 

pilot-values 194, 223 

Pirani, F. A. E. X, XI, 344 

Planck’s constant 122, 372, 418, 425 

plane gravitational wave 345ff, 350ff 

planetary orbit 290ff 

Plebanski, J. 192 

plumb line 147, 149 

2-point invariant 48, 77, 411 

3-point invariant 72, 82 

2-point tensor 49, 59, 82, 242 

2-point-curve invariant 84 

Poisson’s equation 181, 189, 225 

polar angle 267, 420 

— Gaussian coordinates 266, 270, 272, 276, 
288, 420 

— space 260, 263 

polarization factor 161 

polarized number of particles 161, 
164 

— target 161 

ponderomotive force 359 

positive energy and mass see density, 
energy, Mass 

— pressure 186, 319, 331, 336, 337 

potential integral 206 

— Newtonian 2, 148, 149, 181, 
208, 209, 419 

— retarded and advanced 193, 200ff, 211, 
353 

4-potential 357, 420 

Pound, R. V. 411 

precession of equinox 296 

pressure 164, 419 

— of atmosphere 205, 426 

— constant on stream-line 220 

— and density 188, 219, 286 


162, 


183, 191, 
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— in earth 177 

— as eigenvalue 175 

— and gravitational pull 205ff 

— isotropic 338 

— positive 186, 319, 331, 336,337 

principal direction see eigenvector 

— function 28, 29, 419 

principle of equivalence IX, 133 

— of Fermat 380, 386, 389, 418 

— variational 6, 7, 26, 27, 380ff, 388ff 

product, scalar 112ff 

projectile 141 

projection formula 161 

— operator 172, 397, 419 

propagation of vector see transport 

propagator, parallel 59, 67, 82, 120, 258, 
418 

— — covariant derivatives of 64ff 

proper density 174, 355, 420 

— mass 109, 418 

— time 105, 283, 288, 289, 290 

pseudo-distance 323 

— sphere 34, 160 

— tensor of energy 252ff, 419 

pulsating star 278ff 


quadratic form see metric 

quadripole 315 

quasi-Cartesian coordinates /76ff, 
347ff, 419 

QC 77, 419 


8 1ff, 


radial speed 120, 419 

radiation from atom or particle 106, 379 

— Cerenkov 380 

— see also geometrical optics, null geo- 
desic, photon, spectral shift 

radio waves 111 

radius of curvature 138, 424, 425, 426; 
see also curvature 

— of earth and its orbit 425, 426 

— of moon 425, 426 

— of Riemannian curvature 424, 425 

— of sun 294, 425, 426 

rate-of-strain 171, 172, 178, 182, 195, 414, 
420 

rational unit 356, 366 

ray, deflection of 297 

— in geometrical optics 377ff, 386ff 

— gravitational 228 

— in Hamiltonian theory 29ff 

— in solar field 289ff, 393 

— speed of 377, 378, 387, 388, 419 

— 4-velocity 378 
see also null geodesic, photon 

Raynet, C. B. X, 173 

realistic spirit 184, 189, 223, 290 

Rebka, G. A. 411 
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reception, energy and frequency of 121, 
122, 325 

recession, speed of 120, 300, 322 

red-shift 121; see also spectral shift 

reference, frame of see frame of reference 

refractive index 376, 386, 418 

relative electrical density 355 

— speed and velocity 120, 189, 289, 306, 
307, 419, 426 

— tensor 247, 357 

repeated suffixes 1, 415 

rest and aberration 400, 401 

— energy 169 

— frame 168, 376 

— relative 120 

retarded potential 193, 200ff, 211, 353 

Ricci, G. 415 

Ricci tensor 17, 419 

— — for axial symmetry 310ff 

— and change of signature 417 

— — for conformal space-times 318 

— — for conformastat metric 341, 342 

— — at discontinuity 39 

— — for Gaussian coordinates 38 

— — for Gédel-type universe 333 

— — for gravitational wave 345, 346 

— — for spherical symmetry 271 

— — for statical field 207, 339 

Riemann subtensor 38, 419 

Riemann tensor 15, 16, 419 

— — and change of signature 417 

— — for conformal space-times 318 

— — for conformastat metric 341, 342 

— — and conservation laws 237ff 

— — for curvature coordinates 272 

— — at discontinuity 39 

— — double dual of 18, 19, 239, 240, 419 

— — eigentensor of 237 

— — in empty space-time 337 

— — for Gaussian coordinates 38 

— — for Gédel-type universe 332, 333 

— — for gravitational wave 345, 346 

—-— and measurement of gravitational 
field VIII, IX, X, 109, 132, 137, 144 ff, 
156ff, 183, 408f£ 

— — small 24, 58,°70, 74, 76, 79, 83, 87, 
89, 93, 189, 209, 240, 301, 394, 403 

— — for spherical symmetry 271, 272 

— — for statical field 207, 339 

— — symmetrized 54, 57, 125, 405, 419 

Riemannian curvature 17, 75, 126, 149, 
412, 418, 424, 425 

— space-time 1ff, 30ff, 103ff 

rigidity 114ff, 173, 179, 188, 219, 401, 414 

Robertson, H. P. 321, 322 

Robinson, I. 344 

Rosen, N. 173, 315, 352 

rotation of body 147ff, 196ff, 309 
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— of continuum 171ff 

— of earth 138ff, 425, 426 

— and Fermi transport 14, 131, 173, 407 

— of frame of reference 14, 117, 131, 
138ff, 147ff, 173, 407 

— matrix, tensor, vector 171, 172, 
420 

— of perihelion 293ff 

— and Sagnac effect 407 

rotational symmetry see axial symmetry 

Ruse, H. S. VIII, 47 


182, 


Sagnac effect 407 

Salmon, G. 409 

Salzman, G. 173 

satellite, artificial 132, 142 

scalar product 1 12ff 

Scheidegger, A. E. 192 

Schiffer, J. P. 411 

Schild, A. 1, 18, 38, 42, 247, 252, 357 

Schouten, J. A. 42, 47 

Schrédinger, E. X, 261, 354 

Schiicking, E. 322 

Schwarzschild, K. 275, 288 

Schwarzschild field, complete 285ff 

— — exterior 274ff, 296, 315, 342 

Schwarzschild singularity 283 

second and centimetre 138, 423, 425 

— and mass or energy 180, 184, 329, 423, 
425 

— physical quantities expressed in 421ff 

— as unit of time 138, 421, 425, 426 

shift, red or spectral see spectral shift 

shock wave 225ff, 344 

— — electromagnetic 361, 362 

— — see also discontinuity 

sign of Ga4 or T44 186, 316, 331 

signal 377, 401 

signature 1, 107, 189, 193, 244, 276, 331, 
345, 416, 417 

— effect of changing 417 

Singer, S. F. 142 

singularity of Schwarzschild 283 

Sirius, companion of 301 

Sitter, W. de 257, 321,°330 

— universe of 256ff, 281, 321 

slowness of wave 375 

small body 250, 290 

— curvature 24, 58, 70, 74, 76, 79, 83, 87, 
89, 93, 189, 209, 240, 301, 394, 403 

— geodesic triangle 73ff 

— relative velocity 121, 189, 289, 306, 307 

smallness 58, 62, 70, 74, 132, 177, 250, 290 

Smithsonian Physical Tables 423 

solar field, metric for 290, 304, 342 

— — orbits and rays in 289ff, 393 

— — spectral shift in 298ff, 393 
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— — world-function for 305 

solar system 185, 223, 393 

space, antipodal, elliptic, polar, spherical 
260, 263 

— finite 257 

— of 4-momentum 160 

— orientable 43 

— Riemmanian 1, 109 

spacelike curve 150ff 

— geodesic 154, 156 

— target 161 

— vector 2, 108, 109 

— wave 375 

space-time VIII, IX, 105 

— conformal 317ff, 322ff 

— of constant curvature 17, 80, 256ff, 281 

— diagram VIII, IX, 112 

— from Euclidean standpoint 243ff 

— flat 17, 48, 76, 256, 257, 281, 289 

— Gédel type 331ff 

— with group of motions 234ff, 275, 299, 
309, 337, 352 

— Hamiltonian rays and waves in 30ff 

— Riemannian iff, 30ff, 103ff 

— of small curvature see small curvature 

— statical 205ff, 276, 304, 338ff, 367ff, 
386ff, 393 

— stationary 275, 299, 398 

— see also metric, universe 

spatial measure, distance or length 3, 108, 
112ff, 290, 327, 418, 421 

— — see also distance 

special parameter on geodesic 7, 47, 110, 
394 ff 

— universes 309ff 

spectral shift for companion of Sirius 301 

— — in continuum 411ff 

— — cosmological 322ff 

— — and Doppler effect 121ff, 298, 301, 
307, 308 

— — and energy 121 

— — and frequency 122 

— — in solar or statical field 298ff, 387 

— — and world-function 123, 298ff, 306ff, 
393, 411ff 

spectrometer 391 

speed, fundamental 378 

— of group 378, 388, 419 

— of light in vacuo 124, 174, 228, 295, 
298, 343, 345, 375, 378, 423, 424, 426 

— of phase 372ff, 419 

— radial or of recession 120, 300, 322, 

419 

— of ray 377, 378, 387, 388, 419 

— relative 120, 289, 306, 307, 419, 426 
— of wave 372ff, 388, 419 

sphere, celestial 393, 397 

— coordinates on 76, 344 
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— fluid 285ff, 316 

spherical gravitational wave 352, 353 

— space 260 

spherical symmetry 256ff, 265ff, 419, 

— — and axial symmetry 315 

— — complete field with 278ff, 285ff 

— — exterior field with 274ff, 290ff 

— -— formulae for 270ff 

— — metric for 265ff 

spin matrix, tensor, vector 171, 172, 182, 
420 

spinning body 147ff, 196ff, 309 

spring-balance 144 

standard clock 105ff, 421 

star, aberration of 393ff 

— apparent direction of 396ff, 418, 419 

— gravitational field of 278ff 

— mass of 282, 418 

— operator 211; see also conjugate tensor, 
dual 

— pulsating 278 

statical field, conformastat 341, 342, 369 

— — electrovac 367ff 

— — with embedded bodies 205ff 

— — metric and tensors for 338ff 

— — optics in 386ff, 393 

— — and spherical symmetry 276 

— — world-function for 304 

— — see also metric, solar field 

statical measurement of gravitational 
field 144ff 

stationary field 275, 299, 389, 398 

— principle see variational principle 

— time 390 

statistical equilibrium 169, 176 

— model 159ff, 165ff 

stellar aberration see aberration 

Stockum, W. J. van 309 

Stokes, theorem of 41ff, 230, 239, 364 

straight line 245, 301 

strain, rate of 171, 172, 178, 182, 195, 414 

Strathdee, J. X, 394 

stream-line 169 

— curvature of 176, 178, 195, 197 

— geodesic 175 

stream-lines and rotation 173 

— tube of 172, 185 

stress and gravitational pull 205, 210 

— in statistical model 164 

stress tensor 175, 419 

— — and eigenvalues of energy tensor 186 

— — and junction conditions 187 

— — see also energy tensor, pressure 

stress-density test 353 

subtensor 38, 419 

successive approximation 191 

suffixes, capital, Greek, Latin 1, 15, 261, 
332, 345, 415; see also Greek suffixes 
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— repeated 1, 415 

suicide, ballistic 141ff 

summation convention 1, 415 

sun, attraction of 205, 426 

— density of 210, 223 

— mass of 184, 294, 425, 426 

— radius of 294, 425, 426 

— see also solar field 

surface, Hamiltonian 26 

— null 32, 33, 225, 227, 228, 345, 361 

symbols, list of 417ff 

symmetrized Riemann tensor 54, 57, 125, 
405, 419 

symmetry, axial 309ff, 352 

— of energy tensor and pseudo-tensor 164, 
173, 253 

— simplifications due to 191 

— spherical see spherical symmetry 

— in time 217 


tangent vector 417 

target 161ff, 174 

Taub, A. H. 173, 337 

telescope 118, 326, 391, 396 

temperature 176, 425 

Temple, G. 86 

tension 164, 186 

— in plumb line 147, 149 

tensor of aberration 395, 419 

— conjugate 211 

— density 247, 357 

— dual see dual 

— Einstein see Einstein tensor 

— electromagnetic 355ff, 364ff, 418 

— energy see energy tensor 

— extension of cell 42, 420 

— formulae iff 

— Killing 236, 420 

— metric or fundamental see metric 

— oriented 18 

— permutation 18, 44, 172, 355, 363, 420 

— 2-point 49, 59, 82, 242 

— pseudo- 252ff, 419 

— rate-of-strain 171, 172, 178, 182, 195, 
414, 420 

— relative 247, 357 

— Ricci see Ricci tensor 

— Riemann or curvature see Riemann 
tensor 

— of rotation or spin 171, 172, 182, 420 

— stress see stress tensor 

tera 422 

test-particle 359; see also geodesic hypo- 
thesis 

tetrad see Fermi 
tetrad 

thick wave 344 

thin wave 344 


tetrad, orthonormal 
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Thirring, H. 309 

thought experiment 105 

time, concept of 105, 289 

— coordinate 105, 283, 288, 290, 419 
— element of 107 

— measurement of 105ff, 138, 401, 421 

— order 105 

— proper 105, 283, 288, 289, 290 

— stationary 390 

— symmetry in 217 

— of trip see trip-time 

timelike ‘curve and world-function 95ff, 
100ff 

— geodesic, closed 264 

— target 161 

— vector 2, 109 

— wave 375 

T-method 190, 193, 211, 213 

Tolman, R.C. IX, 211, 270, 301, 322, 330 

Tonnelat, M. A. 354 

topology 260ff 

torque, gravitational 249 

total angular momentum 238, 241 

— 4-momentum 238, 240 

transformation of coordinates 2, 48, 81, 
348ff 

— Lorentz 9, 77, 82 

transmission of information 377 

transparent medium see medium 

transport, Fermi see Fermi transport 

— Fermi-Walker 13, 83, 150ff, 156, 419 

— parallel 12 

triad, Fermi see Fermi tetrad and triad 

— orthonormal 14, 420; see also Fermi 
tetrad and triad, frame of reference 

triangle, finite geodesic 70ff, 78, 79 

— small geodesic 73ff 

trip-time 115, 420 

— for bouncing photon 126 

— in differential chronometry 401ff - 

— and rigidity 115, 401 

tube of stream-lines 172, 185 

two-body problem 185, 188, 314 

two-point invariant and tensor 49, 59, 72, 
82, 242 


uncontrolled observation 103 

unified theory 354 

unit, Angstrom 425 

— electrostatic 425 

— normal 418 

— rational 356, 366 

— second as fundamental 138, 184, 421ff 
universe, age of 329, 426 

— conformastat 341, 342, 369 

— of de Sitter 256ff, 281, 321 

— of Einstein and de Sitter 321, 327, 330 
— electrovac 367ff 
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— expanding 322ff 

— of Gédel type 331 ff 

— model 330 

— statical see statical field 

— stationary 275, 299, 389, 398 
universes, special 309ff 


vacuum 180, 184, 216ff, 227, 274ff, 288, 
290, 311ff, 340, 378, 391 

— with electromagnetic field 355, 357, 361, 
363, 367ff 

van Stockum see Stockum, W. J. van 

variational principles 6, 7, 26, 27, 380ff, 
388ff 

Veblen, O. 55 

vector base, quasi-Cartesian 76, 82 

— deviation 20 

— dual of 46 

— electric 355, 366 

— first curvature 396, 420 

— frequency 373ff, 378 

— Killing 236, 420 

— magnetic 355, 366 

— magnitude, norm or measure of 2 

— normal to curve 417, 418; see also 
normals, Fermi tetrad and triad 

— numerical 163, 176, 418 

— of rotation or spin 172, 420 

— tangent 417 

— timelike, spacelike, null 2, 109 

velocity, angular see angular velocity 

— areal 294 

— of escape 426 

— group 378, 388, 419 

— of light in vacuo see light 

— mean 168, 169, 176 

— radial or of recession 120, 300, 322, 419 

— relative 120, 289, 306, 307, 419, 426 

— small 121, 189, 289, 306, 307 

4-velocity 110, 119, 159, 185, 417, 419 
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